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Outline
Are insulators boring ?

Zoo of insulators : variety to universality

Symmetry breaking & Topological order

Classification of the zoo

Observables: Classical to Quantum
Gapless or Gapped 

Berry connection & quantization (Chern numbers, etc)

Zoo of boundary states
Here & There to symmetry

 Bulk-Edge correspondence

A lucky example (Integer Quantum Hall states : graphene)

One body to many body

Riemann surface, edge states to Chern
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Metal is simple (if free)

Are insulators boring ??

Insulators : Gapped 
Band insulators
Superconductors
Integer & Fractional Quantum Hall States
Integer spin chains (Haldane)
Dimer Models (Shastry-Sutherland)
Valence bond solid (VBS) states
Half filled Kondo Lattice       
Spin Hall insulators
Kitaev model & string net

Metal is useful. copper, silver, gold: good conductors

unstable against for perturbation (without some protection or fine tuning)

Spin analogue (Gapless spin liquid) is tricky.

Lots of applications

“high energy” effective theory ?
Anomalous metals, etc Critical : RGwith interaction: complicated

Energy gap above the ground state
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Are insulators boring ??

Absence of low energy excitations
Energy gap above the ground state

Lots of variety
Absence of fundamental symmetry breaking (mostly)

Quantum/spin liquids (gapped)

Insulators : Gapped 
Band insulators
Superconductors
Integer & Fractional Quantum Hall States
Integer spin chains (Haldane)
Dimer Models (Shastry-Sutherland)
Valence bond solid (VBS) states
Half filled Kondo Lattice       
Spin Hall insulators
Kitaev model & string net

Y. Hatsugai, Cond-mat meets Hep: IPMU Focus Week, Feb 9, 2010



Are insulators boring ??
Insulators : Non metal, gapped 

Band insulators
Superconductors
Integer & Fractional Quantum Hall States
Integer spin chains (Haldane)
Dimer Models (Shastry-Sutherland)
Valence bond solid (VBS) states
Half filled Kondo Lattice       
Spin Hall insulators

Absence of low energy excitations
Energy gap above the ground state

Lots of variety
Absence of fundamental symmetry breaking (mostly)

No responses against for small perturbation

No Response against small perturbation

Gapped: Nothing in the gap : cf. Nambu-Goldstone boson
No low lying excitations 

??
？？？

gapless modes:
acoustic phonons

zero sounds
spin waves
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Are insulators boring ??
Insulators : Non metal, gapped 

Band insulators
Superconductors
Integer & Fractional Quantum Hall States
Integer spin chains (Haldane)
Dimer Models (Shastry-Sutherland)
Valence bond solid (VBS) states
Half filled Kondo Lattice       
Spin Hall insulators

Quantum liquids (gapped)

Zoo

Something for classification

Topological Order

X.G.Wen ’89

Integer & Fractional Quantum Hall States

Topological order
Berry connections
Edge states

Kitaev model & string net
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“Classical” Observables
Charge density, Spin density,...

“Quantum” Observables !
Quantum Interferences:

Aharonov-Bohm Effects
Berry phases

Classical to Quantum (for characterization)

Use  Quantum observables for the characterization

:Berry Connection

:Berry Phase           

�O�G = �G|O|G� = �G�
|O|G�

� = �O�G�

|G�
� = |G�eiφ

O = n↑ ± n↓, · · ·

�G|G + dG� = 1 + �G|dG�
A = �G|dG�

iγ =
�

A

|Gi� = |G�
i�eiφi

�G1|G2� = �G�
1|G�

2�ei(φ1−φ2)

Unitary invariant

depend on the phase of the state

charge, spin, ...
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Local quantum object to characterize 
gapped spin liquid

|Singlet Pair12� =
1√
2
(| ↑1↓2� − | ↓1↑2�)

|G� =
�

J=Dimer Covering

cJ ⊗ij |Singlet Pairij�

Local Singlet Pairs :
    (Basic Objects)

Singlet : quantum order parameter

Anderson

DO NOT NEED ANY symmetry breaking
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Berry Connection

