
Legendre
Lagrangian Hamiltonian

S = ( (19, 9)d + [A , B) =AB Aoe

↓ extremize fixmg
Eltil

H(P , 2) HamiltonianE(tH)

(8) =0 fA = [A , HY

& ↳

Path-integral Operator
-

Transition amplitude (5 ,] = it 59 , p) = it
(ti ,(i) + (t) , 9f)

States 74 Vectors in 2

= (09e) 19,
21st

Time evolution

((t+ ) = 97 , 9(ti) = 9 : -itf-ti Fl
U

,
+ ,
= e #



A reminder : Legendre transform

L + H ((9
,
9) given

Solve (9 , 9) = Pi for 9 : gi= q"(p , 9)

H(p , 9) == =P : " (p , 9) - L(9 , 9 (p ,9)

H + L H(p , 9) given

Solve (
,
9 = 9 for p : Pi= Pi(9

, 9)

L(9 . 9) := 1 Pi(9 , 9)9"- #(9 , 9(9 :9)

L+H

& dL
-

i

at= -> q =0, p =-
L=H

RHS can also obtained by extremizing

S = Fat (P9-H(P .9) fixing S & ELL) u



Operator         Path-integral->

transition amplitude in operator formalism :

z(tf , 2+i ti , (i) = (9)
=-Ei

19:)

time

-.....E ti
tf - ti = NE

==
(t)-t: #

= =
N = #

= ==
#...
-

N

z(t+, E+ i ti
, 9i)

= (9)
-ie -

E
#

.... E
JEN(((99 ,19

= Side<En El / ...

... el 19,Cl
*
19 :)



(9) (9j) = ( &P <(15) (P1* 19;

· (Ej + (j) = eithe

· (j) #(9j) = (B)(1 - :E# + 0(E))(9; ]

Suppose # = *V() , then

[Pj(#19; 7= + V(9j) = H(p
, 9j)

= (pj(9j) (1 - = H(1 , (j) + O(Ez))

= H(EOC&

=( (E) -EH(ESOL



z (t . 9) : ti , Ei

=>

(EE)-EH(Pl e
-OCNEY

En = Ex
,
90 = 9 :&

N + 8 holding [pj - H(E)
NE = If-t ; fixed

=(09 e
-Sp . Es)

q(tH) = Ef , 9(to) = 9 :

Integrate out P : Solve 9-op , 9) = 0 for

and insert the answer .

- Legendre transform

= 109 a (19 , 9)

q(++ ) = 97 , 9(b) = 9 :



More concretely
,

for H = + V(E),

-Iisen
EE e)-V i=

- m(Pj - m-

= Cc c
=(E()- V(Ej)

Ce :=J Eit

z(t+, Ex ; ti , Ei)

=> as ( Vis
En = Ef

,
9 = 9 ;

Nt -Ti
= (09 +( = 9 -v())
-

< (9 . 9)
q(tf) = Ef , 9(i) = 9 :



Oscillatory integral Absolutely convergent 
integral

Wick rotation

t

#
t+ - it

In the path-integral , E -iE (E > O) .

S
3

= -V(9

gi Vs

= e

-=) (9)+V())
·



Euclidean Lagrangian/action

I= 5(9] -Vs)

-+V(9)
= e
- SE(9)

LE (9,

In general , LE (9, ) = - L(9 , i )

_ E ES
(9fle - (9) = Soe

q(tH) = Ex
,
9(ti) = 9 ;

(9)
=

(9 ,) = (09e LE(9,
f

q(tf) = 9 x
,
9((i) = 9 :



well-behaved

V(9)

If V (9) x +↑ as 191-2W
then SE(9]- at 20 of [9(5)3.

The path-integral (D9Sel97
is

-

partition function

Tje(
=#) = (dc(q)e

=#
(c)

= (ac(89 Le.)

q(T) = 9 = q(0)

= (09 5
= LE(9.)

9(7) = 9(0)



Partition function

= Euclidean path-integral over
configurations on the circle

of circumference

periodicq(T) = q(0) > 9(7) is under T-T+
T

.

Trje
-F

St = 1/+2
T

z(st) = (09e 1st
d= LE (9, )

Note : This is well-behaved if the energy spectrum

EEn
o (ie . eigenvalues of FL

is bounded below and En-20 as n+ 2

fast enough.



