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I would like to begin by thanking the organizers for putting 
together a program that is sure to be very stimulating and 
educational (at least for me!).  I also want to say that I am 

very happy to be attending the first international conference 
held in the beautiful new IPMU building.

I trust there will be very many fruitful meetings here in the 
years to come!
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OUTLINE

I.  Introduction

II.  Gravity duals for theories with dynamical exponent

III.  Interlude : charged black holes and attractors

IV.   Some simple horizons :  AdS-Reissner-Nordstrom, the 
third law, and charged dilaton black holes

V.   A gravity dual for a dimer model

While there is a unifying theme, to some extent this talk is also a (very 
partial) taxonomy of asymptotically AdS black hole horizons.   I believe 
this is in keeping with the diversity of phases of condensed matter....the 

beginning of any exploration involves taxonomy.
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I.  Introduction
The AdS/CFT correspondence, and its generalization to

gauge/gravity dualities involving non-conformal theories, has
had many applications:

* To quantum gravity, where it provides a concrete example
of holography (albeit in a simplified setting)

* To particle theory, where it provides dual descriptions of 
technicolor or composite Higgs models

* To modeling QCD: computations of hadron spectra, 
studies of transport at finite temperature/density

‘t Hooft,
Susskind

Randall,
Sundrum

Son, Starinets;
Sakai, Sugimoto;

.......
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Most recently, a new application has been developing:  to toy
models of strongly coupled condensed matter systems.

At the very least, there may be places where one can model 
T=0 quantum critical points with gravity duals (large N??).  

Beyond cuprates, can try to study: metal/insulator type 
transitions, glass transitions, quantum Hall plateau transitions, 
novel transport properties in strongly correlated systems, ...

C.f. reviews:
Hartnoll ’09;
Herzog ’09;

McGreevy ’09
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I believe at this stage, it is probably useful to try and extend 
the range of simple toy gravity models which are developed 

for studies of  “AdS/CMT.”  Different systems may exhibit 
qualitatively different behaviors (just as different classes of 

materials do), and focusing too much attention on a small set 
of examples may be misleading.

This talk, then, is devoted to some of my attempts to enlarge 
the landscape of theories that are considered in works 

attempting to connect gauge/gravity duality to condensed 
matter physics.

There are still a few canonical classes of gravity backgrounds 
used by string theorists in exploring gauge/gravity duality.
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II.  Gravity duals for theories with dynamical exponent 

The basic background used by any card-carrying string 
theorist, is anti de Sitter space.  Gravity in the background:

Gravity Duals of Fixed Points with z != 1
It is of interest to develop new tools to 

study these critical theories, perhaps for 

applications to condensed matter problems 

arising in the study of strongly correlated 

electrons.  For strongly coupled conformal 

field theories, a new tool is offered by the 

AdS/CFT correspondence.  Quantum gravity 

in the background:

ds2 = !r2 dt2 + r2 (dx2 + dy2) +
dr2

r2

is dual to a 2+1 dimensional CFT.

Maldacena;

Gubser, Klebanov, Polyakov; 

Witten

is dual to a 2+1 dimensional CFT.
Maldacena;

Gubser, Klebanov, Polyakov; 
Witten
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The extra dimension “r” geometrizes the energy scale of the 
dual field theory.  So in particular, field theory scale 
transformations act on the gravity background as:

(t, x, y)! ! (t, x, y), r ! r

!

which leaves the AdS metric invariant.

Happily,  AdS arises as a solution of gravity with negative 
cosmological term, which can be found in the low-energy 
effective theory of many string backgrounds.  So many fully 

stringified examples of AdS/CFT duality are known.  
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As an aside, I note two facts which have led to a competition 
of different points of view in the pursuit of this subject:

*  On the one hand, almost none of the basic statements 
about the duality (the way the kinematics and tree-level 

dynamics work, and even some “1/N” corrections) depend 
on having a full string model; an effective gravity description 

suffices to learn a lot of interesting physics!

* On the other hand, only by having a full supergravity or 
string description does one really know that the set of bulk 
fields and interactions being assumed (or, the spectrum of 
operators and correlation functions, in the dual CFT) arises 

from a fully consistent quantum field theory.

Clearly both points of view have merits....
Sunday, February 7, 2010



Anyhow, AdS/CFT is so useful in part because conformal 
invariance is the natural “enhanced symmetry” that arises 

when one adds scale invariance to a Lorentz-invariant theory.

But many or most condensed matter systems are not 
Lorentz invariant, and when they reach a scale-invariant fixed 

point of the renormalisation group, there is no reason the 
fixed point should have full conformal invariance.

One simple alternative (still consistent with spatial rotation 
symmetry and space, time translation symmetries) is a scale 

invariance under which:

1.  Introduction and motivation

In many condensed matter systems, one finds 

fixed points which are scale invariant but 

exhibit “dynamical scaling”: 

t! !zt, x! !x, z "= 1

This in contrast to the scaling symmetry 

which is embedded in the usual conformal 

group:

t! !t, x! !x
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A canonical example where this kind of scaling arises is the 
free z=2 Lifshitz tri-critical point in ferromagnets:

A toy model to keep in mind (analogous to 

the conformal field theory of a free boson, 

but with nontrivial dynamical critical 

exponent z) is given by the Lagrangian:

L =
!

d2x dt
"
(!tM)2 ! ("2M)2

#

This  “Lifshitz fixed point” has z = 2 and is

actually known to govern the behavior of 

some magnetic materials and liquid crystals:

Hornreich, 

Lubin,

Shtrikman

A toy model to keep in mind (analogous to 

the conformal field theory of a free boson, 

but with nontrivial dynamical critical 

exponent z) is given by the Lagrangian:

L =
!

d2x dt
"
(!tM)2 ! ("2M)2

#

This  “Lifshitz fixed point” has z = 2 and is

actually known to govern the behavior of 

some magnetic materials and liquid crystals:

Hornreich, 

Lubin,

Shtrikman

But there are many others, including famous early toy 
models related to studies of high T_c and spin-charge

separation, like the Rokhsar-Kivelson dimer model.

Hornreich, Lubin, Shtrikman;
see Chaikin & Lubensky
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What, then, should the gravity dual of a theory with non-
trivial dynamical exponent  “z”  look like?  Taking e.g. z=2, the 
obvious generalization of the AdS metric which would enjoy 

all of the relevant symmetries is:

We, in contrast, would like gravitational 

duals to systems that enjoy the modified 

scale invariance (say for z=2):

A natural guess, then, is that the gravity 

dual metric could take the form:

ds2 = ! r4 dt2 + r2 (dx2 + dy2) +
dr2

r2

This is designed to be invariant under the

modified scale transformation.

(x, y)! ! (x, y), t! !2 t

This is indeed invariant under the modified scale 
transformations:

We, in contrast, would like gravitational 

duals to systems that enjoy the modified 

scale invariance (say for z=2):

A natural guess, then, is that the gravity 

dual metric could take the form:

ds2 = ! r4 dt2 + r2 (dx2 + dy2) +
dr2

r2

This is designed to be invariant under the

modified scale transformation.

(x, y)! ! (x, y), t! !2 t
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Now unlike AdS, it is not a solution of some extremely 
simple theory like gravity with a negative cosmological term.

One can find this as a solution of a relatively simple gravity + 
matter system: 

 However, we will encounter it again later in a toy model, and 
will not consider this embedding further.  Unlike the avatar of 

the Lifshitz space-times that we’ll discuss, this class of 
embeddings is known to arise in string theory.

2.2. Full Solution

We would like to obtain the metrics (2.1) as solutions of the field equations of General

Relativity coupled to some matter content (which can presumably arise in the low-energy

limit of string or M-theory). Because our theory, like the toy model (1.3), may be expected

to flow to normal CFTs under relevant perturbations, a good starting point will be gravity

with a negative cosmological term; this will be able to capture the end of any such RG

flows via AdS/CFT duality.

Einstein gravity with a negative cosmological constant alone does not support the

metrics (2.1). However, string theory also generically gives rise to p-form gauge fields. A

modest choice of such additional content, which can support the metrics (2.1), involves the

addition of gauge fields with p = 1, 2.

The Lagrangian is then given by:

S =

!

d4x
!
"g (R " 2!)"

1

2

!
"

1

e2
F(2) # $F(2) + F(3) # $F(3)

#

" c

!

B(2) #F(2). (2.3)

where F(2),(3) are the field strengths for the gauge fields, F(2) = dA(1), F(3) = dB(2). In

addition to the standard Einstein-Hilbert action, a 4D cosmological constant !, and the

kinetic terms for the gauge fields, we introduced a topological coupling between the two

and three form fluxes
$

B(2) # F(2) =
$

A(1) # F(3) (up to boundary terms). This coupling

is necessary to find appropriate solutions of the equations of motion. The topological

coupling c needs to be quantized in many (but not all conceivable) cases, as discussed in

detail in for instance appendix A of [21]. However, note that after redefining F(2) % 1
eF(2),

the action can be written with no e in front of the gauge kinetic term, but with c % ce;

in this way, we can consider c to be arbitrarily small (at weak gauge coupling), and set

e = 1. We proceed with this convention henceforth.

To source the metric (2.1), we need to turn on background two and three-form fluxes

that preserve the symmetries:

F(2) = A !r # !t, F(3) = B !r # !x # !y . (2.4)

Here we work with a non-coordinate basis for the one-forms:

!t = Lrzdt, !xi = Lrdxi, !r = L
dr

r
. (2.5)

4

SK, Liu, Mulligan

Hartnoll, Polchinski, Silverstein, Tong;
(see also Li, Nishioka, Takayanagi no-go result)
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III.  Interlude : the attractor mechanism

The attractor mechanism is a beautiful story about charged 
black hole horizons in theories with scalar fields, first fruitfully 

discussed by Ferrara, Kallosh and Strominger.

The basic point is quite intuitive.  Consider a theory of 
gravity coupled to a Maxwell field (so there are charged 
black holes), and with some scalar fields.  The Lagrangian 

takes the form:

and those in [19] agree [21].

2 Attractor in Four-Dimensional Asymptoti-
cally Flat Space

2.1 Equations of Motion

In this section we consider gravity in four dimensions with U(1) gauge fields
and scalars. The scalars are coupled to gauge fields with dilaton-like cou-
plings. It is important for the discussion below that the scalars do not have
a potential so that there is a moduli space obtained by varying their values.

The action we start with has the form,

S =
1

!2

!

d4x
!
"G(R " 2("#i)

2 " fab(#i)F
a
µ!F

b µ!) (1)

Here the index i denotes the di!erent scalars and a, b the di!erent gauge fields
and F a

µ! stands for the field strength of the gauge field. fab(#i) determines
the gauge couplings, we can take it to be symmetric in a, b without loss of
generality.