Aψ = �ψ|dψ� = �ψ| d
dxψ�dx.

|ψ(x)� = |ψ�(x)�eiΩ(x)

Aψ = A�
ψ + idΩ = A�

ψ + i
dΩ
dx

dx

(Abelian)

iγC(Aψ) =
�

C
Aψ

Gauge Transformation

Eigenvectors ( space )  
with Parameters

Information between nearby states
Berry connection :

gauge potentialGeometrical quantities
: Berry phase

Fiber Bundle
H(x) and H(y) are independent

γC(Aψ) = γC(Aψ�) +
�

C
dΩ

γC(Aψ) ≡ γC(Aψ�) mod 2π

2π × (integer) if eiΩ is single valued

only well-defined in mod 2π
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How to characterize the local quantum object 

 Local gauge transformation

Local quantum object

Berry phases

x

y

z

Si Sj

Local singlet
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How to characterize the local quantum object 

 Local gauge transformation

Local quantum object

Berry phases

x

y
z

θ
Si S�

j

Si · Sj → Si · S�
j =

1
2
(e−iθSi+Sj− + e+iθSi−Sj+) + SizSjz

|ψ(θ)� = U(θ)|ψ(0)�
U(θ) = ei(S−Sz)θ

A = �ψ|dψ� = Sdθ

γ = 2πS = π

S = 1/2

Local singlet

iγ =
�

dA =
�

�ψ|dψ�
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Local object in a many spin system

 Local gauge transformation

Local quantum object

Berry phases

S�
j

Modify the hamiltonian only at the link

This is NOT a gauge transformation anymore 

                                    for the whole systems

Collection of
weakly coupled quantum local objects

Shastry-Sutherland ’81

NEED numerical calculation for γ

Topological quantities for 
quantum order parameters of

Shastry-Sutherland and the zoo
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Topological quantities

Ψ = (|ψ1�, · · · , |ψM �)

Ψg = Ψg

Ψ†Ψ = EM�ψj |ψk� = δjk

collect M states gapped from the else

Berry connection & gauge transformation

Ag = Ψ†
gdΨg = g−1Ag + g−1dg

g ∈ U(M)

Chern numbers

Fg = dAg +A2
g = g−1Fg

C1 = − 1

2πi

�

S2

TrF, C2 = − 1

8π2

�

S4

TrF 2, · · ·

Berry phases & generalizations

γ1 = − 1

2πi

�

S1

ω1, γ3 = − 1

8π2

�

S3

ω3, · · ·

Symmetry protected quantization

ω1 = TrA,ω 3 = Tr (AdA+
2

3
A3), · · ·

quantized
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Anti-Unitary Symmetry 

Invariant State   

ex. Unique Eigen State

To be compatible with the ambiguity, 

  the Berry Phases have to be quantized as

Anti-Unitary Invariant State and
 Z2 Berry Phase

[H(x),Θ] = 0

∃ϕ, |ΨΘ� = Θ|Ψ� = |Ψ�eiϕ

� |Ψ� Gauge Equivalent
(Different Gauge)

γC(AΨ) = −γC(AΘΨ) ≡ −γC(AΨ), mod2π

γC(AΨ) =
�

0
π

mod2π

Z2 Berry phase

Θ2
N = 1

Also quaternionic 
generalization with 
Kramers degeneracy 

YH ’09

γ3 = − 1

8π2

�

S3

ω3

Θ2
N = −1

i2 = j2 = k2 = ijk = −1
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Quantization of the topological quantities protects
  from continuous change

Adiabatic Continuation & Quantization

Adiabatic Continuation in a gapped system

Renormalization Group in a gapless system

In
tro

du
ce

 in
te

ra
ct

io
n 

be
tw

ee
n 

sin
gl

et
s

Topological field theory

Local field theory
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Topological Classification of Gapped Spin Chains
✦ S=1,2 dimerized Heisenberg model

