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What is topological order? Wen ‘90

Gapped quantum phase with ground state
degeneracy depending on topology of the system
(topological degeneracy)

=O Topological orders cannot be
understood by a conventional

\/ spontaneously symmetry breaking
=T

Insulator

Topological order



Ex.) fractional quantum Hall state
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* FQH states do not break symmetry of the Hamiltonian
* They can be characterized by topological degeneracy.




In the following, | present a simple connection between topological
orders and fractionalization.

® charge fractionalization © T4
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® fractional anyon statistics o; =1 *"
[
® fractional quantum Hall effect 782
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Fractionalization and hidden symmetry

[Einarsson (90), Wen-Niu (90), Wen-Dagotto-Fradkin (90),
Wu-Hatsugai-Kohmoto (91), Oshikawa-Senthil (06),
MS-Kohmoto-Wu (06)]

We consider the following 2+1d system

(D The system is on a torus.
(2 The system is gapped.
3 Charge fractionalization occurs.

quasiparticle excitation

x D
e = —e

q

anti-quasiparticle excitation
—e* = —I—)e
q
[ e :charge of the constituent particle ] 5



We consider the following three adiabatic processes on a torus

A) movement of i-th quasi-particle excitation along loops of torus

Sl
[ ) Pir Tj loop op.

B) exchange between i-th and (i+1)-th quasi-particle excitations

C) unit flux insertions through holes of torus

(o)
A

Uz, Uy flux op.

9 .
®, = 2L 3 unit flux 8
€



The spectrum of the system is invariant under these processes
(in the thermodynamic limit).

For c), this is because the constituent particle cannot detect the

inserted unit flux. Laughlin (81)

(I)O @0 = 2—7T
e
AB phase
a eie(I)o — 1
@

constituent particle

U, |



We can show that these processes satisfy the following algebra

MS.M.Kohmoto, Y.S.Wu (06)

@ Braid Group 04 exchange op.
Pis> Tir loop op.

@) Aharanov-Bohm effect

Upr; = e—QWiP/qTiUx, pr’i — 6—27rip/qpin
Uzp; = piUs, Uzo; = o;Us,
Uyt; = 7;Uy, Uyo; = o;Uy.

@) Schur’s lemma

U:EUy — e?’nik/lUyUm,
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AB effect

A quasiparticle with a fractional charge can detect the inserted
unit flux.

Loop op. after flux insertion give rise to non-trivial AB phase

Q)
*

|
<3

QV

AB phase loop op. after flux insertion

In a similar manner, we obtain

Uyp; = G_QWZp/qPin

Uzpi = piUz, Ugo; = o;Uy,
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These processes satisfy the following algebra

@ Braid Group T4 exchange op.

@ Aharanov-Bohm effect
Upr; = e—QWip/qTiUx, pr’i — 6—27rip/qpin
Uzp; = piUxz, Ugo; = o;Uyg,
Uyt; = 7;Uy, Uyo; = o;Uy.

@) Schur’s lemma

U:I:Uy — eQWik/lUyUm’
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By taking into account the AB effect,

UnyU:B_lUy_l commutes with all the braid group operators

Schur’s lemma

‘ UpUyUz 1U = const = e2™A

In a similar manner, we can show
Ul = const, Ug — const - [U%,Uy] — [USva] =0
To obtain consistency between them,

A= ? (1 : a divisor of q)
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From these considerations, we completely determine the algebra
satisfied by these operators

@ Braid Group T4 exchange op.

@ Aharanov-Bohm effect

Upr; = e—QWip/qTiUm, pr’i — e—27rip/qpin
Uzpi = piUz, Uzo; = oiUs,
Uyt = iUy, Uyo; = o;Uy.

@ Schur’s lemma

U:EUy — e?ﬂik/lUyUm,

14



If we assume that the quasi-particle obeys abelian statistics,
the algebra is simplified.

: m
o; = ezgl, 0 = —m,
n

(boson, fermion, fractional anyon)

loop ops.

The solution of braid group is \
T = 8—2Z7Tm(j 1)/r@;/ 2z7rm(j 1) r@
' TmTy — e—QZﬂm/nTyij

T B Group T Uels = <&y,

Us(®) mf’a_raﬁzc))\? effelt = 1zUy,
U:B) Schul's lerhinty = ¢ >/ 1T, Uy M Kohmoto,

Wu (06)

x _ P — . m — k
e —qe,é’—wn,)\—l

Hidden symmetry from fractionalization

15



From the hidden symmetry, we can obtain these two results.