The Lagrangian is

L = (R " 2("#i)
2 " fab(#i)F

a
µ!F

b µ!) (2)

Varying the metric gives 3,

Rµ! " 2"µ#i"!#i = 2fab(#i)F
a
µ"F

b "
! +

1

2
Gµ!L (3)

The trace of the above equation implies

R " 2("#i)
2 = 0 (4)

The equations of motion corresponding to the metric, dilaton and the gauge
fields are then given by,

Rµ! " 2"µ#i"!#i = fab(#i)
"

2F a
µ"F

b "
! " 1

2Gµ!F
a
#"F

b#"
#

(5)

1!
"G

"µ(
!
"G"µ#i) =

1

4
"i(fab)F

a
µ!F

bµ! (6)

"µ(
!
"Gfab(#i)F

bµ!) = 0.
3In our notation Gµ! refers to the components of the metric.

6

Then in searching for e.g. magnetic black holes, one finds:
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The Bianchi identity for the gauge field is,

!µF!" + !!F"µ + !"Fµ! = 0. (7)

We now assume all quantities to be function of r. To begin, let us also
consider the case where the gauge fields have only magnetic charge, general-
isations to both electrically and magnetically charged cases will be discussed
shortly. The metric and gauge fields can then be written as,

ds2 = !a(r)2dt2 + a(r)!2dr2 + b(r)2d!2 (8)

F a = Qa
msin"d" " d# (9)

Using the equations of motion we then get,

Rtt =
a2

b4
Veff(#i) (10)

R## =
1

b2
Veff (#i) (11)

where,
Veff(#i) # fab(#i)Q

a
mQb

m. (12)

This function, Veff , will play an important role in the subsequent discussion.
We see from eq.(10) that up to an overall factor it is the energy density in
the electromagnetic field. Note that Veff(#i) is actually a function of both
the scalars and the charges carried by the black hole.

The relation, Rtt = a2

b2 R##, after substituting the metric ansatz implies
that,

(a2(r)b2(r))
!!

= 2. (13)

The Rrr ! Gtt

Grr Rtt component of the Einstein equation gives

b
!!

b
= !(!r#)2. (14)

Also the Rrr component itself yields a first order “energy” constraint,

! 1 + a2b
!2 +

a2!b2!

2
=

!1

b2
(Veff(#i)) + a2b2(#")2 (15)

Finally, the equation of motion for the scalar #i takes the form,

!r(a
2b2!r#i) =

!iVeff

2b2
. (16)

We see that Veff(#i) plays the role of an “e"ective potential ” for the scalar
fields.

7
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The important point is that the scalar field is governed by 
the equation of motion:

Here:

The Bianchi identity for the gauge field is,
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7

Roughly, then, the  “attractor mechanism”  is that the scalars 
are attracted (at the black hole horizon) to values which 

extremize this effective potential, regardless of their values 
at infinity.
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Figure 1: Evolution of the dilaton from various initial conditions at infinity to a common fixed
point at r = 0.

Figure 2: Extremum of the central charge in the moduli space.

22

(Sample of attractor flow of dilaton, borrowed from
Ferrara and Kallosh, arXiv : 9602136).
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While the original studies were performed with 
asymptotically flat black holes, we’ll see that there
is a simple generalization to charged black branes

in asymptotically anti-de Sitter space.

Then, in the dual field theory, the charged black brane
maps to a field theory background at finite charge
density, and the attractor mechanism governs the
flow of the field theory to a new IR fixed point in

the charged background.

The universality of the attractor flow, independent of
small changes to the boundary values of the scalars,

in then a manifestation of universality in the Wilsonian sense.
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IV.  Some simple charged black branes :  AdS / Reissner-Nordstrom 
and charged dilaton black branes 

A key feature of AdS/CFT is the way it geometrizes
the very complicated physics of a thermal CFT, even in

a state with non-zero chemical potential; the finite T (charge
density) theory is described by a (charged) black brane.

It is therefore of interest to find the black brane solutions 
which capture temperature and other parameters of the 

nontrivial states in the dual field theory.  

For instance, the simplest charged black hole solution is the
AdS generalization of the Reisser-Nordstrom solution:
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The spirit of the discussion of this paper will be similar
to that of [3]; we will not restrict to any specific theory.
Since Einstein gravity coupled to matter fields captures
universal features of a large class of field theories with
a gravity dual, we will simply work with this universal
sector, essentially scanning many possible CFTs.5

The role played by the IR CFT in determining the
low-frequency form of the Green’s functions of the d-
dimensional theory requires some explanation. Each op-
erator O in the UV theory gives rise to a tower of op-
erators O!k in the IR CFT labeled by spatial momentum
!k. The small " expansion of the retarded Green function
GR(",!k) for O contains an analytic part which is gov-
erned by the UV physics and a non-analytic part which
is proportional to the retarded Green function of O!k in
the IR CFT. What kind of low-energy behavior occurs
depends on the dimension #k of the operator O!k in the

IR CFT and the behavior of GR(" = 0,!k).6 For example,
when #k is complex one finds the log-periodic behavior
described earlier. When GR(" = 0,!k) has a pole at some
finite momentum |!k| = kF (with #kF real), one then finds

gapless excitations around |!k| = kF indicative of a Fermi
surface.

Our discussion is general and should be applicable to
operators of any spin. In particular both types of scal-
ing behavior mentioned earlier for spinors also applies
to scalars. But due to Bose statistics of the operator in
the boundary theory, this behavior is associated with in-
stabilities of the ground state. In contrast, there is no
instability for spinors even when the dimension is com-
plex.

Our results give a nice understanding of the low-energy
scaling behavior around the Fermi surface. The scaling
exponents are controlled by the dimension of the corre-
sponding operator in the IR CFT. When the operator is
relevant (in the IR CFT), the quasi-particle is unstable.
Its width is linearly proportional to its energy and the
quasi-particle residue vanishes approaching the fermi sur-
face. When the operator is irrelevant, the quasi-particle
becomes stable, scaling toward the Fermi surface with
a nonzero quasi-particle residue. When the operator is
marginal the spectral function then has the form for a
“marginal Fermi liquid” introduced in the phenomeno-
logical study of the normal state of high Tc cuprates [8].

It is also worth emphasizing two important features of
our system. The first is that in the IR, the theory has not
only an emergent scaling symmetry but an SL(2, R) con-
formal symmetry (maybe even Virasoro algebra). The
other is the critical behavior (including around the Fermi
surfaces) only appears in the frequency, not in the spatial

5 The caveat is there may exist certain operator dimensions or
charges which do not arise in a consistent gravity theory with
UV completion.

6 The behavior at exactly zero frequency GR(! = 0,"k) is con-
trolled by UV physics, not by the IR CFT.

momentum directions.
The plan of the paper is as follows. In §2, we introduce

the charged AdS black hole and its AdS2 near-horizon
region. In §3, we determine the low energy behavior of
Green’s functions in the dual field theory, using scalars as
illustration. The discussion for spinors is rather parallel
and presented in Appendix A. In §IV–VI, we apply this
result to demonstrate three forms of emergent quantum
critical behavior in the dual field theory: scaling behavior
of the spectral density (§IV), periodic behavior in log" at
small momentum (§V), and finally (§VI) the Fermi sur-
faces found in [3]. We conclude in §VII with a discussion
of various results and possible future generalizations. We
have included various technical appendices. In particu-
lar in Appendix D we give retarded functions of charged
scalars and spinors in the AdS2/CFT1 correspondence.

II. CHARGED BLACK HOLES IN ADS AND
EMERGENT INFRARED CFT

A. Black hole geometry

Consider a d-dimensional conformal field theory (CFT)
with a global U(1) symmetry that has a gravity dual. At
finite charge density, the system can be described by a
charged black hole in d + 1-dimensional anti-de Sitter
spacetime (AdSd+1) [5] with the current Jµ in the CFT
mapped to a U(1) gauge field AM in AdS.

The action for a vector field AM coupled to AdSd+1

gravity can be written as

S =
1

2$2

!

dd+1x
!
"g

"

R +
d(d " 1)

R2
" R2

g2
F

FMNFMN

#

(1)
where g2

F is an e!ective dimensionless gauge coupling7

and R is the curvature radius of AdS. The equations of
motion following from (1) are solved by the geometry of
a charged black hole [5, 9]

ds2 # gMNdxMdxN =
r2

R2
("fdt2 + d!x2) +

R2

r2

dr2

f
(2)

with

f = 1 +
Q2

r2d!2
" M

rd
, At = µ

$

1 " rd!2
0

rd!2

%

. (3)

r0 is the horizon radius determined by the largest positive
root of the redshift factor

f(r0) = 0, $ M = rd
0 +

Q2

rd!2
0

(4)

7 It is defined so that for a typical supergravity Lagrangian it is a
constant of order O(1). gF is related in the boundary theory to
the normalization of the two point function of Jµ.
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region. In §3, we determine the low energy behavior of
Green’s functions in the dual field theory, using scalars as
illustration. The discussion for spinors is rather parallel
and presented in Appendix A. In §IV–VI, we apply this
result to demonstrate three forms of emergent quantum
critical behavior in the dual field theory: scaling behavior
of the spectral density (§IV), periodic behavior in log" at
small momentum (§V), and finally (§VI) the Fermi sur-
faces found in [3]. We conclude in §VII with a discussion
of various results and possible future generalizations. We
have included various technical appendices. In particu-
lar in Appendix D we give retarded functions of charged
scalars and spinors in the AdS2/CFT1 correspondence.
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5 The caveat is there may exist certain operator dimensions or
charges which do not arise in a consistent gravity theory with
UV completion.

6 The behavior at exactly zero frequency GR(! = 0,"k) is con-
trolled by UV physics, not by the IR CFT.

momentum directions.
The plan of the paper is as follows. In §2, we introduce

the charged AdS black hole and its AdS2 near-horizon
region. In §3, we determine the low energy behavior of
Green’s functions in the dual field theory, using scalars as
illustration. The discussion for spinors is rather parallel
and presented in Appendix A. In §IV–VI, we apply this
result to demonstrate three forms of emergent quantum
critical behavior in the dual field theory: scaling behavior
of the spectral density (§IV), periodic behavior in log" at
small momentum (§V), and finally (§VI) the Fermi sur-
faces found in [3]. We conclude in §VII with a discussion
of various results and possible future generalizations. We
have included various technical appendices. In particu-
lar in Appendix D we give retarded functions of charged
scalars and spinors in the AdS2/CFT1 correspondence.