J1 = cos θ, J2 = sin θ

2

the Abelian Berry connection obtained by the single-
valued normalized ground state |GS(φ)〉 of H(φ) as
A(φ) = 〈GS(φ)|∂φ|GS(φ)〉. This Berry phase is real
and quantized to 0 or π (mod 2π) if the Hamiltonian
H(φ) is invariant under the anti-unitary operation Θ,
i.e. [H(φ),Θ] = 0 [3]. Note that the Berry phase is
undefined if the gap between the ground state and the
excited states vanishes while varying the parameter φ.
We use a local spin twist on a link as a generic param-
eter in the definition of the Berry phase [1]. Under this
local spin twist, the following term S+

i S−
j + S−

i S+
j in

the Hamiltonian is replaced with eiφS+
i S−

j + e−iφS−
i S+

j ,
where S±

i = Sx
i ±iSy

i . The Berry phase defined by the re-
sponse to the local spin twists extracts a local structure of
the quantum system. By this quantized Berry phase, one
can define a link-variable. Then each link has one of three
labels: “0-bond”, “π-bond”, or “undefined”. It has a re-
markable property that the Berry phase has topological
robustness against the small perturbations unless the en-
ergy gap between the ground state and the excited states
closes. In order to calculate the Berry phase numerically,
we introduce a gauge-invariant Berry phase[1, 33]. It is
defined by discretizing the parameter space of φ into N
points as

γN = −
N∑

n=1

argA(φn), (1)

where A(φn) is defined by A(φn) = 〈GS(φn)|GS(φn+1)〉
φN+1 = φ1. We simply expect γ = limN→∞ γN .

First we consider S = 1, 2 dimerized Heisenberg mod-
els

H =
N/2∑

i=1

(J1S2i · S2i+1 + J2S2i+1 · S2i+2) (2)

where Si is the spin-1 or 2 operators on the i-th site and
N is the total number of sites. The periodic boundary
condition is imposed as SN+i = Si for all of the models
in this paper. J1 and J2 are parametrized as J1 = sinθ
and J2 = cosθ, respectively. We consider the case of
0 < θ < π/2 in this paper. The ground state is composed
of an ensemble of N/2 singlet pairs in limits of θ → 0
and θ → π/2. The system is equivalent to the isotropic
antiferromagnetic Heisenberg chain at θ = π/4. Based
on the VBS picture, we expect a reconstruction of the
valence bonds by chainging θ.

Figure. 1(a) and (b) show the θ dependence of the
Berry phase on the link with J1 coupling and J2 cou-
pling with S = 1, N = 14 and S = 2, N = 10, respec-
tively. The region with the Berry phase π is shown by
the bold line. There are several quantum phase transi-
sions characterized by the Berry phase as the topologi-
cal order parameters. The boundary of the two regions
with different Berry phases 0 and π does not have a well-
defined Berry phase, since the energy gap closes during

 0  0.5  1  1.5  2

(b)

(c)

(4,0) (3,1) (2,2) (1,3) (0,4)

(a)
(2,0) (1,1) (0,2)

FIG. 1: The Berry phases on the local link of (a) the S = 1
periodic N = 14 and (b) the S = 2 periodic N = 10 dimer-
ized Heisenberg chains, and (c) the S = 2 periodic N = 10
Heisenberg chain with single-ion anisotropy. The Berry phase
is π on the bold line while that is 0 on the other line. We la-
bel the region of the dimerized Heisenberg chains using the
set of two numbers as (n, m). The phase boundaries in the
finite size system are θc1 = 0.531237, θc2 = 0.287453 and
θc3 = 0.609305, respectively. The Berry phase in (a) and (b)
has an inversion symmetry with respect to θ = π/4.

the change of the local twist parameter φ. Since the
Berry phase is undefined at the boundaries, there exists
the level crossing which implies the existence of the gap-
less excitation in the thermodynamic limit. This result is
consistent with the previously discussed results[28], that
the general integer-S extended string order parameters
changes as the dimerization changes. The phase diagram
defined by our topological order parameter is consistent
with the one by the non-local string order parameter. In
an N = 10 system with S = 2, the phase boundaries are
θc2 = 0.287453, θc3 = 0.609305, and it is consistent with
the results obtained by using the level spectroscopy which
is based on conformal field theory techniques[34]. Espe-
cially in the one dimensional case, the energy diagram of
the system with twisted link is proportional to that of
the system with twisted boundary conditions. However,
our analysis focus on the quantum property of the wave
functions rather than the energy diagram.