Symmetry and Ward identity

symmetry

Consider a
"

&FT" with fields 0 =(i) ,

measure d = do, ... On

a action SE(P) = Se(b,On

Focus of interest :

z =J
SE(0)

Partition function

[f7 = ESSE(Pf(P) correlation function

A of the theory is a transformation

p = (1) iPn) ++ g(9) = (9, (0), - - - Gn(P)

that leaves dP
SECP)

invariant.

i. e . det(() eSE(5(= ESE()



Ward identity

P
Change of integration variables :

Single variable cases P mp' = G(P)~
F(P) = PF(P) = J G(D) F(g(D)

.

Likewise

Ja eSE(P)f(P) = (ag(q) E
SE (SIP)

f(g(0)

1) = if g is a symmety.

d
-SE(b)

: If g is a symmetry ,
correlation functions satisfy

(f) = <fog).



(infinitesimal form of)

Ward identity

Infinitesimal form :

& Em
: 1-parameter group of transformations.

+ b + G ; G = 9,/
, = 0 .

---infinitesimal transformation.

If [9 dem is a 1-parameter group of symmetries,

Ward identity :

(f)= foga) >

=> a+ X= 0 :

0 = (df)

where of (p) := f(9y(P) (a
= 0



anomaly

anomalous
Ward identity

There are Ward identities even for non-symmetries :

Sp Se()
f(P) = (d9, (9) SE((P) f (5x(P)

① Suppose &P is invariant but SECP) is not.

-
0 =Jade

SE(b)
( - GSE(p) f(p) + 6 f(P)

<Of7 = 18SE ·f

& Suppose SE(P) is invariant but d"p is not
,

and the change is known : dr9y(P) = drp e9(P)

(called anomalous symmety with a

+ 0 = Jap e
SE(P) (a(p) . f(9) + 8f(P)

(f) = - (a . f)



Path-integral         Operator

z(tf: ti . 9 : ) = (89 /.)
9(t+ )= 97 , 9(t ; ) = E :

m An operator Etfit; on the space 2 of functions on 9 :

= (9) + (Etfit :E)(2) = (daz(t . 9 ; [i ,9 (9).

& &fiti depends only on Ef-ti , so can be written as

f
,ti
=: Etf-ti t > tz >

E

,

↓

· (danZlt . 91 : E . qn) Elte . e; ti .9 . ) = Sta. it
.
9.).

. Ette test,

↳ One can write + =

-TH
C

for some operator F on 2
↑

At this moment, we don't know the relation

t Hamiltonian
. (We'll see it later. )



Let O be an expression of 9, 9 , , .

e
. g. U = 93

,
92

,
ga , a+ 92,.... "local observable"

For [i<< ty , write

z(t+, 9: Olt) ; ti . (i) =/09
(19

.
9)
O

q(ty) = 9f , 9(ti)= 9 :

us an operator on C :

-(9) + (efti (0(t)(5)(9) =(asz(t+.E :Oc :ti<)E19.

· E
+f+0+y ti

-xt:
(0(t) = Eo +fotf

,
ti (0(t)) ot :

·

+f +8t, ti ++t
(0(t+at) = E +f , ti (0(t)

Define J = limtext(Octs) -.. indepot t
Ef> t

Then
,

Effici (0(s)= 0 = / . -Ei



For Ei < ti , Eucty and local Observables O , O2,

z(tf ,Ef : 0, Ultitifi) =(09 LIS/
OhiO.

q(t)) =9f , 9(ti)=2 :

~Operator tfti (0,O)
on Ce

is defined in the similar way .

z(t+,Ef : 0,1)0 : ti .9.

=

GARELES
OCHEZIGESTITOE

if [2>t . (for any -> (t, 2)

(dqz(tf,+ : O
,
(i) : t< ) Z (t

,
< ;Oct;ti · 2 :)

if E> tz (for any
+ = (tz

,

tis



Correlation function of product of local observables
corresponds to the time ordered product of the
corresponding operators.

ef
.

ti(0,tilOultus (
-

(tf-[Hj ==(#j
,

f
= (-ti)#

= if [27t,E = (tf-ti,= (t -#j
it ti > ta

.



Noether charge

Symmetry in classical mechanics (in Lagrangian

Suppose- a symmetry 99 + 89 (89 = EU(9,9)

87(9
,
9) = E ( ... ) total derivative

Allow variational parameter -> to depend on time
,
Elt),

Sit. E(tf) = t(ti) = 0 :

85 = 8 1+ ((9 , 9) = (Ec & 19
,
9)
u

This2 = (9 , 9) is called the
-

Noether's theorem & is conserved
.