II. CHARGED BLACK HOLES IN ADS AND
EMERGENT INFRARED CFT

A. Black hole geometry

Consider a d-dimensional conformal field theory (CFT)
with a global U(1) symmetry that has a gravity dual. At
finite charge density, the system can be described by a
charged black hole in d + 1-dimensional anti-de Sitter
spacetime (AdSd+1) [5] with the current Jµ in the CFT
mapped to a U(1) gauge field AM in AdS.

The action for a vector field AM coupled to AdSd+1

gravity can be written as

S =
1

2$2

!

dd+1x
!
"g

"

R +
d(d " 1)

R2
" R2

g2
F

FMNFMN

#

(1)
where g2

F is an e!ective dimensionless gauge coupling7

and R is the curvature radius of AdS. The equations of
motion following from (1) are solved by the geometry of
a charged black hole [5, 9]

ds2 # gMNdxMdxN =
r2

R2
("fdt2 + d!x2) +

R2

r2

dr2

f
(2)

with

f = 1 +
Q2

r2d!2
" M

rd
, At = µ

$

1 " rd!2
0

rd!2

%

. (3)

r0 is the horizon radius determined by the largest positive
root of the redshift factor

f(r0) = 0, $ M = rd
0 +

Q2

rd!2
0

(4)

7 It is defined so that for a typical supergravity Lagrangian it is a
constant of order O(1). gF is related in the boundary theory to
the normalization of the two point function of Jµ.

The black hole solution takes the form:

with an “emblackening factor” and gauge field:
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This class of black holes has a finite horizon area in the
extremal limit, where T=0.   The entropy density of the

horizon is proportional to the charge density. Hence, at large 
charge, there is a macroscopic ground state entropy.  This is 
one feature of this particular toy model which raises a red 

flag for at least many condensed matter theorists.

While it may very well be the case that this is a red herring, 
and features of interest found in this class of solutions persist 
in more general classes without this feature (or the ground 
state degeneracy is sufficiently split by further corrections),
we will proceed to explore other classes of well-motivated

solutions.  The properties uncovered there are also
expected to be of independent interest, of course.
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Some (vaguely) related recent papers (exploring
non-RN charged horizons):

Herzog, Klebanov, Pufu, Tesileanu arXiv : 0911.0400

D’Hoker and Kraus  arXiv : 0911.4518 

Gubser and Rocha  arXiv : 0911.2898

Gauntlett, Sonner and Wiseman  arXiv :  0912.0512
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IV B.  Charged Dilaton Black Holes

One of the notable ways that string theories at low-energy 
differ from many field theories is that the gauge coupling
constant is field-dependent; it is determined by a scalar

field, the dilaton.

For this reason, one can expect charged black hole solutions
in string theory to differ from the standard ones, at least

in models where the dilaton is not stabilized.

1. Introduction

1.1 Extremal dilaton black holes in string theory

Extremal black holes have been a fruitful source of theoretical questions and enigmas

for several decades. In the context of black hole mechanics, for instance, they provide

examples where the thermodynamic description breaks down and one is forced to think

about the microphysics of the system in order to make sense of the extremal limit [1, 2].

The earliest charged black hole solutions to low-energy string theory were found

by Garfinkle, Horowitz and Strominger [3] (and had appeared earlier in families of

solutions constructed in [4]). Those authors studied the Einstein-Maxwell action with

the gauge coupling controlled by a scalar dilaton !:

S =

!
d4x

!
"g

"
"R + 2(#!)2 + e!2!F 2

#
. (1.1)

This action admits remarkably simple extremal magnetically charged black hole solu-

tions:

ds2 = "(1" 2M

r
) dt2 + (1" 2M

r
)!1 dr2 + r(r " Q2e2!0

M
) d!2 , (1.2)

with dilaton profile

e!2! = e!2!0 " Q2

Mr
(1.3)

and with gauge field

F = Q sin(") d" $ d# . (1.4)

Here, " and # are standard angular coordinates on the S2 spatial slices in (1.2), and

!0 is the asymptotic value of the dilaton. The action and the black hole solution

are motivated by the low-energy $" expansion of heterotic string theory; one may

obtain an equally simple electrically charged solution by exchanging ! % "!, while

simultaneously exchanging the field strength F with its dual F̃µ" = 1
2e

!2!% #$
µ" F#$.

The thermodynamics of these black holes, with general dilatonic coupling e!2%!F 2

for $ & 0, was discussed extensively in [1, 2]. The black hole solutions in these theories,

for arbitrary values of $ '= 0, all share the striking property that the entropy at

extremality vanishes. This leads one to suspect that the thermodynamic description

may be breaking down; and this breakdown can be made precise, arising from two

di"erent sources for $ < 1 and $ & 1. The basic point is that the number of thermally

accessible states of the extremal hole is too small to justify a statistical description,

but the root cause is di"erent in the two cases [2]:

• For $ < 1, these flat-space black holes have positive specific heat and vanishing

temperature as they approach extremality. (In all cases but $ = 0, the extremal

2

The Einstein-Maxwell system with dilaton, in absence of a 
cosmological term, is governed by:

1.  Flat space
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This action admits remarkably simple charged black hole 
solutions.  E.g. the magnetically charged black hole has metric:
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Gibbons, Maeda;
Garfinkle, Horowitz, Strominger

An equally simple electrically charged solution comes via 
“S-duality”:

!! "!

Fµ! ! F̃µ! =
1
2
e!2"" #$

µ! F#$ .
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A natural generalization comes by taking:

L = ... + e!2!F 2 ! L = ... + e!2a!F 2

and studying the physics as a function of the parameter a.
In particular, the thermodynamics of the charged black

holes with this coupling was studied in detail by a number
of authors in the early 1990s. Preskill, Schwarz, Shapere, 

Trivedi, Wilczek;
Holzhey, Wilczek

A brutally quick summary of their results:

* For a<1, these black holes have positive specific heat and
vanishing temperature at extremality; except for a=0, they
also have vanishing entropy.   Black hole thermodynamics
breaks down because these are objects of fixed size with
very few states as T goes to zero.  (This will differ for black 

branes).
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*  For larger values of a, the temperature remains finite (a=1)  
or even diverges (a>1) as extremality is reached!  However,
the black hole develops a mass gap (evident in its grey-body 
factors governing absorption/emission of radiation), which 
prevents absorption of sufficiently small amounts of energy 

to justify a thermal description.

These flat-space results seem sufficiently interesting to 
warrant an extension to AdS, where any physics will 

presumably have a precise dual holographic interpretation.

 2.  Near horizon geometry, with cosmological term

So, let us now search for analogues using the action:
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state entropy.3

Another motivation is that the phenomena discussed in [1, 2] for flat-space charged

dilaton black holes strongly suggest that, at least for some values of the parameters,

charged dilaton black branes in AdS may provide novel holographic duals of insulators.

While the bulk theory clearly has excitations at arbitrarily low-energy (after all, it has

uncharged Schwarzschild black brane solutions), in the sector with non-trivial charge

density, there may be a gap to charged excitations in analogy with [1, 2]. We will find

that this is not so, in the absence of a dilaton potential. *** With the addition of a

dilaton potential, we find blah blah blah ***

In this paper, we will justify these assertions. In §2, we find the form of the near-

horizon geometry for charged extremal dilaton black branes as a function of !. We use

this geometry to compute the entropy and specific heat as a function of !, and see that

the extremal branes have vanishing entropy and positive specific heat for all ! ! 0.

In §3, we compute the conductivity in a controlled approximation as one approaches

the extremal limit, using techniques similar to those in [13]. We find that the very low

temperature and frequency (with small "/T ) behaviour of these systems is as expected

for 3d CFTs. In §4, we discuss how adding a scalar potential for the dilaton can

change the physics in various important ways. We conclude with a discussion of the

interpretation of our results, and of promising directions for future work, in §5. In the

appendix, we show that one can numerically extend our near-horizon solutions of §2 to

provide full black brane solutions with AdS asymptotics, and we numerically explore

the properties of slightly non-extremal branes.

2. Near-horizon behaviour of extremal brane

2.1 Near-horizon solution

While the full black-brane solutions with AdS asymptotics did not admit a simple

analytical form that we could find, we are able to provide an analytical description of

the near-horizon geometry for the extremal charged dilaton branes 4. We use a notation

and formalism similar to that in [14], in describing these near-horizon solutions.

For our bulk action, we take

S =

!
d4x
"
#g

"
R# 2($#)2 # e2!"F 2 # 2!

#
. (2.1)

3In the context of holographic superconductors [10, 11], another class of black branes with vanishing
entropy at T = 0 was recently found in [12, 13].

4By the near-horizon region we mean the region of spacetime “close to” where the gtt component
of the metric vanishes.

4

The maximally symmetric solution of this action has vanishing
gauge field, constant dilaton, and an AdS metric with 

curvature radius L related to the cosmological term via:

! = ! 3
L2 .

We instead search for solutions with a metric of the form

The maximally symmetric vacuum solution is then of course AdS space with AdS scale

L determined by ! = ! 3
L2 . We consider a metric of the form

ds2 = !a(r)2 dt2 + a(r)!2 dr2 + b(r)2 (dx2 + dy2) (2.2)

and a gauge field of the form

e2!"F =
Q

b(r)2
dt " dr. (2.3)

That is, we are looking for electrically charged black branes.

The equations of motion can be easily inferred from (107)-(110) of [14]. We find

that

(a2b2)"" = !4!b2 (2.4)

b""

b
= !(!r")2 (2.5)

!r(a
2b2!r") = !#e!2!" Q2

b2
, (2.6)

together with the first order constraint,

a2b"2 +
1

2
a2"b2" = ""2a2b2 ! e!2!" Q2

b2
! b2!. (2.7)

Even though we will be interested in the near-horizon limit, it is important to keep

the cosmological constant term on the right-hand side of (2.4); the black brane (unlike

the black hole) has vanishing curvature along the x, y spatial slices, so the cosmological

constant does provide the most significant source in some of the Einstein equations. As

was mentioned above, the radius of AdS space is given by,

L =
#
!3! (2.8)

In the discussion below it will be convenient to set L = 1. When needed the dependence

on L can be determined by dimensional analysis.