As for the S = 2 Heisenberg model with D-term, we
use the Hamiltonian

H =
N∑

i

[
JSi · Si+1 + D (Sz

i )2
]
. (3)

Figure. 1(c) shows the Berry phase of the local link in
the S = 2 Heisenberg model + D-term with N=10. The
parameter J = 1 in our calculations. The region of the
bold line has the Berry phase π and the other region
has the vanishing Berry phase. This result also makes
us possible to consider the Berry phase as a local order
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the change of the local twist parameter φ. Since the
Berry phase is undefined at the boundaries, there exists
the level crossing which implies the existence of the gap-
less excitation in the thermodynamic limit. This result is
consistent with the previously discussed results[28], that
the general integer-S extended string order parameters
changes as the dimerization changes. The phase diagram
defined by our topological order parameter is consistent
with the one by the non-local string order parameter. In
an N = 10 system with S = 2, the phase boundaries are
θc2 = 0.287453, θc3 = 0.609305, and it is consistent with
the results obtained by using the level spectroscopy which
is based on conformal field theory techniques[34]. Espe-
cially in the one dimensional case, the energy diagram of
the system with twisted link is proportional to that of
the system with twisted boundary conditions. However,
our analysis focus on the quantum property of the wave
functions rather than the energy diagram.

As for the S = 2 Heisenberg model with D-term, we
use the Hamiltonian

H =
N∑

i

[
JSi · Si+1 + D (Sz

i )2
]
. (3)

Figure. 1(c) shows the Berry phase of the local link in
the S = 2 Heisenberg model + D-term with N=10. The
parameter J = 1 in our calculations. The region of the
bold line has the Berry phase π and the other region
has the vanishing Berry phase. This result also makes
us possible to consider the Berry phase as a local order

S = 2 N = 10S = 1 N = 14

Z2Berry phase

T.Hirano, H.Katsura &YH, Phys.Rev.B77 094431’08

: dimerization strength : dimerization strength

Topological Quantum Phase Transitions with translation invariance
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Zoo of Boundary (Edge) States in Cond. Mat.

Bound states & phase shift

Surface states of Semiconductors (polarized)

Solitons in polyacetylene

Edge states in quantum Hall effects

Local moments in integer spin chains near the impurities

Zero bias conductance peaks of the d-wave superconductors

Zero energy localized states of graphene

Quantum Spin Hall Edge states

Edge states in 2D cold atoms in optical lattice

One-way edge modes in gyromagnetic photonic crystals

Spin Ladder with ring exchanges

Hu, ‘94

Wang et al., ’08, ’09

Scarola-Das Sarma., PRL 98, 210403 ‘07

Levinson’s theorem, Friedel’s sum rule

Fujita et al.‘96

Kane-Mele‘05

Kennedy ‘90

Halperin ‘82 YH ‘93

Su-Schriefer-Heeger ‘79

Ryu-YH‘02

Bernevig-Hughes-Zhang ‘06

Arikawa-Tanaya-Maruyama, YH ’09

Arikawa-Aoki-YH‘02
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Zoo of Boundary (Edge) States in Cond. Mat.

Bound states & phase shift

Surface states of Semiconductors (polarized)

Solitons in polyacetylene

Edge states in quantum Hall effects

Local moments in integer spin chains near the impurities

Zero bias conductance peaks of the d-wave superconductors

Zero energy localized states of graphene

Quantum Spin Hall Edge states

Edge states in 2D cold atoms in optical lattice

One-way edge modes in gyromagnetic photonic crystals

Spin Ladder with ring exchanges

Hu, ‘94

Wang et al., ’08, ’09

Scarola-Das Sarma., PRL 98, 210403 ‘07

Levinson’s theorem, Friedel’s sum rule

Fujita et al.‘96

Kane-Mele‘05

Kennedy ‘90

Halperin ‘82 YH ‘93

Su-Schriefer-Heeger ‘79

Ryu-YH‘02

Bernevig-Hughes-Zhang ‘06

Arikawa-Tanaya-Maruyama, YH ’09

GaAs (111)

Non topological generically
implicated by the Bulk (polarization)
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Kobayashi et al, 

Phys. Rev. B71,  193406 (2005)
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Zoo of Boundary (Edge) States in Cond. Mat.

