
Convention

3+ 1 dim Minkowski spacetime
R

Coordinates m
= 0 ,

1 , 2, 3

= 93= t
,
(xi= 1

,3) =X

metric ds= dt d = 2nd d
"

( + - - - )
/

&[someries = Poincare group = R
*
X0(3. 1)

↑ &

translations LorentzTransf

* + 1 + B =B x = 2-

(infinitesimally , 8" = Wno + 83 ; Wa = - w(M

[2 , 07 = 2 you Clifford algebra

SEC" the irreducible representation

8 = 5 = - 12es . pr = 10 on a ji = 15: = 5: it ,
2
,
3

G F(q ! ) , G = (= ) , 5 = ( ) Pauli matrices

Inf. Lorentz &4 = W ↑ = Wh.
"

E (M ,V]

S : representation of Spin (3, 1) SOB . 1)



j ; U =-P, (5= 1
, eigenvalues # I.

Sp : = [Uj = + 1 Spinors 7 "right handed"

St := [U = -1 Spinors] "left handed
"

(In the above basis
,
Us = (1 An) , Su ()

,S())
Spin (B)-

S = SR Su
T

Scalar product.

↑ 1 ,4. S n ,. = C

. F, = = F, . . ck=, D

4
,
42 = F, V *↑2

C In the above basis
,

, 4. = 4/ 2042. (
= -Fr

: F = 0 if 4 , &42 are both in SR or in SL.



Wick rotation

We obtain a theory on the Enclidean space I

dSE = M "(AtH+
J S

by (3- - ix+

gis = gifdL
:Side=: Ce =: SE-> e

: [E = - C(cj
+ - it

20- - irP

Er
,
2 3 = -yg 1 .

US P.



Yang-Mills theory

gauge group... specified by G : a compact Lie group

e
.s. U(N) = &NxN unitary matrix 3 unitary group
SU(N) = &NXN unitary , det = 1) special unitary group

"infinitesimal version
g = Lie(G) the Lie algebra of G of G"

e.g. 8 = U(N) : J = &NXN antihermitian matrix

G = Ul : G = I=I

6= SU(N) : = <NXN antihermitian
, traceless]

field variable Amis : a vector potential with values in of

field strength Fu = &Ar-GrAp + [Am .
An

SIAJ = J- F · Fu d Yang-Mills action

e : gauge coupling constant.

"o" is a positive definite inner product on a which is

invariant under the adjoint action of G, X 9X9
+



(the infinitesimal version ofConjugation 9tH9y) :

gXgT . gYg = X .
Y
.

e
.g. For G = SUN) , a standard choice is X . Y = -2 TXY.

e
. g. G = Ul) : Maxwell theory

Fo -dio electric field

Fijijj Ar magnetic field

SCA] is invariant under a huge symmetry group :

g(i) : G-valued function on spacetime

*

Ap ap = 9 Ap9 + j'dnS .

Under this
,
the field strength transforms covariantly,

Fru Fin = GAu-drA + (A ,
A) = S,

and thus indeed

S(AS) = J - jer 5Fg . 5 FruS di

= J - Jen F . Frdx = SCAS.



gauge transformation

gauge transformation group

physically equivalent

physically identify

This is a generalization of invariance of Maxwell action

under the gauge transformation Ap Ap
+ OX.

Indeed
,
for G= U11

, I = iREIR and for Gas = its
- it

it = e iApe + e One = A = An+ d
,
x.

As in that case
,
we shall call

Ap + A = 9Ay5 + 5 0p9

the of Ap() by g() , and

9 = g(/G-valued function

the We'd like to regard

A and A
g
as for

any 9 + G.
I
.
e
.

we would like to them. If we put

A == <Aps)of-valued rector potential

the space of physically inequivalent field configurations

is the quotient space A/G.
N



gauge theory

A theory with such an identification of field variables

is called a -

Infinitesimal gauge
transformations

A -valued function Ecks generates a one parameter group

of gauge transformations : 9+ (n) = etf :

Ap + A!+ = g= Apg + g] b+ St.

The infinitesina transformation is

de Ap = As (f
.

= - c Ap + Apt + Opt

= &p + [Ap . E] = DE covariant derive.

The space of such flus may be regarded as the

Lie algebra of the gauge transformation group,

[Ems/o-valued function 7 = Lie (g).



Remark The G-invariant inner product" "on o may not be unique .

e
.g. G = SX(N) + SU (2),

G = -t ·Fur

C and a can be different.

More generally,

G = U(x ... x Ull) x G, x ... x e/discrete subgroup
--

k
2

simple" factors

↳ =-

ht+ gange coupling constants.

Having this generality in mind , we just write

L = -
. Fr

for simplicity.



Coupling to matter fields

representationA V of a group G is

a vector space/ko on which G acts linearly

-a map GxV-V ; <9
,
2) gu

s
.

t
. g(hu) = (gh)

· g((u) = cg() CE & or R

3 linearity
·

g(8 +w) = gu + gw

e
.g. V = D for G = U or SU(N) via matrix multiplication.

V = o for a general G via adjoint action

V = sum of Copies of such , C ...a Da Ya ..-.

A representation V of a Lie group G

r a representation of itsLie algebra of
=
a map gxV - V ; ( X

,
r) + Xe

st . X (YU) - Y(x2) = [X, Y]U, linearity.