To find the near-horizon limit, we proceed with a scaling ansatz. Define the near-

horizon variable w = r ! rH where rH is the radius of the horizon. Let us make the

ansatz that the near-horizon scalings of the functions a, b," are given by

a = C2w
#, b = C1w

$, " = ! K log(w) + C3 , (2.9)

5
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5

and gauge field:

These are electrically charged black branes.
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We can easily find the equations of motion for this system;
in fact they are a special case of the equations that arise in 

studies of non-supersymmetric attractor geometries.
Goldstein, Iizuka,

Jena, Trivedi

There are three equations and one constraint:
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It is most useful to first find an approximate, near-horizon
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where the Cs are just integration constants.  

where C1, C2, C3 are constants. A little algebra then shows that an exact solution to

the equations (2.4), (2.5), (2.6) and the constraint eq.(2.7) is obtained if the exponents

take the values

! = 1, K =
!
2

1 + (!
2 )2 , " =

(!
2 )2

1 + (!
2 )2

. (2.10)

By rescaling w, t, x and y appropriately the constant C3 can be set to zero and C1 to

unity. One then gets that two remaining parameters C1 and Q are determined in terms

of # by

C2
2 =

6

(" + 1)(2" + 1)
(2.11)

Q2 =
6

(#2 + 2)
(2.12)

The final values of the metric components are then

a = C2w, b = w", $ = ! K log(w) . (2.13)

Note that since a vanishes linearly with w, the metric component gtt has a second

order zero at w = 0, as is needed for an extremal solution. In the extremal solution

found above the gauge coupling gU(1) " e!!# becomes arbitrarily weak at the horizon,

as $#$. Conversely, when w #$ the gauge coupling becomes very strong.

The scaling exponents that characterise the solution actually indicate that in the

near-horizon region, the metric takes the form characterising a Lifshitz fixed point with

anisotropic scaling [15]. The dynamical critical exponent is fixed to z =
(1+( !

2 )2)

(!
2 )2 . The

scaling symmetry is not exact, it is broken by the logarithmic dependence of the dilaton

on w.

As was mentioned above the scaling solution eq.(2.9), eq.(2.10), eq.(2.11), is an

exact solution to the equations of motion. However for our purposes it does not have

the correct asymptotic behaviour. We are interested in solutions which asymptote to

AdS4. In the next subsection and in appendix xx we will discuss how a new solution

can be obtained after adding a perturbation to the above solution. This solution is

asymptotically AdS4 and has an asymptotically constant dilaton. After a coordinate

transformation we see that the charge Q is fixed to a universal value in the scaling

solution, eq(2.11). In contrast in the asymptotically AdS4 case the charge Q will be

directly related to the number density in the dual theory 5, and has physical signifi-

cance. In addition the AdS4 solution will also depend on $0- the asymptotic value of

the dilaton. The asymptotically AdS4 solution will therefore be characterised by two

parameters, Q and $0.

5This follows directly from the gauge field eq.(2.3) and the AdS/CFT dictionary.

6

A little bit of algebra now shows that one can exactly
solve the system of equations from the previous slide, 

if one chooses exponents:
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By appropriate rescalings of coordinates, one can set
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solution, eq(2.11). In contrast in the asymptotically AdS4 case the charge Q will be
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cance. In addition the AdS4 solution will also depend on $0- the asymptotic value of

the dilaton. The asymptotically AdS4 solution will therefore be characterised by two
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5This follows directly from the gauge field eq.(2.3) and the AdS/CFT dictionary.

6

Note that the gauge coupling is vanishing as one approaches
the horizon.  The curvature is also constant (though tidal

forces are becoming large).
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So the near-horizon metric takes the form:

A tiny bit of thought reveals that this is just the metric
that a gravity dual of a scale-invariant field theory

with Lifshitz scaling would enjoy.  The scale invariance is:

t! !zt, (x, y)! !(x, y), w ! w
! , z = 1

" .

So as far as the metric is concerned, the near-horizon
geometry is like the gravity dual of a Lifshitz-like fixed

point. S.K., Liu, Mulligan

ds2 = !w2dt2 + w2!(dx2 + dy2) + dw2

w2 , ! < 1

Sunday, February 7, 2010



On the other hand, the radially varying scalar dilaton
breaks the Lifshitz symmetry.  In fact, exactly this class

of solutions, with asymptotically Lifshitz boundary conditions 
on the metric, has been previously discovered.  

However,  those exact global solutions have gauge coupling 
that diverges at infinity, so there is strong coupling, and the 
solutions are not trustworthy.  We will therefore look for
asymptotically AdS solutions with the same near-horizon

geometry.

M. Taylor

The asymptotically AdS solutions will be labeled by two 
constants: the charge Q (which will determine the number 

density in the dual field theory), and the value of the coupling 
at the boundary.

See also Azeyanagi,
Li, Takayanagi

Sunday, February 7, 2010



3.  Black brane thermodynamics
Somewhat predictably, we will have to do numerics to
find the solutions with AdS asymptotics.  So before we

proceed to anything so messy, let’s determine the
thermodynamic properties, which we can largely glean

from the near-horizon geometry.

The near-extremal generalizations of the extremal near-
horizon metric, take the form:

The constant is unchanged, as are the forms of the dilaton
and the Maxwell field.

The second order vanishing of the emblackening factor
has been smoothed to a first-order zero at the horizon.

ds2 = !C2
2w2(1! m

w2!+1
)dt2 +

dw2

C2
2w2(1! m

w2!+1 )
+ w2!(dx2 + dy2)
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The horizon is located at 

2.4 Thermodynamics of the Near-Extremal Solution

A generalisation of the scaling solution can be found for the action eq.(2.1) [16]. It has

a metric

ds2 = C2
2w

2(1! m

w2!+1
)dt2 +

dw2

C2
2w

2(1! m
w2!+1 )

+ w2!(dx2 + dy2), (2.52)

which now depends on the parameter m. The constant C2 takes the same value as in

eq.(2.11). The dilaton and gauge field are unchanged from their values in the scaling

solution and are given in eq.(2.13), eq.(2.3), eq.(2.11), respectively. Asymptotically, as

w "#, this solution reduces to the original scaling solution eq.(2.13). The behaviour

close to the horizon though is di!erent. The gtt component of the metric now has

a first order zero, with non-vanishing surface gravity, and as a result the resulting

temperature in non-zero. The scaling solution in eq.(2.13) corresponds to the near-

horizon of an extremal black brane. We therefore expect that the new solution above

corresponds to the near-horizon region of a slightly non-extremal black brane.

The horizon in the solution eq.(2.52) is located at wh, where,

w2!+1
h = m. (2.53)

The resulting temperature which can be obtained in the standard fashion by continuing

to Euclidean space [18] is

T $ wh. (2.54)

And the entropy density is then

s $ w2!
h $ T 2!. (2.55)

As was mentioned above the solution eq.(2.52) arises as the near horizon limit of a

slightly non-extremal black solution. The entropy density can be expressed as a function

of two dimensionful parameters for the the non-extremal solution, the temperature T

and the chemical potential µ. Both of these are intensive variables with dimensions

[Mass]1. It follows from eq.(2.55) and dimensional analysis that the entropy density

of a slightly non-extremal black brane is given by,

s $ T 2!µ2!2! (2.56)

The entropy can be found from the classical action eq.(2.14) evaluated on-shell.

This action can be calculated by scaling out the dependence on L - the radius of AdS

space - and then working with dimensionless quantities. As a result the action and

the entropy will have a prefactor factor which goes like, L2/GN where GN is the four
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And the standard Gibbons-Hawking calculation yields:

The entropy density, given by the function b(r) evaluated
at the horizon (which determines the “area”), is then:
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We can restore dimensions by making up missing powers of 
mass with powers of the chemical potential, so really:
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Finally, we can worry about restoring factors of the large “N”.
Since we can pull all factors of the AdS radius out of the 

action and then evaluate the entropy by doing dimensionless 
computations, the result must be:

dimensional Newton constant. Putting all this together gives the entropy density of

the slightly non-extremal black brane to be

s = aCT 2!µ2!2!, (2.57)

where

C = L2/GN (2.58)

is the central charge of the CFT dual to the AdS4 background. (* a constant needs to

be fixed in eq.(2.58) *). The coe!cient a depends on !, this dependence can be fixed

from the numerical solution for the slightly non-extremal black hole. (* We also need

to comment on its dependence on e!"#0 *).

Note that the specific heat

Cv = T (
ds

dT
)µ = (2")aCT 2!µ2!2! (2.59)

is positive.

The other thermodynamical properties can be completely determined from the

entropy density. The Gibbs-Duhem relation

sdT ! dP + ndµ = 0, (2.60)

where P, n, are the pressure and number density, can be used to obtain the pressure.

Keeping µ fixed and integrating the above equation gives,

P =
a

(2" + 1)
Cµ2!2!T 2!+1 + bCe3"#0µ3. (2.61)

The second term is a temperature independent integration constant, in subsection xx

we will see that the coe!cient b is indeed non-zero and determine its scaling with #0.

Substituting for P in eq.(2.60) gives the numer density,

n =
(2! 2")

(2" + 1)
aCT 2!+1µ1!2! + 3bCe3"#0µ2. (2.62)

Finally the energy density can be obtained using the relation

$ = sT + µn! p (2.63)

which gives,

$ =
2a

(2" + 1)
Cµ2!2!T 2!+1 + 2bCe3"#0µ3. (2.64)
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The final constant a requires numerics (as a function of
alpha) to fix its value...
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Since the entropy density vanishes and the specific heat 

is positive, these are pretty reasonable-looking states in the 
(hypothetical) dual field theory.
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It is useful to compare/contrast them with other known 
extremal black holes:

* The Garfinkle-Horowitz-Strominger solutions have finite T 
and negative specific heat at extremality

* AdS-RN black holes (and flat space Reissner-Nordstrom) 
have large entropy at extremality

* Flat-space black holes with         have negative specific heat
at extremality

! ! 1

So these AdS charged dilaton black holes are most similar
to the               flat-space dilaton black holes.0 < ! < 1
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Going back to those formulae, one can notice that for the 
particular case:

! = 1
2

the entropy, specific heat, and (it turns out) all calculable
thermodynamic quantities, have the same scaling behavior

as a gas of free, relativistic fermions.

Several groups have built Fermi surfaces (and better, non-
Fermi liquids!) in AdS/CFT by adding (singlet) fermion 

probes to a large N theory.  

Very doubtful: my guess is the simplest 2-point functions will
behave in a distinct way, governed by Lifshitz symmetry.

Faulkner, Liu, McGreevy, Vegh;
Cubrovic, Zaanen, Schalm;

Hartnoll, Polchinski, Silverstein, Tong;
Faulkner, Polchinski

It would be nice to see this behavior at leading order in N; 
is that possibly going to happen here?
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The other thermodynamic properties can be determined 
using the “Gibbs-Duhem” relation:

dimensional Newton constant. Putting all this together gives the entropy density of

the slightly non-extremal black brane to be

s = aCT 2!µ2!2!, (2.57)

where

C = L2/GN (2.58)

is the central charge of the CFT dual to the AdS4 background. (* a constant needs to

be fixed in eq.(2.58) *). The coe!cient a depends on !, this dependence can be fixed

from the numerical solution for the slightly non-extremal black hole. (* We also need

to comment on its dependence on e!"#0 *).

Note that the specific heat

Cv = T (
ds

dT
)µ = (2")aCT 2!µ2!2! (2.59)

is positive.

