
Free field theories
A theory is said to be free when the action is

quadratic in variables .
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Wick contractions
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· We see that everything is determined by the
two point function
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· The logic holds also when n = 0
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Complex scalar

A finite system :
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Free fermions

A finite system : n pairs of anticommuting variables
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.

SE = I A: Y

dFd4 = dF"... dF'dY.... dYn = dF'dY , ... dF"dYn

Partition function is

z = Ja
SE

= det A

To compute correlation functions, let us introduce

f(A
,
5

.
2) : = (dp e

Se + z(54:
+ F 2 : )

Note :

P + ↑

iiz"is e
-

2enj
=

.... is ...

t F1

Thus
,

-isF(A, , (n
= 1=

= z Pi-Pis...



fla.. ) = A
-SALP- + 2

= zenAn

: [PRis ...

- e- in-
An. ens( = 1= 0

= (A (i . . . (A )is =o
This is non-zero only if s = t

.

e.g. <P: > = (A
+ 1) :

nj
= A
-

A"In

<Pipe) = (1
+

7) : (+
= A; A,

"
A! At,

-y passes through 2 in (A);



contractions

WickThe result can also be presented as the sum of

with the understanding that a (-1) is produced

each time two fermionic objects are swapped :
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Unpaired fermions

We also encounter systems of unpaired fermions

(e .g. Majorana fermions (
Pi

,
... Pan

with action S =+, P : Aij j and measure
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. By anticommutativity of Pis ,
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assume antisymmetry Aij -Aji.

The partition function is
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This is called the Pfaffian of the antisymmetric matrix

A = (Aij) and is denoted by PFA.
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For computation of correlation functions , we introduce
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Here we proceed just as in the real boson case ,

though anticommutativity taken into account :

-> Terms where I hits only one of the two 7's in
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· Terms that survive are

those where both 7's in-5A7 are hit by 8 s

Thus
,
the result is the sum of terms where the

derivatives ·, ..., form pairs ,
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, each pair Soniais] producing
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It is the sum of such Wick contractions.

But we should keep track of a Sign (1) that appears

each timea a are swapped



For example,

< :L = 0
,

<P: 4j) = [P
)

= Aj,

< P: 4;4)
= 0 ,

-

< 4 : 4,4= at +
& -
- L + 1

-

= j -A + AA, ,-

l

i
/



The free field theory (either bosonic or fermionic

in dimension [I can be considered also in

operator formalism.

Comparison of path-integral a operator formalism

is done in Lecture 6 and 7 in DFTI

along with the additional notes for them.

If you are interested
, please have a look.