® Topological degeneracy

® Existence of nonzero Chern (or Thouless-Kohmoto-
Nightingale-den Nijs) numbers of the wave function

Ua:Uy 27rzk/lUwa’

S

nonzero Chern# of ground states

o fractional quantum Hall effect
Tty =e_ mm/nT’yT% Niu-Thouless-Wu (84)

U;BT;[; — e_2ﬂ-ip/qT$Ugj,

> nonzero Chern # of quasiparticle states
nonzero Chern # of quasiparticle states

Phase with fractionalizationm) Phase with non-trivial topological #
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Topological degeneracy

To count ground state degeneracy, we define T, on the
ground state as follows

pair-creation pair-annihilation

——
definition of T, on the ground state

In a similar manner, we define T on the ground state

18



Even for this definition of Tx and Ty, we have the same hidden sym.

To be consistent with non-trivial hidden symmetry, the ground
state must be degenerated.

o . MS,Kohmoto,
The minimal ground state degeneracy is Wu (06)

nQ2?-fold ground state degeneracy

(n/q=N/Q,N,Q: co-prime integers)

specific to torus geometry

mm) Topological degeneracy

19
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Hidden symmetry in quark unconfinement
phase

Question: Is it possible to generalize hidden symmetry
to non-abelian gauge theories such as QCD ?

Answer: Yes

However, fractionalization of the constituent particle is
not necessary, but unconfinement of quarks
(fractionalization of baryon #) is enough.

21



An important distinction from the previous argument is
the existence of quatum fluctuations of gluon

1

L=~ Fp, P 4 in* (D, — i@ 8,0/ La)p — map + -

insertion of flux coupled to baryon # $B — 27T/36

1
A, — EUa,uU—1 +UAU!
W — Ue 2 a/3lay) center of SU(3)
U = diag(eiQm&/?’L“, ei?ﬁxa/BLa’e—iél?m:a 3La)
1

L= —SF, ™ 4+ §iy Dytp — mip + -

The spectrum is invariant under flux insertion (®f = 2r/3e

(I)O :27T/€

22



Because the unit flux is reduced, the constituent particle can feel
the inserted flux.
1) If quark is unconfined, we have the non-trivial AB phase

A

& AB phase
iedy pi27/3

e p—
(>
U, T, = e 2m/3T U,
N

ol quark hidden symmetry

2) On the other hand, if quark is confined, only trivial AB phase

A

AB phase

. B
ezBeCDO — 1

u, T, =T1,U, trivial

baryon 53




On D dimensional torus

hidden symmetry To:quarkloopop.  U,: flux op.

ToUy = e_(QW":/3)5a,bUbTa UaUp = ezﬁi)\a’?bUbUa MS (08)

TaTb:TbTa UC:LS — COﬂSt, (CL: l,“‘,D)

the minimal topological degeneracy

3DP_fold ground state degeneracy

»0On the other hand, no topological degeneracy if quark is confined

c.f.) Z, gauge theory
Senthil-Fisher (01), Kitaev(02),

24



® The topological degeneracy obtained from hidden symmery is
consistent with the Wilson’s criterion of quark confinement in the
static limit of quarks

In the static limit, QCD reduces to pure YM theory, so the
system on a torus has a (spatial ) center symmetry

W(Cy) — 273 W (C,)
(D If quark is unconfined

perimeter law =) (W(Cq)) #0 breaking center

Symmetry
3P-fold degeneracy
@ If quark is confined
area law m) (W(C))=0 preserving center
Symmetry

no degeneracy

25




Summary

e Hidden symmetry is derived from fractionalization (charge
fractionalization, fractional anyon statistics, FQH effect) .

@ Completely characterize a generic 2D Abelian topological order
@ Formula for topological degeneracy on 2D torus
€ Non trivial topological # of wave function

e Hidden symmetry can be generalized to non-abelian gauge
theories .

Topological degeneracy gives a gauge-invariant characterization of
the quark (un)confinement phase ( in the zero temperature )