I
.

e
.

it is

time-independent for a solution to equation of motion.

proof A solution is sit . 85 = 0 for 59t 69/t0.
For FEH) S. EltH(= Esti = 0, under 9-9HEHU19

.
9),

0 = 55 =[ + =Ha =- Es
· = o S

.

E
.
D.



ExampleL= q2 : a free particle without potential

69 = E : translation ina

65 = a 29 = zen

i 2 = mi : Momentum
.

Example ( = * (93+ 93) - V (93+92)

(Sa : (a)asb-ins) rotationaree
Infinitesind version :

89, = - E92
,
692 = E9,

ds =jet (29(=9) + 29(E9)
= dt m (9 :9-99

·= ma ,9-m9: Angular momentum.



energy

Hamiltonian

Example ((9 ,
9) general (no explicitt- dependence).

69 = E : time translation.

GS= d (Eq Eq)(

g
+-L + got

= + E (g-L

: 2 = 20 (9
,
9) - ((9

,
9) =: E(9

,
9)

C
.f. If we solve oa (9 , 9)

=P for a

and plug the solution 9 = g (p , 2) , then

E(9
,

9 (p , (1)= 9 (p ,/P - ((9 ,

9 (p ,9)

= H(p , 9)



Symmetry in quantum mechanics

SupposeF a symmety 89 =E U(9 , 9) of the classical

system a it is also a symmety of the path-integral

measure &.

Apply 69 = EU (9 .9) in the integrand of

z(tf , 9+: Octo : +:,9) =/09
tLis

Ofte

q(tf)=Ef , 9(ti)=9 :

for ECt) as follows :

E

E
> [to

to
- Xt! to

Note : E(t) = = G(t-+j) - EG(t - to)

Ward (G(89eS()U(t)
= (03e S(9](= GS(C) Or + 80(to)



Ward identity in quantum mechanics
(in operator formalism)

0 = (03e S19](= GS(C) Or + 80(to)

i,e
.

JRTEQ = ED(S)-EDSt)
z(tf ,E : 80(o) ; ti

,9)

E
= z(t+, 9+; (=&(5) - R(t]) Octos ; Eicti)

=
+x,t : (80())
=

+st : ( QH)- Q(5)(0(80)
Take the limit tox to and toxto :

-

Go = 5 . 5 - 0.
Put E-1 :

o = = (2 , 0]



In classical mechanics, a continuous symmetry yields

a conserved charge (Noether charge).

After quantization, the Noether charge generates

the symmetry transformation.



is the operator corresponding to Hamiltonian
(modulo a c-number shift).

The case of time translation symmetry :

- -

0 = = (H(p , 9) ,]
.

On the other hand, usingF defined by f,
-tis

S

We also know

= (+-# =

t:
(a70(t)

= E
.
c .
(0(t) = (e

=(tf
p =
=(-+.#)

-(f -t ( ,5]
=(- t :H

= C

-
in 0 = (H ,].

- -
Comparison => H = H(p , 9) +C-number.

&

H



The case of 9-translation (not a symmetry in general).

Apply 89() = E(t) = E

E
+
+to,

in the integrand of (tf. E+; 9(tr) ; Ei , 9 : ) :

0 = (8(09e=S(9)9(to)

= (09eS(9] (= GS(9]9(to) + =)
- Conjugate

GS(9) = +(E) EH) C momentum P

= jodtf + EP(o) - EP(t))

= E (09 S19] + PH) - P(t=) E(t) + 1)



The canonical commutation relation

Take the limit toxto
,

to to

The part to to 9(t0) vanishes in this limit.

: 0 = =(90p - p0) + 1

: (9 , ] = it

M



local observable

local operator

Remark on terminology

We used
"

"for Oct)
,
but it is common

to call it
" "

even inside path-integral .

We have chosen "observable" to emphasize the distinction

between path-integral a operator formalisms.

It is instructive to do path-integrals in explicit

examples. Please do it yourself. For your

convenience
,
a note on it is uploaded.

In a classical field theory in a general dimension,

a continuous symmetry yields a conserved current

(Noether current)
· Just like in quantum mechanics

one can derive Ward identity involving Noether current
·

A note on it will be uploaded .