The other thermodynamical properties can be completely determined from the

entropy density. The Gibbs-Duhem relation

sdT ! dP + ndµ = 0, (2.60)

where P, n, are the pressure and number density, can be used to obtain the pressure.

Keeping µ fixed and integrating the above equation gives,

P =
a

(2" + 1)
Cµ2!2!T 2!+1 + bCe3"#0µ3. (2.61)

The second term is a temperature independent integration constant, in subsection xx

we will see that the coe!cient b is indeed non-zero and determine its scaling with #0.

Substituting for P in eq.(2.60) gives the numer density,

n =
(2! 2")

(2" + 1)
aCT 2!+1µ1!2! + 3bCe3"#0µ2. (2.62)

Finally the energy density can be obtained using the relation

$ = sT + µn! p (2.63)

which gives,

$ =
2a

(2" + 1)
Cµ2!2!T 2!+1 + 2bCe3"#0µ3. (2.64)

13

4.  Solutions with AdS asymptotics

As we’ve emphasized, we wish to find asymptotically
AdS solutions with the near-horizon Lifshitz + varying scalar

geometry (to avoid the strong coupling that arises in the 
asymptotically Lifshitz version).  How to do this?

We will not need their detailed form, however.
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Intuitively, we should think of an RG flow along the radial 
direction.  We should perturb the Lifshitz-like solution at 
small r by an irrelevant operator (in the dual field theory)

which causes it to flow “up against the RG” to a UV 
conformal fixed point.  (In the field theory it makes 

abundantly more sense to think in the other direction of 
course; perturbing the UV fixed point by a slightly relevant 

operator...).

We consider perturbations that preserve the metric ansatz
in terms of functions a,b, but allow new dependence on w:

2.5 Obtaining the Solution with the Correct Asymptotics

The scaling solution eq.(2.13) does not have the correct asymptotic behaviour as we

have emphasised already. Here we will describe some of the details which go into finding

a solution which does asymptote to AdS4. More details can be found in appendix xx.

The idea is to add a perturbation to the scaling solution which is irrelevant at small

w, close to the horizon, but which gets increasingly important at larger values of r.

Such a perturbation if correctly chosen can then change the solution giving rise to the

required new solution which asymptotes to AdS4. Roughly speaking one can think of

large r as the ultraviolet and small r as the infrared in the boundary theory. Thus the

perturbation we add is irrelevant in the infrared scaling region but relevant in the UV.

In the discussion below we will work in conventions where L = 1.

The perturbation we consider preserves the form of the metric eq.(2.2) (and thus

the symmetries of eq.(2.2)). The resulting functions a, b,! then are:

a = C2w(1 + d1w
!) (2.67)

b = w"(1 + d2w
!) (2.68)

! = !K log(w) + d3w
! (2.69)

C2, K, " take the same values as in eq.(2.11), eq.(2.10. There is a gauge field turned on,

eq.(2.3) with Q given by eq.(2.11). The perturbation is characterised by the exponent

# and the three constants d1, d2, d3. As we see in appendix xx d2, d3 can be determined

in terms of d1 " d. And requiring that # > 0, so that the perturbation dies out at

small w, gives rise to a unique allowed value for this exponent.

# =
!(2" + 1) +

!
(2" + 1)(10" + 9)

2
(2.70)

Thus there is a one parameter family of allowed perturbations, parameterised by the

coe!cient d. Adding this parameter with d < 0 gives rise to an asymptotically AdS4

solution. We verify this by numerically integrating the equations of motion.

We expect that the boundary theory at zero temperature is characterised by two

parameters, the value of the chemical potential (or charge density) and the asymptotic

value of the dilaton. The discussion above though seems to yield only a one parameter

family of solutions, up to coordinate transformations. The answer to this puzzle is

tied to the fact that the behaviour of the boundary theory for di"erent values of the

chemical potential can be obtained by a rescaling, since the chemical potential is the

only scale in the boundary theory. Now a scaling transformation in the boundary

theory is actually a coordinate transformation in the bulk which involves a rescaling

of the radial variable. Thus to allow for a change in chemical potential one must treat

15
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With this ansatz, and keeping the form of the gauge field in 
terms of b(r) fixed, we have introduced one new exponent 
and three new constants.  Detailed analysis of the equations
of motion (which I will skip!) shows that one can write two 
of the constants in terms of the third, and the exponent is 

fixed to be:

2.5 Obtaining the Solution with the Correct Asymptotics

The scaling solution eq.(2.13) does not have the correct asymptotic behaviour as we

have emphasised already. Here we will describe some of the details which go into finding

a solution which does asymptote to AdS4. More details can be found in appendix xx.

The idea is to add a perturbation to the scaling solution which is irrelevant at small

w, close to the horizon, but which gets increasingly important at larger values of r.

Such a perturbation if correctly chosen can then change the solution giving rise to the

required new solution which asymptotes to AdS4. Roughly speaking one can think of

large r as the ultraviolet and small r as the infrared in the boundary theory. Thus the

perturbation we add is irrelevant in the infrared scaling region but relevant in the UV.

In the discussion below we will work in conventions where L = 1.

The perturbation we consider preserves the form of the metric eq.(2.2) (and thus

the symmetries of eq.(2.2)). The resulting functions a, b,! then are:

a = C2w(1 + d1w
!) (2.67)

b = w"(1 + d2w
!) (2.68)

! = !K log(w) + d3w
! (2.69)

C2, K, " take the same values as in eq.(2.11), eq.(2.10. There is a gauge field turned on,

eq.(2.3) with Q given by eq.(2.11). The perturbation is characterised by the exponent

# and the three constants d1, d2, d3. As we see in appendix xx d2, d3 can be determined

in terms of d1 " d. And requiring that # > 0, so that the perturbation dies out at

small w, gives rise to a unique allowed value for this exponent.

# =
!(2" + 1) +

!
(2" + 1)(10" + 9)

2
(2.70)

Thus there is a one parameter family of allowed perturbations, parameterised by the

coe!cient d. Adding this parameter with d < 0 gives rise to an asymptotically AdS4

solution. We verify this by numerically integrating the equations of motion.

We expect that the boundary theory at zero temperature is characterised by two

parameters, the value of the chemical potential (or charge density) and the asymptotic

value of the dilaton. The discussion above though seems to yield only a one parameter

family of solutions, up to coordinate transformations. The answer to this puzzle is

tied to the fact that the behaviour of the boundary theory for di"erent values of the

chemical potential can be obtained by a rescaling, since the chemical potential is the

only scale in the boundary theory. Now a scaling transformation in the boundary

theory is actually a coordinate transformation in the bulk which involves a rescaling

of the radial variable. Thus to allow for a change in chemical potential one must treat

15

(which is manifestly positive, and hence dies for small values 
of w, as expected).

So we find a one-parameter family of solutions for fixed form 
of the dilatonic coupling to the Maxwell field, specified 
by the constant       (negative values flow to AdS...).d1
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Numerically integrating out the perturbation with negative 
coefficient, yields plots which show a clean flow  “up”  to 

asymptotically AdS solutions (                      ):

1 2 3 4 5

w

1

2

3

4

5

a!w", b!w"Numerical Plot of a!w" !solid" and b!w" !dashed" for !"1

0 1 2 3 4 5
w
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1.0

1.5

2.0

a' !w", b' !w"Numerical Plot of a' !w" !solid" and b' !w" !dashed" for !"1

Figure 1: Numerical solution interpolating between the near horizon solution and AdS4 for
! = 1 and d1 = !.514219. The second plot shows that a!(r) and b!(r) approach 1. Solid lines
denote a, dashed lines denote b.

A.2 Numerical Integration

Here we present results of the numerical integration.

Initial data for numerical integration is taken from the modified near-horizon so-

lutions (A.1) and (A.2). Figures 1 and 2 show the resulting solution for ! = 1. The

strength of the perturbation was chosen to be d1 = !.514219, so that the solution

meets the condition that b!(r) " 1 as r " #. (For other negative values of d1, b!(r)

approaches a constant which is di!erent from one, a coordinate transformation then

brings the solution back to a form with the standard asymptotics of AdS4 space. For

positive d1 the numerical solution becomes singular.)

Figures 1 and 2 clearly show that a(r) = r and b(r) = r for large r, so the solution

is asymptotically AdS4. The dilaton approaches a constant, "0.
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Figure 1: Numerical solution interpolating between the near horizon solution and AdS4 for
! = 1 and d1 = !.514219. The second plot shows that a!(r) and b!(r) approach 1. Solid lines
denote a, dashed lines denote b.

A.2 Numerical Integration

Here we present results of the numerical integration.

Initial data for numerical integration is taken from the modified near-horizon so-

lutions (A.1) and (A.2). Figures 1 and 2 show the resulting solution for ! = 1. The

strength of the perturbation was chosen to be d1 = !.514219, so that the solution

meets the condition that b!(r) " 1 as r " #. (For other negative values of d1, b!(r)

approaches a constant which is di!erent from one, a coordinate transformation then

brings the solution back to a form with the standard asymptotics of AdS4 space. For

positive d1 the numerical solution becomes singular.)

Figures 1 and 2 clearly show that a(r) = r and b(r) = r for large r, so the solution

is asymptotically AdS4. The dilaton approaches a constant, "0.

25

! = 1, d1 = !.514
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Why is there only one parameter, when we expect to find 
both Q and the gauge coupling at infinity?

This is a peculiarity which arises because the chemical 
potential is the only scale in the boundary theory.  Therefore, 
one can obtain the theory at different values of the chemical 
potential by a rescaling of coordinates.   This maps to a scaling 
of the bulk coordinates including the radial variable.  Thus to 
see both integration constants, one must treat certain bulk 

solutions related by rescalings of coordinates as being distinct.

Since the metric and            only depend on the single
combination           , in practice one can start with a

solution that has Q=1and          at the boundary, 

!! !0

bulk solutions related by a rescaling coordinate transformation as being distinct. This

then introduces a second parameter in the bulk solutions as well.

In practice there is one bulk solution from which all others can be obtained by a

suitable rescaling and shift in the dilaton. It is clear from the equations of motion that

the metric and !! !0 only depend on Q2e!2!"0 . The rescaling is obtained by carrying

out a coordinate transformation under which,

r " "r, (t, x, y)" "!1(t, x, y) (2.71)

Thus starting from the solution for Q = 1, !0 = 0 one can rescale to get any value of

Q and then shift the dilaton to get any value of !0.

