
Perturbative expansion is an asymptotic expansion

We consider the partition finction of a 0-d theory
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∫
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aφ2− λ
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φ4 , (1)

and its perturbative expansion
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∞∑
n=0

1

n!

(
− λ

4!

)n ∫
R

dφ e−
1
2
aφ2 φ4n. (2)

The latter makes sense at least as a formal power series. We show that Zpert(λ) is an

asymptotic expansion of Z(λ). That is, for each N ∈ Z≥1, if we define the order N

truncation of Zpert(λ) by
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then

λ−N
(
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)
−→ 0 as λ↘ 0. (4)

Too see this, we note that

Z(λ)− Z≤Npert(λ) =
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:= fN(φ, λ)

. (5)

Claim. There exists CN > 0 such that∣∣∣∣∣ e−x −
N∑
n=0

1

n!
(−x)n

∣∣∣∣∣ ≤ CN |x|N+1 for all x ∈ R. (6)

Proof: We separate the analysis to the case |x| ≤ 1 and the case |x| ≥ 1. When |x| ≤ 1,

using
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, (7)

we have ∣∣∣∣∣ e−x −
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When |x| ≥ 1, we have | e−x| ≤ 1 ≤ |x|N+1 and 1
n!
|x|n ≤ |x|N+1, and hence∣∣∣∣∣ e−x −

N∑
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∣∣∣∣∣ ≤ | e−x|+
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1
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≤ (N + 2)|x|N+1. (9)

Putting CN = N + 2 which is greater than e1, we see that (6) holds. Q.E.D.

The Claim says

|fN(φ, λ)| ≤ CN

∣∣∣∣λφ4
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, (10)

and hence∣∣Z(λ)− Z≤Npert(λ)
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which means

λ−N
∣∣Z(λ)− Z≤Npert(λ)

∣∣ ≤ C ′Nλ. (12)

This proves (4).
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