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1. Dirac particles in electric fields 

Vacuum decay rate (production rate)   =   G 



Effective Lagrangian 

Dirac particles coupled to electromagnetic fields 

How does the vacuum behave in background fields? 

Effective Lagrangian 



``Consequences of Dirac„s Theory of Positrons“ 

W. Heisenberg and H. Euler, Z. Physik 98, 714 (1936) 
also Weisskopf (1936) 

threshold (critical) field 

effective Lagrangian 



Polarization, Hall effect, light-light scattering 

vacuum polarization 

= 
Am 

Chern-Simons term (2+1 dim.)  

in CM, this gives quantum (spin) Hall effect in ``topological ins.” 

second order fourth order 

light-light scattering, 

magneto-electric effect 



Pair production rate 

Schwinger Phys. Rev.82, (1951)  

Heisenberg-Euler (1936) 

“Schwinger” mechanism for pair creation 
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2.  Dielectric breakdown in band insulators 

Zener diode 



Electric fields in lattice models 

Time dependent gauge 

time dependent phase 

Time independent gauge 



Condensed matter version of the effective Lagrangian 

Groundstate-to-groundstate amplitude  
(quantum fidelity) 

TO, H. Aoki, Phys. Rev. Lett. 95, 137601 (2005) 

Time independent gauge (non-adiabatic twist operator) 

Time dependent gauge 

g.s. of H(f) 



lower band 

upper band 

Time evolution   =  Application of a 2×2Unitary matrix 

dynamical phase   non-adiabatic geometric phase 

one body spectral flow 

groundstate-to-groundstate component 



Effective Lagrangian for band insulators 

TO, H. Aoki, Phys. Rev. Lett. 95, 137601 (2005) 

non-adiabatic 

 Berry phase   

e.g.) Dirac band  

Landau-Zener formula for the tunneling probability 

non-adiabatic Berry phase 

tunneling 

cf.) Y. Kayanuma, Phys. Rev. B. 47, 9940 (1993) 

Heisenberg-Euler-Schwinger result is recovered. 

induced polarization 



Photovoltaic Hall Effect 

massless Dirac  + circularly polarized light 

= Hall effect in circularly polarized light 

cf) Different from Volkov’s solution (1935) since  
in CM light breaks “Lorentz invariance” 

Dynamical topological mass  

TO and H. Aoki, Phys. Rev. B 79, 081406 (R) (2009) 



Photovoltaic Berry curvature 
        (graphene; honey comb lattice) 

Floquet states (time-dependent solution) 

photovoltaic Thouless-Kohmoto-Nightingale-Nijs formula 
                   (Chern form induced by light) 

photovoltaic gauge field 

TO and H. Aoki, Phys. Rev. B 79, 081406 (R) (2009) 
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3. Mott insulators:  many-body SLZ mechanism 

time dependent phase 

single “instanton” approximation 

How can we obtain p? 



Strategy 

“configuration”   

=  infinite dimensional space of Bethe ansatz solutions 

for 1d Hubbard model 

distribution of “rapidities” 



singularity＝Energy crossing in complex time 

Evolution to the other Riemann surface 

Tunneling probability 

Dominant contribution comes from the singularity  
closest to the real time axes. 

Dykhne JETP (1962), Daviis, Pechukas, J.Chem.Phys. (1976) 

Dykhne-Davis-Pechkas theory of tunneling 



Fukui, Kawakami, Phys. Rev. B 58, 160501 (1998) 

left hopping      right hopping 

Non-Hermitian Hubbard model 

Imaginary time 



many-body spectrum 

groundstate = Mott insulator  

Anti-ferromagnetic order 
is only quasi-long range.  
(Mermin-Wagner th.) 

This state is insulating 
since there is a penalty  
in energy for charge 
excitation 



1 doublon-hole pair (1 string state) 

magnons 

we ignore magnons here 



many-body wave function 

Bethe ansatz form 

yet to be determined charge rapidities 

spin rapidities 



Lieb-Wu equation (integrability condition) 
Lieb-Wu, PRL (1968) 

scattering matrix  
satisfying the Yang-Baxter condition 

Lieb-Wu equations with flux f 

This determines the rapidities                  



Energy of charge rapidity k 

= 

= 

charge rapidity 

holes 

complex rapidity 

Ovchinikov JETP, 30 (1970), Coll, PRB 9 (1974), 

Takahashi, Prog. Theor. Phys. 47 (1972) 

Woynarovich, J.Phys.C, (1982) 
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many-body spectral flow 



DDP path for the Hubbard model 

T. Oka, H. Aoki, Phys. Rev. B 81, 033103 (2010) 



all charge rapidities become complex 

groundstate studied in 

Fukui, Kawakami, Phys. Rev. B 58, 160501 (1998) 



Tunneling probability for the 1d Hubbard model 

T. Oka, H. Aoki, Phys. Rev. B 81, 033103 (2010) 

cf) In Dirac it was  

u=U/4 



Comparison with numerical calculation 
(time-dependent density matrix renormalization group) 

Good agreement! 

T. Oka, H. Aoki, Phys. Rev. B 81, 033103 (2010) 

solid line = Bethe ansatz 

symbols  = numerical (TO, Aoki 2005)  

vacuum decay rate threshold 



Comparison with experiment 

solid line = Bethe ansatz 

symbols  = numerical 

vacuum decay rate 

Y. Taguchi, T. Matsumoto, and Y. Tokura PRB (2000). 

exp. production rate 

threshold 



Summary 

Band Insulator 

Mott Insulator 

QED vacuum 

QCD vacuum 

•lessons from AdS/QCD (non-eqilibrium gravity dual) 

  e.g., temperature dependence 

•CM realizes QED1+1, QED2+1 and cofinement 

1. Interesting physics, e.g., photovoltaic Hall effect 
2. Attempt to calculate in an interacting system,  

e.g., many-body SLZ mechanism 
3. You can do experimental tests! (in CM) 


