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1. Dirac particles in electric fields

pair creation
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Vacuum decay rate (production rate) = I



Effective Lagrangian

Dirac particles coupled to electromagnetic fields

L =@+ ted —m)y

How does the vacuum behave in background fields?

Effective Lagrangian
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““Consequences of Dirac‘s Theory of Positrons*

W. Heisenberg and H. Euler, Z. Physik 98, 714 (1936)
also Weisskopf (1936)

Folgerungen aus der Diracschen Theorie des Positrons.
Von W. Heisenberg und H. Euler in Leipzig.
Mit 2 Abbildungen. (Eingegangen am 22. Dezember 1935.)

Aus der Diracschen Theorie des Positrons folgt, da jedes elektromagmetische
Feld zur Paarerzeugung neigt, eine Abanderung der Maxwellschen Gleichungen
des Vakuume. Diese Abinderungen werden fiir den speziellen Fall berechnet,
in dem keine wirklichen Elektronen und Positromen vorhanden sind, und in
dem sich das Feld auf Strecken der Compton-Wellenlinge nur wenig dndert.
Es ergibt sich fiir das Feld eine Lagrange-Funktion:

effective Lagranglan . sos ( o G gﬂﬁgﬁ]) + konj
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Ihre Entwicklungsglieder fiir (gegen |E;|) kleine Felder beschreiben Prozesse

der Streuung von Licht an Licht, deren einfachstes bereits aus einer Btorungs-

rechnung bekannt ist, Filr grofie Felder sind die hier abgeleiteten Feldgleichungen

von den Max well schen sehr wverschieden. Sie werden mit den von Born
vorgeschlagenen verglichen,




Polarization, Hall effect, light-light scattering
L = —ilnDet [id + e A — m]

-3

second order fourth order
Ae(E? — B?) (E* — B®)* light-light scattering,
vacuum polarization (EF-B )2 magneto-electric effect

Chern-Simons term (2+1 dim.)
in CM, this gives quantum (spin) Hall effect in ““topological ins.”



Pair production rate

['/V =2ImL
e’ F? m?
~ 47‘_3 ceXP (_W€E7)

“Schwinger” mechanism for pair creation

Heisenberg-Euler (1936)
Schwinger Phys. Rev.82, (1951)
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2. Dielectric breakdown in band insulators

Zener diode



Electric fields in lattice models

Time dependent gauge
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Condensed matter version of the effective Lagrangian

Groundstate-to-groundstate amplitude
(quantum fidelity)

Time dependent gauge

=(t) = (0; ¢(t)| T~ B HEDE|0; g(0)) el b ol

g.s. of H(¢)
Time independent gauge (non-adiabatic twist operator)
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TO, H. Aoki, Phys. Rev. Lett. 95, 137601 (2005)




one body spectral flow

N
e

k

Energy

Time evolution = Application of a 2 X 2Unitary matrix

upper band ¢t (k) — \[1 = phk)e @ et (k) + \[p(k)ct (k),

lower band ¢ (k) — _J}JE)-CI_()'C) +E/1 — p(k)efx(k]ci(k)}

groundstate-to-groundstate component

A 4
(nAt (H \/1 o X(k)) einEgAt

At =27h/F

x(k) = —0(k) + y(k)
A

dynamical phase non-adiabatic geometric phase



4 Effective Lagrangian for band insulators N

non-adiabatic p . L(F)=—F f dk . ".r’(k)
Berry phase Bz (277)

ol . |

|nd ced polarizatign
HK 1

tunneling ImL(F)= —F sy ) A In[1 — p(k)],

\ TO, H. Aoki, Phys. Rev. Lett. 95, 137601 (2005) /

e.g.) Dirac band
non-adiabatic Berry phase

~i(Apana (k) /2)° |
v(k) == lmf ds < |:CDL(UFS) — :|
0 vF's

Landau-Zener formula for the tunneling probability

A 2
plk) = exp[_ﬂ( hﬁ“f,(?/z) }

cf.) Y. Kayanuma, Phys. Rev. B. 47, 9940 (1993)
mm) Heisenberg-Euler-Schwinger result is recovered.




Photovoltaic Hall Effect

= Hall effect in circularly polarized light
circularly polarized light

é/ / massless Dlrac + circularly polarized light
!
L = —ilnDet i) 4+ ie A]

VAAZ + 02— Q)
2

— Dynamical topological mass x =

cf) Different from Volkov’s solution (1935) since
in CM light breaks “Lorentz invariance”

TO and H. Aoki, Phys. Rev. B 79, 081406 (R) (2009)



/ photovoltaic Thouless-Kohmoto-Nightingale-Nijs formula\
(Chern form induced by light)

) [Vk X Aog(k)]
photovoltaic gauge field Aa( ): —Z(( (R VP (k)
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Photovoltaic Berry curvature |V, x A, (k)|
(graphene; honey comb lattice)

TO and H. Aoki, Phys. Rev. B 79, 081406 (R) (2009)
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3. Mott insulators: many-body SLZ mechanism

H(t)=—3 [ew(t)cjﬂcz- + e_w(t)clciH]—I—U > Mt

¢(t) = F't time dependent phase

single “instanton” approximation

i
—> ['/L = —C;—Wln(l—p)

How can we obtain p?