Bound states & phase shift
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n=0 Landau Level

M. Arikawa, H. Aoki & YH
Phys. Rev. B79, 075429 (2009),arXiv: & 0806.2429 
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Zero energy localized states of graphene

Quantum Spin Hall Edge states

Edge states in 2D cold atoms in optical lattice

One-way edge modes in gyromagnetic photonic crystals

Spin Ladder with ring exchanges

Hu, ‘94

Wang et al., ’08, ’09

Scarola-Das Sarma., PRL 98, 210403 ‘07

Levinson’s theorem, Friedel’s sum rule

Fujita et al.‘96

Kane-Mele‘05

Kennedy ‘90

Halperin ‘82 YH ‘93

Su-Schriefer-Heeger ‘79

Ryu-YH‘02

Bernevig-Hughes-Zhang ‘06

Arikawa-Tanaya-Maruyama, YH ’09

n=0 Landau Level

Y. Hatsugai, Cond-mat meets Hep: IPMU Focus Week, Feb 9, 2010



Universality of Zero Energy Edge States

1.Zero energy edge states of graphene
Boundary Magnetic moments of graphene

2.Andreev bound states of d-wave superconductors
Zero bias conductance peak

These 2 systems are 
topologically equivalent

{Γ,H} = ΓH + HΓ =0 , Γ2 = 1
chiral symmetry∃Γ

Γ
(A-B sublattice

 symmetry)

:Bipartite Γ
(Real 
  Order parameter)

:Time Reversal 

d-wave superconductor

4 Dirac cones

graphene

2 Dirac cones

Spontaneous breaking of 
these chiral symmetries
: Peierls instabilities of

Flat (edge) bands

Boundary 
magnetic 
moments

Spontaneous local  
flux generation 

near defects

 ‘02---’04 S. Ryu & YH 

Symmetry protected
 Zero modes of Dirac fermions
:1D Flat Band of edge states

Y. Hatsugai, Cond-mat meets Hep: IPMU Focus Week, Feb 9, 2010



Zoo of Boundary (Edge) States in Cond. Mat.

Bound states & phase shift

Surface states of Semiconductors (polarized)

Solitons in polyacetylene

Edge states in quantum Hall effects

Local moments in integer spin chains near the impurities

Zero bias conductance peaks of the d-wave superconductors

Zero energy localized states of graphene

Quantum Spin Hall Edge states

Edge states in 2D cold atoms in optical lattice

One-way edge modes in gyromagnetic photonic crystals

Spin Ladder with ring exchanges

Hu, ‘94

Wang et al., ’08, ’09

Scarola-Das Sarma., PRL 98, 210403 ‘07

Levinson’s theorem, Friedel’s sum rule

Fujita et al.‘96

Kane-Mele‘05

Kennedy ‘90

Halperin ‘82 YH ‘93

Su-Schriefer-Heeger ‘79

Ryu-YH‘02

Bernevig-Hughes-Zhang ‘06

Arikawa-Tanaya-Maruyama, YH ’09

Konig, Wiedmann, Brüne, Roth, Hartmut Buhmann, Molenkamp,Qi and Zhang, 
Science 318, 776 (2007)
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Zoo of Boundary (Edge) States in Cond. Mat.

Bound states & phase shift

Surface states of Semiconductors (polarized)

Solitons in polyacetylene
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Zero energy localized states of graphene

Quantum Spin Hall Edge states

Edge states in 2D cold atoms in optical lattice

One-way edge modes in gyromagnetic photonic crystals

Spin Ladder with ring exchanges

Hu, ‘94
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Scarola-Das Sarma., PRL 98, 210403 ‘07

Levinson’s theorem, Friedel’s sum rule
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Halperin ‘82 YH ‘93

Su-Schriefer-Heeger ‘79

Ryu-YH‘02

Bernevig-Hughes-Zhang ‘06

Arikawa-Tanaya-Maruyama, YH ’09
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Accidental ?