It follows from the equations of motion xx and the constraint yy that in the asymp-

totic AdS4 region the bulk solution, with gauge field, eq.(2.3), the metric and dilaton

must take the form

a2 = r2(1! e1
#

r3
+

Q2e!2!"0

r4
+ · · · ) (2.72)

b2 = r2(1 + · · · ) (2.73)

! = !0 +
!1

r
, (2.74)

where the ellipses denote terms that are subdominant at large r. # above is the energy

density of the brane. And e1 is given by xx (* we need to obtain this coe!cient in

terms of GN and L). Under the rescaling eq.(2.71), #" #
$3 , Q" Q

$4 . This tells us that

# = D1(Qe!!"0)3/2. (2.75)

The coe!cient D1 is a coe!cient that is $ dependent. A similar scaling argument tells

us that the chemical potential

µ =

! "

rh

Qe!2!"0

b2
dr (2.76)

is given by

µ = D2(Qe!!"0)1/2e!!"0 (2.77)

where D2 is again an $ dependent coe!cient. This gives,

# = D3e
3!"0µ3. (2.78)

The coe!cient

D3 # C (2.79)

16

!0 = 0
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then do AdS scale transformations

bulk solutions related by a rescaling coordinate transformation as being distinct. This

then introduces a second parameter in the bulk solutions as well.

In practice there is one bulk solution from which all others can be obtained by a

suitable rescaling and shift in the dilaton. It is clear from the equations of motion that

the metric and !! !0 only depend on Q2e!2!"0 . The rescaling is obtained by carrying

out a coordinate transformation under which,

r " "r, (t, x, y)" "!1(t, x, y) (2.71)

Thus starting from the solution for Q = 1, !0 = 0 one can rescale to get any value of

Q and then shift the dilaton to get any value of !0.

It follows from the equations of motion xx and the constraint yy that in the asymp-

totic AdS4 region the bulk solution, with gauge field, eq.(2.3), the metric and dilaton

must take the form

a2 = r2(1! e1
#

r3
+

Q2e!2!"0

r4
+ · · · ) (2.72)

b2 = r2(1 + · · · ) (2.73)

! = !0 +
!1

r
, (2.74)

where the ellipses denote terms that are subdominant at large r. # above is the energy

density of the brane. And e1 is given by xx (* we need to obtain this coe!cient in

terms of GN and L). Under the rescaling eq.(2.71), #" #
$3 , Q" Q

$4 . This tells us that

# = D1(Qe!!"0)3/2. (2.75)

The coe!cient D1 is a coe!cient that is $ dependent. A similar scaling argument tells

us that the chemical potential

µ =

! "

rh

Qe!2!"0

b2
dr (2.76)

is given by

µ = D2(Qe!!"0)1/2e!!"0 (2.77)

where D2 is again an $ dependent coe!cient. This gives,

# = D3e
3!"0µ3. (2.78)

The coe!cient

D3 # C (2.79)

16

and shifts of the dilaton zero mode to generate all other 
solutions.

5.  More new horizons from attractors in AdS

I’ve so far focused on cases with the  “standard”  form
of the gauge-coupling function.

By relaxing this, we can find other new classes of
near-horizon geometries.  These same horizons have
appeared recently in the related works I mentioned

before; the toy model makes them all available in one system.
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where V0, V1 > 0. This results in a run-away situation, but the critical value of V is

now V0 and does not vanish. In this case one finds that

b = bh +
C1

log(w)
(2.27)

b4
h =

L2V0

3
(2.28)

! =
1

2"
log(! log(w)). (2.29)

Since a " w and bh #= 0 the near horizon geometry is AdS2 $R2. Interestingly though

the scalar does not become a constant in the near-horizon region going instead to

infinity as w % 0.

2) Next consider the case where the potential vanishes at the critical point but as

a power-law rather than an exponential:

Veff =
V0

!p
. (2.30)

Now one finds

b " 1

log(w)
p+2
8

(2.31)

! " (! log(w))1/2 (2.32)

The power law nature of the potential results in b and ! varying more slowly than in

the scaling solution eq.(2.9).

3) We can also contrast this with a potential that vanishes more rapidly than an

exponential:

V = V0e
!A(e!"). (2.33)

One finds now that

b " x +
C1x

log(x)
(2.34)

! " 1

"
log(! log(x)) + #2 (2.35)

Ae!"2 = 3 (2.36)

The metric component b is almost linear in x resulting in the near horizon geometry

being approximately AdS4, with a very slowly varying scalar.

4) Finally one can consider a situation where the 4-dim theory one starts with has

a potential which depends on the scalar field. We write the one dimensional Lagrangian

as

S =

!
dr[!2a2bb"" ! 2a2b2($!)2 ! 2

Veff

b2
+ 6

b2

L2
! 2V1(!)b2] (2.37)

10

This is like a small perturbative correction to a constant 
gauge coupling; the dilaton rolls even more slowly towards 

weak coupling; and the near-horizon geometry is very similar 
to AdS-RN (asymptoting to                 )                       

ds2 = !w2dt2 + dw2

w2 +
!
bh + C1

log(w)

"2
(dx2 + dy2)

AdS2 !R2

[c.f. Herzog et al, who see similar behavior in conifold
gauge theory with finite baryonic charge]

Suppose, for instance, that 
L = ... + f2(!)Fµ!Fµ! + ....

f2 = 1
g2
0

+ f1e!2!"
with:

Then one finds near-horizon metric & dilaton:

Sunday, February 7, 2010



f2 = V0
!p

Now the function b(w) in front of the spatial slices in the 
metric, and the dilaton, take the forms:

where V0, V1 > 0. This results in a run-away situation, but the critical value of V is

now V0 and does not vanish. In this case one finds that

b = bh +
C1

log(w)
(2.27)

b4
h =

L2V0

3
(2.28)

! =
1

2"
log(! log(w)). (2.29)

Since a " w and bh #= 0 the near horizon geometry is AdS2 $R2. Interestingly though

the scalar does not become a constant in the near-horizon region going instead to

infinity as w % 0.

2) Next consider the case where the potential vanishes at the critical point but as

a power-law rather than an exponential:

Veff =
V0

!p
. (2.30)

Now one finds

b " 1

log(w)
p+2
8

(2.31)

! " (! log(w))1/2 (2.32)

The power law nature of the potential results in b and ! varying more slowly than in

the scaling solution eq.(2.9).

3) We can also contrast this with a potential that vanishes more rapidly than an

exponential:

V = V0e
!A(e!"). (2.33)

One finds now that

b " x +
C1x

log(x)
(2.34)

! " 1

"
log(! log(x)) + #2 (2.35)

Ae!"2 = 3 (2.36)

The metric component b is almost linear in x resulting in the near horizon geometry

being approximately AdS4, with a very slowly varying scalar.

4) Finally one can consider a situation where the 4-dim theory one starts with has

a potential which depends on the scalar field. We write the one dimensional Lagrangian

as

S =

!
dr[!2a2bb"" ! 2a2b2($!)2 ! 2

Veff

b2
+ 6

b2

L2
! 2V1(!)b2] (2.37)

10

Because of the power law (vs exponential) dependence
of the gauge-coupling function, the scalar and spatial

metric vary more slowly as one approaches the horizon.

In common with Lifshitz examples, zero entropy at T=0.

Another reasonable seeming alternative would be:
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f2 = V0 Exp(!Ae!")

This purely non-perturbative gauge-coupling function is not
obviously sensible, but it is a test-case worth thinking about, 
since in this solution, the scalar and spatial metric will vary 

more rapidly as the horizon is approached.  

b ! w +
C1w

log(w)

! ! 1
"

log("log(w)) + #2

Ae!"2 = 3

AdS4 near horizon 
geometry, seen by other

groups in consistent truncations

Again zero entropy at T=0.

Lastly, suppose that:
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These few universality classes (Lifshitz with various values of 
z, RN-like horizons with log deviations, and AdS near 

horizons) seem to show up in many string/gravity systems.
Are we missing other generic possibilities?  What other 

physics would they capture?

Interestingly, these different classes do share some features.  
For instance in the AdS/RN and Lifshitz black brane 
solutions, one always finds an optical conductivity:

This behavior is reminiscent of certain disordered insulators, 
where the density of states and induced dipole moment of 
each state both grow linearly, leading to this outcome.  But 

why does it show up so frequently here? 

Edalati, Jottar, Leigh; Paulos; 
Goldstein, S.K., Prakash, Trivedi!(") ! c"2 + ... (T << " << µ)
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V.  Lattices and Dimers

Finally, and maybe most ambitiously, I want to very briefly 
discuss how one might make a horizon that sees a lattice 

structure with localized fermion degrees of freedom strongly 
interacting with a second channel (the strongly-coupled N=4 

SYM plasma, for instance).

This is well motivated because many interesting materials 
have both localized and itinerant electrons, with strong 

interactions between the two classes yielding interesting
phase transitions. c.f. recent papers

of Senthil; much older
literature e.g. on Kondo

effect!

S.K., Karch, Yaida
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In addition, this will allow one to study lattice vibrations and  
“lattice-scale artifacts”  which are not captured in continuum 
descriptions, but are perhaps important in many of the real 
systems of interest.  (Of course, artifacts do reflect cut-off 

scale physics, so aren’t expected to be universal...).

Our way of doing this differs from earlier interesting work of 
Hellerman (who latticized the N=4 theory itself), and recent 
work of Faulkner and Polchinski (who give a beautiful way to 
study lattices with singlets localized at the sites, but not with 

SU(N) charged fermions localized at the sites).

A.  BPS array of D5-branes 

Let us briefly describe a BPS system before moving to 
bipartite, non-supersymmetric lattice models...
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4

A. Black brane background

The type IIB supergravity is well known to have the following asymptotically AdS5 ! S5

black brane solution:

B(2) = C(0) = C(2) = 0,
e!

gs
= 1, (2.1)

gµ!dx
µdx! = "f(r)dt2 +

dr2

f(r)
+

r2

L2
(

3!

i=1

dx2
i ) + L2(d!2 + sin2!d!2

4) (2.2)

with f(r) =
r2

L2

"
1"

r4+
r4

#
and L4 # 4"gsN#!2, (2.3)

F(5) = dC(4) = "(1 + $)4r
3

L4
(dt % dr % dx1 % dx2 % dx3). (2.4)

For later convenience, we foliated S5 by S4s parametrized by their latitudes !, and d!2
4 is

the metric on a unit 4-sphere. This solution can be obtained as the decoupling limit of

the geometry generated by a stack of N nonextremal D3-branes and, as such, it describes

N = 4 supersymmetric SU(N) gauge theory at finite temperature, with the Yang-Mills

(YM) coupling constant of the gauge theory given in terms of the string coupling constant

as g2YM = 4"gs [22].