· Scalars

Plus : a scalar field with values a representation V

of the gauge group G.

Gauge transformation by ge :

Ap to AP , 0-p = 9 p .

Infinitesimally , Ap = DpE ,
G = -ED.

Covariant derivative DpP : = 0
p0 + App

Its gauge transformation
:

+ 0+p + As p = (n(s p)+ (5ArS +509) gip
-

- 9 G+59 b + 5 G+P-
= Cyb + SAP = 5 DoP

" /

homogeneous
C

or "Covariant

(2) Pr G-invariant inner product on V

2 = -j F. Fir + (DP) Drb - f(PP)

is gauge invariant .



· Fermions

() : a Dirac fermion with values in a rep .

V of C.

i
.
e. an anticommuting function on 13+

with values in SV =* V

↑ (b) = (()) in in Components

Gauge transformation : Ap ,
PHg4

DaP = U Dr = U
*

(0p4 + A,P) Dirac Operator

(a4(2 = up (d,4 + An48) in components

6 = - jef Fp + iDat - mF4
is gauge invariant.

e
. g. &ED with electrons of charge Q , ... & N :

+

G = Ul
,
eix : ↑: eibixp : sitNJ)

e
.g. & CD with color Nc and flavor Ny :

G = SUI)
,
V= ...

~

(N-copies



chiral

· More generally , the representations for right-handed
& left-handed fermions can be different:

Pr valued in SVR
,
↑y valued in SV.

Then
, Dar valued in SVR

,
Date valued in SV-

↳ =-
makes sense a is gauge invariant.

/

Such a theory is called
"

&

· Suppose7 a G-equivariant bilinear map

VBxVR - Vl , (B , UR) UBUR

GUB · 9UR = 9 (UB - VR)
.

Then
, for a VB-valued scalar ↑ & SR

,
LVR

,
7- valued

fermion 4
. L,

Yukawa coupling

# .4 + R 42 makes sense
.



Quantization of gauge theory (path integral (

In a gauge theory , a field configuration (A, , 4...)

is identified with its gauge transform (AS
,
> , 49, --.

M = the space of field configurations

G = the gauge transformation group.

The path-integral is over the quotient space M/G

z = S
-

- SELA
,
0
,
4
,
.-

measure e

M/g

<0 . 0. 0.... )

=+ measure -SELA , .
4
.
-- >
0

,
On Oz ...

Z -

M/g

How do we do this ?

... Let as do it in a finite dimensional Setting .



An answer :

Introduceo-valued Scalar fields C
,
J
,
B
--

fermionia bosonia

and change the Lagrangian to E
= LE + Eg .

f.

Lg .
f

.

= B - iB.An + 5 . D.C.

Then
,
the partition/correlation functions are given by

z =JOB
5E(A , . P . c . c . B)

<0, 0.0, ...

= EJOA .. - OB e
- JE (A) = B)

P
. 0.8s ---

I
.

e
. the measure in question is

D.(O Ssf . LA . c ,5, B >



Faddeev-Popov ghosts

Faddeev-Popov determinant

C
,
J :

370 is called the "gange parameter" (3x0 also considered

physics should not depend on its value .

B is an auxiliary field without Kinetic term

-> it can be integrated out. Then

Log .

f.= An + .D

C . -integration -> determinant of Dm.

- Je An a
: measure = DAC

↑ Det (0Dn (

3
, ADOP (A)



BRST symmetry

The extended system is called the gauge fixed system .

# no longer has a gauge symmetry . Instead ,

it has

Ap = DpC ,

db =-co
,

GB4 = - CP
,

dbc = - !(c ,
c),

GBI = iB
,

GB B = 0
.

It is a fermionic symmetry : SOB bosonic is fermionic

Ofermionia is bosonic.

Gl0iU = 60. . Uz + (1) Oi dUz

It ispilpotent, &BGB = 0.



BRST closed

BRST exact

BRST cohomology

O is said to be E
when 80 = 0

when U = d ( ) .

By od = 0 , BRST exact > BRST closed.

This allows us to consider ·

HBRST = [BRST closed 3/[BRST exact

There is another symmetry : ghost number Ngu

B5 C

Ngn 0 0 +1 1

O increases Ngn by 2
, (Ngn , 6) = 1

F = 3 Observable of Ngu = i

=>G : Fi - fit

Hirst(F) = Ker( :F= f)/[m( : F-F.



the gauge fixed system has a huge number

unphysical degrees of freedom.of

The gauge fixed system may be used as a new

starting point of quantization :

We may do reverse Wick rotation to real time ,

convert it to Hamiltonian formulation via Legendre,

and then perform the operator quantization.

HoweverAo has wrong sign Kinetic term (note 350

-ter(o) which yields negative norm states.

Also the ghosts with Kinetic term i also yield
zero & negative norm states.

As the existence of such negative/zero norm states

indicates,



A proposal:

Physical degrees of freedom are 

BRST cohomology classes.

This is the quantum counterpart of the huge gange
symmetry in the classical system : the gauge

transformations (A
.

P . 4...) (AS, D, 4? - > are

regarded as unphysical change of field configurations .

For example , the space of physical states is

the BRST cohomology of states

Cphys : = Hirst (2).

It is expected that this consists of positive norm

states only