NO !

Inevitable reasons

Universal Structures behind: 

Bulk determines the edges : Bulk-Edge Correspondence

Why the Edge States are there??

localized states in the gap can not be destroyed 
without collapsing the bulk gap

Energy gap: extended states can not be there

Extended states : unnormalized
localized states (edge states) : normalized

clear distinction in a macroscopic system

topological Stability of Edge states

As for the topologically non trivial bulk,

QH Effective field theory
X.G.Wen, ’90 

On Lattice: Hofstadter
YH ’93
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A lucky example: 
Integer quantum Hall effect (also Graphene)

Bulk-Edge correspondence (explicitly shown)
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Quantum Hall Effects by edge states
Edge states and Hall conductance σxy Halperin ‘82

Landau gauge in y

L R

E

EF

Without boundaries

�x� ∼ �2Bky
ky =

2π

Ly
(ny +

Φ
Φ0

) ny = 0,±1,±2, · · ·

EF

With boundaries E

Left edge Right edge

Edge potential
Gapless excitations

Φ = 0

L

R
H2D =

�

ky

H1D(ky)

ky

H1D(ky)
: harmonic osc. centered at 

=

Laughlin’s undetermined       : # of Landau Levels below n EF

Edge states are essential in the QHE !

Φ =Φ 0

Left edge Right edge

2 states are carried from L to R
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Quantum Hall Effects by edge states
Edge states and Hall conductance σxy Halperin ‘82

Landau gauge in y

L R

E

EF

Without boundaries

�x� ∼ �2Bky
ky =

2π

Ly
(ny +

Φ
Φ0

) ny = 0,±1,±2, · · ·

EF

With boundaries E

Left edge Right edge

Edge potential
Gapless excitations

Φ = 0

L

R
H2D =

�

ky

H1D(ky)

ky

H1D(ky)
: harmonic osc. centered at 

=

Laughlin’s undetermined       : # of Landau Levels below n EF

Φ =Φ 0

Left edge Right edge

2 states are carried from L to R
Edge states are essential in the QHE !
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Hall Conductance has a Topological meaning 
Discussion by the Bloch electrons ( Peierls substitution )

preserve U(1) gauge symmetry
without cutoff ambiguity
recover continuum theory by scaling limit ( weak field limit)

When EF is in the j-th gap

H =
�

�ij�

c
†
ie

iθij cj 2πφ =
�

�ij�∈P

θij

P : plaquette

φ =
Ba2

Φ0

Two topological quantities

σedge
xy =

e2

h
I(αj , C

j) Winding number of the edge state 
in the complex energy surface Hatsugai ‘93a

Thouless-Kohmoto-Nightingale-den Nijs ‘82
 Sum of the First Chern numbers below EFσbulk

xy =
e2

h

�

�:��(k)<EF

C�

σbulk
xy = σedge

xy

Hatsugai ‘93bBulk ---- Edge Correspondence

Thouless-Kohmoto-Nightingale-den Nijs ‘82
 Sum of the First Chern numbers below EFσbulk

xy =
e2

h

�

�:��(k)<EF

C�

(m,n) (m+1,n)

(m+1,n+1)(m,n+1)

a

a

!
x

m,n+1

!
x

m,n

!
y

m+1,n
!
y

m,n

with randomness Aoki-Ando ‘86
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(m,n) (m+1,n)

(m+1,n+1)(m,n+1)

a

a

!
x

m,n+1

!
x

m,n

!
y

m+1,n
!
y

m,n

Hall Conductance has a Topological meaning 
Discussion by the Bloch electrons ( Peierls substitution )

preserve U(1) gauge symmetry
without cutoff ambiguity
recover continuum theory by scaling limit ( weak field limit)

Thouless-Kohmoto-Nightingale-den Nijs ‘82
 Sum of the First Chern numbers below EFσbulk

xy =
e2

h

�

�:��(k)<EF

C�

σedge
xy =

e2

h
I(αj , C

j)