The field theory’s temperature is identified with the Hawking temperature of the ge-

ometry above, namely, T (r+) = 1
2" [

1"
grr

d
dr

&
"gtt]|r=r+ = r+

"L2 . The free energy F [T ] of the

macroscopic configuration can be computed through the holographic dictionary, which reads

in the classical limit as

e#
1
T F [T ] = Z[T ] = e#I[T ]. (2.5)

Here, I[T ] is the properly dimensionally reduced (4+1)-dimensional Euclidean action, eval-

uated for the configuration with temperature T . This is by now a standard practice and the

result is

FIIB[T (r+)] = " 1

128
V3

"
r4+

"4L8

#"
L8

g2s#
!4

#
= ""2

8
V3T

4N2, (2.6)

where V3 denotes the 3-dimensional volume in "'x direction.

B. D5 embedding

Let us now place a single D5-brane in the black brane background above. There is a

one-parameter family of analytic solutions for static D5 embeddings, going straight down

We start from the old observation that a D3 and a D5 
intersecting at a point, give rise to a singlet massless fermionic 
degree of freedom (and no massless bosons).  With N D3s, 

this degree of freedom transforms in the fundamental of
SU(N).

The near-horizon, finite temperature geometry for N D3s is 
given by the AdS-Schwarzschild black hole:

Sunday, February 7, 2010



!

S
8-p

S
7-p

Figure 1: The points of the S8!p sphere with the same polar angle ! define a S7!p sphere.
The angle ! represents the latitude on S8!p, measured from one of its poles.

with the initial condition
Cp(0) = 0 . (2.6)

It is clear that one can find by elementary integration a unique solution to the problem of
eqs. (2.5) and (2.6). Thus Cp(!) can be considered as a known function of the polar angle
!. In terms of Cp(!), the RR potential C(7!p) can be represented as:

C(7!p) = !R(7!p) Cp(!) "(7!p) . (2.7)

By using eq. (2.5) it can be easily verified that 1:

F (8!p) = d C(7!p) . (2.8)

Let us now consider a D(8-p)-brane embedded along the transverse directions of the stack
of Dp-branes. The action of such a brane probe is the sum of a Dirac-Born-Infeld and a
Wess-Zumino term:

S = !T8!p

!

d 9!p# e!!̃
"

!det ( g + F ) + T8!p

!

F " C(7!p) , (2.9)

where g is the induced metric on the worldvolume of the D(8-p)-brane and F is a worldvolume
abelian gauge field strength. The coe!cient T8!p in eq. (2.9) is the tension of the D(8-p)-
brane, given by:

T8!p = (2$)p!8 ( % " )
p!9
2 ( gs )!1 . (2.10)

The worldvolume coordinates #" (% = 0 , · · · , 8 ! p ) will be taken as:

#" = ( t , r , !1 , · · · , !7!p ) . (2.11)

1For simplicity, through this paper we choose the orientation of the transverse S8!p sphere such that
!(8!p) = (sin ")7!p d" " !(7!p).

4

There is a stable D5 embedding in this background, with 
the D5-brane wrapping a four-sphere in the five-sphere:

5

into the black brane, characterized by latitudes !! of S4 that they wrap. The position !"a in

the !"x directions and the direction of the S4 within S5 give other parameters as well. But

for a single D5-brane, we can take these to be fixed at any value without loss of generality,

whereas for multiple D5-branes to be considered below, their relative values would matter.

Explicitly, by parametrizing the 4-spheres by (!1, !2, !3,"4) and denoting the coordinates on

the D5-brane by # = ($, %, !1, !2, !3,"4), the embeddings are given by1

($, %, !1, !2, !3,"4) #" ($, %,
!"
0 , !! , !1, !2, !3,"4) with % $ (0,%) and $ $ (!%,%), (2.7)

where the worldvolume flux depends on !! , and is given by

(2&'!F)"# = !(2&'!F)#" = cos!! with all other components vanishing. (2.8)

Actually, as explained in [23], possible values of the latitude !! $ (0, &) are quantized:

defining a parameter ( $ (0, 1) by

( & 1

&
(!! ! sin!!cos!!) , (2.9)

we have the quantization condition

n & (N $ Z. (2.10)

In the dual field theory, introducing such a D5-brane in the bulk corresponds to coupling

localized massless fermions to the N = 4 gauge theory as

Sfield theory = SN=4 +

!
dt

"
i)†

b*t)
b + )†

b

#
(A0(t,

!"
0 ))bc + vI("I(t,

!"
0 ))bc

$
)c
%
, (2.11)

where SN=4 is the action for N = 4 supersymmetric SU(N) gauge theory [24], Aµ and "I

are its gauge and scalar fields in the adjoint representation of SU(N), respectively, and vI is

a unit 6-vector determined by the direction of the S4 within S5 wrapped by the D5-brane.

The parameter n & (N , on the other hand, determines the number of fermions at the site
!"
0 [25]. More precisely, it corresponds to taking the ensemble with the density matrix

n!(N ! n)!

N !

&

b1<...<bn

| b1, ..., bn'(b1, ..., bn | (2.12)

1 We choose the orientation of the spacetime so that !tr123!!1!2!3"4 = +
)
!g and those of D5-branes so

that !#$!1!2!3"4 = +
'

!g(induced).
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A standard analysis indicates that depending on the
latitude of the four-sphere that is wrapped, the D5 must also 

contain a world-volume flux of its gauge field:
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As explained by Camino, Paredes and Ramallo, the allowed 
values of the latitude are quantized; each allowed angle maps 
to a fermion occupation number in the dual field theory, and 
an integer number between 0 and N of the states at a given 

site can be occupied:

Sunday, February 7, 2010



5

into the black brane, characterized by latitudes !! of S4 that they wrap. The position !"a in

the !"x directions and the direction of the S4 within S5 give other parameters as well. But

for a single D5-brane, we can take these to be fixed at any value without loss of generality,

whereas for multiple D5-branes to be considered below, their relative values would matter.

Explicitly, by parametrizing the 4-spheres by (!1, !2, !3,"4) and denoting the coordinates on

the D5-brane by # = ($, %, !1, !2, !3,"4), the embeddings are given by1

($, %, !1, !2, !3,"4) #" ($, %,
!"
0 , !! , !1, !2, !3,"4) with % $ (0,%) and $ $ (!%,%), (2.7)

where the worldvolume flux depends on !! , and is given by

(2&'!F)"# = !(2&'!F)#" = cos!! with all other components vanishing. (2.8)

Actually, as explained in [23], possible values of the latitude !! $ (0, &) are quantized:

defining a parameter ( $ (0, 1) by

( & 1

&
(!! ! sin!!cos!!) , (2.9)

we have the quantization condition

n & (N $ Z. (2.10)

In the dual field theory, introducing such a D5-brane in the bulk corresponds to coupling

localized massless fermions to the N = 4 gauge theory as

Sfield theory = SN=4 +

!
dt

"
i)†

b*t)
b + )†

b

#
(A0(t,

!"
0 ))bc + vI("I(t,

!"
0 ))bc

$
)c
%
, (2.11)

where SN=4 is the action for N = 4 supersymmetric SU(N) gauge theory [24], Aµ and "I

are its gauge and scalar fields in the adjoint representation of SU(N), respectively, and vI is

a unit 6-vector determined by the direction of the S4 within S5 wrapped by the D5-brane.

The parameter n & (N , on the other hand, determines the number of fermions at the site
!"
0 [25]. More precisely, it corresponds to taking the ensemble with the density matrix

n!(N ! n)!

N !

&

b1<...<bn

| b1, ..., bn'(b1, ..., bn | (2.12)

1 We choose the orientation of the spacetime so that !tr123!!1!2!3"4 = +
)
!g and those of D5-branes so

that !#$!1!2!3"4 = +
'

!g(induced).

5

into the black brane, characterized by latitudes !! of S4 that they wrap. The position !"a in

the !"x directions and the direction of the S4 within S5 give other parameters as well. But

for a single D5-brane, we can take these to be fixed at any value without loss of generality,

whereas for multiple D5-branes to be considered below, their relative values would matter.

Explicitly, by parametrizing the 4-spheres by (!1, !2, !3,"4) and denoting the coordinates on

the D5-brane by # = ($, %, !1, !2, !3,"4), the embeddings are given by1

($, %, !1, !2, !3,"4) #" ($, %,
!"
0 , !! , !1, !2, !3,"4) with % $ (0,%) and $ $ (!%,%), (2.7)

where the worldvolume flux depends on !! , and is given by

(2&'!F)"# = !(2&'!F)#" = cos!! with all other components vanishing. (2.8)

Actually, as explained in [23], possible values of the latitude !! $ (0, &) are quantized:

defining a parameter ( $ (0, 1) by

( & 1

&
(!! ! sin!!cos!!) , (2.9)

we have the quantization condition

n & (N $ Z. (2.10)

In the dual field theory, introducing such a D5-brane in the bulk corresponds to coupling

localized massless fermions to the N = 4 gauge theory as

Sfield theory = SN=4 +

!
dt

"
i)†

b*t)
b + )†

b

#
(A0(t,

!"
0 ))bc + vI("I(t,

!"
0 ))bc

$
)c
%
, (2.11)

where SN=4 is the action for N = 4 supersymmetric SU(N) gauge theory [24], Aµ and "I

are its gauge and scalar fields in the adjoint representation of SU(N), respectively, and vI is

a unit 6-vector determined by the direction of the S4 within S5 wrapped by the D5-brane.

The parameter n & (N , on the other hand, determines the number of fermions at the site
!"
0 [25]. More precisely, it corresponds to taking the ensemble with the density matrix

n!(N ! n)!

N !

&

b1<...<bn

| b1, ..., bn'(b1, ..., bn | (2.12)

1 We choose the orientation of the spacetime so that !tr123!!1!2!3"4 = +
)
!g and those of D5-branes so

that !#$!1!2!3"4 = +
'

!g(induced).

The change to the N=4 SYM theory in the setup with a 
given value of n, is governed by the action:
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6

where, schematically,2

| b1, ..., bn! = !†
b1
...!†

bn
|0!. (2.13)

Now we would like to compute the D5-brane contribution to the free energy. Turning

it into the appropriate Euclidean configuration, the Euclidean action of the D5-brane is

evaluated to be [26–28]3

I(bulk)D5 =
L4sin3"!vol(S4)

(2#)5gs$!3
1

T
(rcuto! " r+), (2.14)

where we regulated it with the regulator rcuto! . We need to holographically renormalize this

quantity. To this end, we subtract o! the Euclidean action of the analogous D5 embedding

into pure AdS5 # S5 spacetime,

I(counter)D5 =
L4sin3"!vol(S4)

(2#)5gs$!3
1

T !(T )
(rcuto!), (2.15)

where we take its temperature to be T !(T ) given by

1

T !(T )

!"
r2cuto!
L2

#
=

1

T

!"
r2cuto!
L2

#"
1" r4+

r4cuto!