Strategy

real time imaginary time
tunneling evolution

-
. -
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v 0 (44 ™ . 33
“configurations” configurations

for 1d Hubbard model

“configuration”
= infinite dimensional space of Bethe ansatz solutions

!

distribution of “rapidities”



Dykhne-Davis-Pechkas theory of tunneling

Dykhne JETP (1962), Daviis, Pechukas, J.Chem.Phys. (1976)

Sinng]ﬂI'ity Tunneling probability
¥ p = exp (—2ImsS) »/h)
X Sio= [ d'[Ey(®(t') — E1((t)]

singularity =Energy crossing in complex time

B (t7) = Ey(t7)

- Evolution to the other Riemann surface

[

Dominant contribution comes from the singularity
closest to the real time axes.



Imaginary time

H(t) = =% [Vl ¢+ e Wele; g |[+U S npmy
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Non-Hermitian Hubbard model

H(t) = Z [e cchZ =+ e_‘l}cTcHl]%—Uannu
(]

left hopping +# right hopping
Fukui, Kawakami, Phys. Rev. B 58, 160501 (1998)



many-body spectrum
H(t) = =% [e?ﬁcb(t)c)&;lcz_ + e 0] Cz‘+1]+U 2 M|

groundstate = Mott insulator

This state is insulating

since there is a penalty 4} Anti-ferromagnetic order
in energy for charge ~ * is only quasi-long range.

excitation E ] [] (Mermin-Wagner th.)



1 doublon-hole pair (1 string state)
hole
f,@fML% v 4}{}4}1\&\
’1;@ — {K{L dO?lblOn {}/%} + ...

magnons

& spin flip )
LANNEIEEL

we ignore magnons here



many-body wave function

1 L
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Tl N=151,...,sy=T1

Bethe ansatz form

(X1, .., LS, .-, SN) = 2 (—1)])@(,0_}3(8@1...SQL)eiEjkijQj
PeSy

vet to be determined {kz} charge rapidities

{)\a} spin rapidities



Lieb-Wu equation (integrability condition)
Scattering Lieb-Wu, PRL (1968)

ekl H S (kj, kz)

/ J7

scattering matrix
satisfying the Yang-Baxter condition

mmm) Lieb-Wu equations with flux ¢

Ny
L]Cj — Qﬂ'Ij - L(b — Z Q(Siﬂ lﬁj — )\Q),
a=1

L Ny —
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This determines the rapidities {%;} {)\.} 0(x) = —2tan " (4z/U)



Energy of charge rapidity &
(k) = 2u+ 2cos(k)
+2 / ¢ Ji (w) cos(w sin k)dw.
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Takahashi, Prog. Theor. Phys. 47 (1972)
Woynarovich, J.Phys.C, (1982) complex rapidity



total energy

many-body spectral flow

Mott Insulator

| - hole
-7 B T~ - ) HJ}*’( f,{}T %{}m




DDP path for the Hubbard model

T

Re E

T. Oka, H. Aoki, Phys. Rev. B 81, 033103 (2010)



Re E

Im®+0
Ni

Lkj=2rl; 4{ Lo + X O(sink; — Aa),
a=1

L Ny —
S O(sink; — A\o) =27J, — 3 0 (/\“‘ /\f”) ,
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all charge rapidities become complex

groundstate studied in
Fukui, Kawakami, Phys. Rev. B 58, 160501 (1998)



Tunneling probability for the 1d Hubbard model
DDP DDP
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cf) In Dirac it was Fuy, = m2/€

T. Oka, H. Aoki, Phys. Rev. B 81, 033103 (2010)



Comparison with numerical calculation
(time-dependent density matrix renormalization group)

threshold [+ th vacuum decay rate

0.03 If “IIIII lIII.l
solid line = Bethe ansatz * /

0.8 _ . . f fn
symbols = numerical (TO, Aoki 2005) 0.02 U=3.5!f .LU:*G;'E
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Good agreement!

T. Oka, H. Aoki, Phys. Rev. B 81, 033103 (2010)



Comparison with experiment

;
theoretical ' &
estimate -

—=— Experimental result

threshold electric field
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Y. Taguchi, T. Matsumoto, and Y. Tokura PRB (2000).
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Summary
L(Awwt) = —iln [ D[y, et/ 7oL Aest

Interesting physics, e.g., photovoltaic Hall effect
Attempt to calculate in an interacting system,
e.g., many-body SLZ mechanism

You can do experimental tests! (in CM)

Band Insulator e QED vacuum

4

Mott Insulator — QCD vacuum

*lessons from AdS/QCD (non-eqilibrium gravity dual)
e.g., temperature dependence
*CM realizes QED,,,, QED,,, and cofinement