When EF is in the j-th gap

Winding number of the edge state 
in the complex energy surface Hatsugai ‘93a

σbulk
xy = σedge

xy

Hatsugai ‘93b

H =
�

�ij�

c
†
ie

iθij cj 2πφ =
�

�ij�∈P

θij

P : plaquette

φ =
Ba2

Φ0

Two topological quantities

Bulk ---- Edge Correspondence

Graphene : 
Lattice effects are crucial to have 

the Dirac dispersion

2πφ =
�

�ij�∈H

θij

Rammal 1985

Direct application
 for the Graphene

with randomness Aoki-Ando ‘86

Y. Hatsugai, Cond-mat meets Hep: IPMU Focus Week, Feb 9, 2010



Observation of Anomalous QHE in Graphene
Anomalous QHE of gapless Dirac Fermions

Novoselov et al. Nature 2005

Zhang et al. Nature 2005

σxy =
e2

h
(2n + 1), n = 0,±1,±2, · · ·

= 2
e2

h
(n +

1
2
)
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Dirac Cones are Stable!
The Dirac Cornes are not accidental
It has topological stability

−3 <
t�

t
< 1 Doubled Dirac Cones

t’/t = 1 : Square Lattice
t’/t =0  :Honeycomb Lattice
t’/t=-1   :      Flux Stateπ

Chiral Symmetry

{H,Γ} = 0

Density of states
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Bulk Hall conductance of graphene 
Hall conductance by Chern number

Thouless-Kohmoto-Nightingale-den Nijs 1982��(k) < µF , � = 1, · · · , j

σj
xy =

e2

h

j�

�=1

C�, C� =
1

2πi

�

BZ
dA�, A� = �ψ�|dψ��

Counting vortices in the band

Sum over the filled bands
Need to sum many bands until E=0

E=0 Numerical difficulty for the weak field
(experimental situation)

Need to fill negative energy Dirac sea

Need to sum over them

{

graphene

E=0

{

with randomness Aoki-Ando 1986
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Bulk       of the Filled Fermi sea & Dirac Sea
Integration of the NonAbelian Berry Connection of the 
filled “Fermi Sea” & “Dirac Sea”

σxy

YH ‘04

Technical advantage for graphene 

Hj(k)|ψj(k)� = �j(k)|ψj(k)�

Ψ =( |ψ1�, · · · , |ψM �) Collect M states below the Fermi level

AFS ≡ Ψ†dΨ =




�ψ†

1|dψ1� · · · �ψ†
1|dψM �

...
. . .

...
�ψ†

M |dψ1� · · · �ψ†
M |dψM �





Matrix vector potential of the Fermi ( Dirac ) Sea
Non Abelian extension for the Chern numbers

|Ψ� = (c†ψ1) · · · (c†ψM )|0� number of sitesc† = (c†1, · · · , c
†
N ), N :

A = �Ψ|dΨ� Many body

non Abelian one body

A = Tr AFS

One body to Many body

σxy =
e2

h

1

2πi

�

T 2

dA =
e2

h

1

2πi

�

T 2

TrM dAFS

Tao-Thouless-Wu
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Numerical Technique from the Lattice gauge theory
Topological Invariant on Discretized Lattice

σxy =
e2

h

1
2πi

�
F1234

F1234 = Im log U12U23U34U41

Umn = det
j

Ψ†
mΨn, Ψn = (ψ1(kn), · · · ,ψj(kn))

Fukui-Hatsugai-Suzuki 2005

Lattice in k space ( discretization for the integral )

Fermi Sea of j filled bands

Technical Advantage for large Chern Numbers k!

Uµ(k!) ≡ 〈n(k!)|n(k! + µ̂)〉/Nµ(k!)Uµ(k!)

Nµ(k!) = |〈n(k!)|n(k! + µ̂)〉|

F̃12(k!) ≡ lnU1(k!)U2(k! + 1̂)U1(k! + 2̂)−1
U2(k!)

−1

F̃12(k!)