#
(2.16)

so that the induced metric on the surface at rcuto! is the same as in the relevant black brane

configuration [22]. This procedure is justified in the context of holographic renormaliza-

tion [29] because both configurations are the solutions to the same equations of motion with

the same leading Dirichlet boundary condition at r = rcuto! . Thus, the renormalized D5

Euclidean action is given by

I(renormalized)
D5 = lim

rcuto!"#
(I(bulk)D5 " I(counter)D5 ) = "L4sin3"!vol(S4)

(2#)5gs$!3
r+
T
. (2.17)

Hence the leading D5 contribution to the free energy is

FD5 = TI(renormalized)
D5 = "L4sin3"!vol(S4)

(2#)5gs$!3 r+ = "sin3"!
3#

N
$
%T, (2.18)

where we introduced the ’t Hooft coupling % % g2YMN .

2 The states as written in Eq.(2.13) are not invariant under small gauge transformations, and they need to

be supplemented by nonlocal operators for any nonzero coupling.
3 To get correct results for free energies, it is very crucial to add the appropriate surface term for the D5

action, analogous to the Gibbons-Hawking surface term for the Einstein-Hilbert action, so that we can

consistently impose a Dirichlet boundary condition at r = rcuto! .
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The simplest interesting physics arises when we construct 
not a lattice of D5-branes at different points along the spatial 

directions of the N D3s, but instead a bi-partite lattice 
consisting of alternating D5s and anti-D5s.  

We can then see a phase transition from a high-temperature  
phase (T >> inverse lattice spacing) where the

D5s and anti-D5s each stretch straight down to the AdS 
black-hole horizon: 9

FIG. 1: Predimerization transition. (a)Disconnected configuration dominates at high temperature.

(b)Connected configuration dominates at low temperature.

A. Disconnected configuration

The obvious candidate stable configuration of such a pair is just two separated configu-

rations of the sort considered in Sec.II B with !! = !̄!̄ [see Fig.1(a)]. Its free energy is just

twice that of the single D5-brane:

FD5 + FD̄5 = !
!
2
L4sin3!!vol(S4)

(2")5gs#!3 r+

"
. (3.1)

Note that it is independent of the separation !x.

B. Connected configuration

Another candidate solution with the given boundary condition is a reconnecting solution

[see Fig.1(b)]: a reconnecting D5-brane starts at r = " with !#x = (!!x
2 , 0, 0), dips into the

bulk, and then comes back to r = " now with !#x = (+!x
2 , 0, 0), e"ectively reversing its

orientation as it should.8 Explicitly, we have

!($) = !! and (2"#!F)"# = cos!!
1#

1! 1
sin6$!

$
L4k2

r4(#)"r4+

%

&!
%r

%$

"2

, (3.2)

8 Incidentally, this is the reason why a pair of two D5-branes cannot reconnect.

B.  A dimer model
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to a low-temperature phase where the neighboring brane/
anti-brane pairs reconnect: 9

FIG. 1: Predimerization transition. (a)Disconnected configuration dominates at high temperature.

(b)Connected configuration dominates at low temperature.
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The obvious candidate stable configuration of such a pair is just two separated configu-

rations of the sort considered in Sec.II B with !! = !̄!̄ [see Fig.1(a)]. Its free energy is just

twice that of the single D5-brane:

FD5 + FD̄5 = !
!
2
L4sin3!!vol(S4)

(2")5gs#!3 r+

"
. (3.1)

Note that it is independent of the separation !x.

B. Connected configuration

Another candidate solution with the given boundary condition is a reconnecting solution

[see Fig.1(b)]: a reconnecting D5-brane starts at r = " with !#x = (!!x
2 , 0, 0), dips into the

bulk, and then comes back to r = " now with !#x = (+!x
2 , 0, 0), e"ectively reversing its

orientation as it should.8 Explicitly, we have

!($) = !! and (2"#!F)"# = cos!!
1#

1! 1
sin6$!

$
L4k2

r4(#)"r4+

%

&!
%r

%$

"2

, (3.2)

8 Incidentally, this is the reason why a pair of two D5-branes cannot reconnect.

The phase transition is first-order, and intuitively happens in 
the geometry because the brane pair can  “save energy”  by 

recombining instead of stretching all the way to a very distant 
horizon, at low temperature.  The actions can be computed 

analytically (I will not show the formulae here), and the
rough picture is:

c.f. Sakai-Sugimoto
model
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FIG. 4: Free energies as functionals of D5 configurations at various temperature ranges. (a)At

high temperature, there is only one extremum corresponding to the disconnected solution. (b)At

intermediate temperature, there appear two new local extrema corresponding to two connected

solutions. (c)At low temperature, the stable connected solution dominates.

the thermodynamic limit V3 ! ", surviving a journey away from the N = " limit.

IV. HOLOGRAPHIC DIMERS

Equipped with the result in the previous section, we can now build holographic dimers,

systems which dimerize at low temperature. Dimer systems are extensively studied in the

condensed matter physics community, especially as a part of attempts in explaining cuprate

superconductivity, and in trying to get a handle on the physics of Mott insulators [34].

And since the physics responsible for cuprate superconductivity is believed to be primarily

(2+1)-dimensional (justifying the use of a Lawrence-Doniach model) [35], such studies have

focused on (weakly interacting layers of) (2+1)-dimensional dimer systems. To keep the close

analogy with such studies, we will focus on (2+1)-dimensional lattices, though it should be

kept in mind that we are thinking of eventually stacking such (2+1)-dimensional lattices

so that we can evade the Coleman-Mermin-Wagner-Hohenberg theorem and have a phase

transition at finite temperature.

This phase transition is of course an analogue of a 
dimerization transition, where neighboring spins pair up 

into bonded spin singlet states:

A particular theme that that I think is emerging, from 
this and related works, is that the zoo of low-energy 

behaviors of CM systems in low dimensions, is going to be 
reflected in gauge/gravity duality by a zoo of black holes 
with AdS asymptotics but with increasingly diverse and

“hairy” near-horizon geometries at low T:

Quantum phases and phase transitions of Mott insulators 5

(= - )/

Fig. 2. Schematic of the quantum paramagnet ground state for small !. The ovals
represent singlet valence bond pairs.

(a) (b)

Fig. 3. (a) Cartoon picture of the bosonic S = 1 excitation of the paramagnet. (b)
Fission of the S = 1 excitation into two S = 1/2 spinons. The spinons are connected
by a “string” of valence bonds (denoted by dashed ovals) which lie on weaker bonds;
this string costs a finite energy per unit length and leads to the confinement of
spinons.

above the ground state consist of slow spatial deformations in the orienta-
tion n: these are the familiar spin waves, and they can carry arbitrarily low
energy i.e. the phase is ‘gapless’. The spectrum of the spin waves can be ob-
tained from a text-book analysis of small fluctuations about the ordered Néel
state using the Holstein-Primako! method [26]: such an analysis yields two
polarizations of spin waves at each wavevector k = (kx, ky) (measured from
the antiferromagnetic ordering wavevector), and they have excitation energy
!k = (c2

xk2
x + c2

yk2
y)1/2, with cx, cy the spin-wave velocities in the two spatial

directions.
Let us turn now to the vicinity of " = 0. Exactly at " = 0, Hd is the

Hamiltonian of a set of decoupled dimers, with the simple exact ground state
wavefunction shown in Fig 2: the spins in each dimer pair into valence bond
singlets, leading to a paramagnetic state which preserves spin rotation in-
variance and all lattice symmetries. Excitations are now formed by breaking
a valence bond, which leads to a three-fold degenerate state with total spin
S = 1, as shown in Fig 3a. At " = 0, this broken bond is localized, but at fi-
nite " it can hop from site-to-site, leading to a triplet quasiparticle excitation.
Note that this quasiparticle is not a spin-wave (or equivalently, a ‘magnon’)
but is more properly referred to as a spin 1 exciton or a triplon [27]. We pa-
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ssc

Fig. 13. Quantum phase transition described by Zw in (90) as a function of s. The
state on the left has non-collinear magnetic order described by (85). The state on the
right is a ‘resonating valence bond’ (RVB) paramagnet with topological order and
fractionalized S = 1/2 neutral spinon excitations (one spinon is shown above). Such
a magnetically ordered state is observed in Cs2CuCl3 [11, 12], and there is evidence
that the higher energy spectrum can be characterized in terms of excitations of the
RVB state [24].

magnetically ordered state to such a paramagnet. Ignoring Berry phases, one
could define the complex field !! = n1! + in2!, which, by (86), obeys !2

! = 0,
and then proceed to write down an e!ective action with the structure of (14).
However, it is clear that such a theory describes a transition to a paramagnetic
phase with a doublet of S = 1 triplet quasiparticles, and we can reasonably
expect that such a phase has spontaneous bond order (in contrast to the ex-
plicit dimerization in the models of Section 2). Berry phases surely play an
important role in inducing this bond order (as they did in Section 4.1), but
there is no available theory for how this happens in the context of (14). Indeed,
it is possible that there is no such direct transition between the non-collinear
antiferromagnet and the bond-ordered paramagnet, and resolving this issue
remains an important open question.

In contrast, it is possible to write down a simple theory for a direct transi-
tion between the non-collinear antiferromagnet and a paramagnetic phase not
discussed so far: a resonating valence bond liquid [47, 48, 93] with deconfined
spinons and topological order. This theory is obtained by observing that the
constraints (86) can be solved by writing [94, 95]

n1 + in2 ! "abwb!acwc (87)

where wa is a 2 component complex spinor obeying |w!|2 + |w"|2 = 1. It is
useful to compare (87) with (31), which parameterized a single vector also

Dimers! RVB phases! Stripes!

c.f. SK, Karch, Yaida
arXiv: 0909.2639

Strange
Metals!

c.f. Hartnoll, Polchinski,
Silverstein, Tong  arXiv : 0912.1061
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Such transitions occur in some parameter ranges of the same 
toy spin models that are used to model Mott insulators and 

RVB phases.  

In further work, it proves possible to analytically compute the 
spectra of lattice vibrations in these models, and to add non-

trivial “hopping” of the fermions from lattice site to lattice 
site.   But that is a story for another time...

S.K., Karch, Yaida,
work in progress

The precise order parameter for the transition in our D-
brane lattice model is a non-local operator combining two 

neighboring fermions with a Wilson line (to make the 
operator gauge invariant). Aharony, Kutasov
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SUMMARY
Condensed matter systems are characterized by a rich array of IR behaviors and 

ground states.   Somewhat contrary to the spirit of the no-hair theorems, this 
indicates that there should be a rich variety of black brane horizons in AdS with 
intricate hair encoding the infrared dynamics.  I suspect many more interesting 

beasts, which will allow simple transport computations in strongly coupled 
theories, are waiting to be found....
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