−π < F̃12(k!)/i ≤ π (principal value)

Brillouin Zone

gauge invariant

Luscher ’82, ’99

Without gauge fixing
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Chern numbers (       ) based on Realistic Band Calc.

quantized everywhere

σ
x
y

σ
x
y

Fermi surface

EF
σ

x
y

Fermi surface

EF

M.Arai and Y.Hatsugai, Phys.Rev. B79, 075429 (2009)

σxy

φ = 1/200
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Edge States of Graphene 
Zigzag Edges

Full Spectrum

φ = 1/21

Edge State 
of

Dirac Fermions

Edge State 
of

Holes

Edge State 
of

Electrons

Weak Field

YH, T. Fukui & H. Aoki, ‘06
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Laughlin’s Argument & Edge States
Adiabatic Charge Transfer

EF

L R R R

ky

L R R R
EF

ky

1 Electron is carried from the Left 
to the right in this case

∆Φ = Φ0 =
h

e

ky = 2π
n + Φ

Φ0

Ly
, n : integers

Y.H., Phys. Rev. B 48, 11851 (1993)

σxy =
e2

h
· 1

Ly

Edge States determine the Hall 
Conductance
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Analytical continuation 
of

 Bloch st. to the Edge state

Followed by the discussion on a square lattice

R L

Y.H., Phys. Rev. B 48, 11851 (1993)
Phys. Rev. Lett. 71, 3697 (1993)

YH, T. Fukui & H. Aoki,  Phys. Rev. B74, 205414 (2006)

Graphene
Y. Hatsugai, Cond-mat meets Hep: IPMU Focus Week, Feb 9, 2010



Edge State and Bloch State

Edge state :     bound state
Bloch state: scattering state

Bloch electrons, 2D =     (1D Harper problem with parameter     ) ky

These two can be treated in a unified way 
by considering complex energy 

bound state
scattering state

In a  quantum mechanics course, we learn

unified description

E =
�2k2

2m

�
< 0 k = iκ, ψ ∼ e−κx

> 0 k ∈ R, ψ ∼ eikx

As for the 1D Harper equation, 

E = z (complex energy )

E > 0
z = E − i0
E < 0

ψ ∼ ei
√

2mE x/�

energy of the bound state is in the gap region E<0

branch cut

�
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Analytic Continuation of the Bloch State
The Edge State is obtained from the Bloch State 
 by Analytical continuation

Energy of the Bloch state       is in the band
Energy of the edge state       is in the gap

Complex energy surface : genus Q Riemann surface

Energy bands : branch cuts, 2 Riemann sheets required
Q branch cuts
genus (number of holes) g=Q-1 Riemann surface
g : number of the energy gaps

Y.H., Phys. Rev. B 48, 11851 (1993)
Phys. Rev. Lett. 71, 3697 (1993)

φ = P/Q

ψB

ψE

         &        :Unified on Complex Energy surfaceψB ψE

�
(z − λ1)(z − λ2) · · · (z − λ2Q−1)(z − λ2Q)

Flux per hexagonComplex Energy surface
of Harper eq.

Also 
graphene
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φ = P/Q

ψB

ψE

         &        :Unified on Complex Energy surfaceψB ψE

Complex Energy surface
of Harper eq.

�

j=1,···�
Cj= I�, (∵ I0 = 0)

Chern # = winding # Difference between the neighboring gaps

σxy
bulk = σxy

edge

Bulk-Edge Correspondence
 of the topological numbers

Cj = Ij − Ij−1

genus g=q -- 1: 
number of the gaps

φ = p/q

Analytic Continuation of the Bloch State to 
the complex energy  (Riemann surface)

YH, T. Fukui & H. Aoki, ‘06

YH,’93 graphene
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Bulk --- Edge Correspondence 

Near Zero
σxy

bulk = σxy
edge
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Summary

Bulk Gap
Non trivial Vacuum

Bulk state 
(scattering state)

Edge state
(Bound state)

Control
with 

each other

Universality
Bulk-Edge correspondence

Particles in the gap

Looking around the Zoo of insulators 
with
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