
Symmetry and Ward identity

symmetry

I

Consider a

"

&FT" with fields 0 =(i) ,

measure d = do
,
... On

a action SE(P) = Se(b,On

Focus of interest :

z =J
SE(0)

Partition function

[f7 = ESSE(Pf(P) correlation function

A of the theory is a transformation

p = (1) iPn) ++ g(9) = (9,
(0)

,

- - - Gn(P)

that leaves dP
SECP)

invariant.

i. e . det(() eSE(5(= ESE()



Ward identity
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P
Change of integration variables :

Single variable cases P mp' = G(P) ~
F(P) = PF(P) = J G(D) F(g(D)

.

Likewise

Ja eSE(P)f(P) = (ag(q) E
SE (SIP)

f(g(0)

1) = if g is a symmety.

d
-SE(b)

: If g is a symmetry ,
correlation functions satisfy

(f) = <fog).



(infinitesimal form of)

Ward identity
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Infinitesimal form :

& Em
: 1-parameter group of transformations.

+ b + G ; G = 9,/
, = 0

.

---infinitesimal transformation.

If [9 dem is a 1-parameter group of symmetries,

Ward identity :

(f)= foga) >

=> a+ X= 0 :

0 = (df)

where of (p) := f(9y(P) (a
= 0



anomaly

anomalous
Ward identity
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There are Ward identities even for non-symmetries :

Sp Se()
f(P) = (d9, (9)

SE((P)
f (5x(P)

① Suppose &P is invariant but SECP) is not.

-
0 =Jade

SE(b)
( - GSE(p) f(p) + 6 f(P)

<Of7 = 18SE ·f

& Suppose SE(P) is invariant but d"p is not
,

and the change is known : dr9y(P) = drp e9(P)

(called anomalous symmety with a

+ 0 = Jap e
SE(P) (a(p) . f(9) + 8f(P)

(f) = - (a . f)



Noether charge

5

Remark (not needed in the present course (

A continuous symmetry in &FT of dimension ?I

-> O

Classical : constant of motion.

Quantum : generator of the symmetry,

-

do = i(
,
]

.

For this and other details
, see the additional note.



Quantization of gauge theory
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In a gauge theory ,
a field configuration (A, , 4...)

is identified with its gauge transform (AS
,
> ,

49, --.

M = the space of field configurations

G = the gauge transformation group.

The path-integral is over the quotient space M/G

z = S
-

- SELA
,
0

,
4

,
.-

measure e

M/g

<0 . 0. 0.... )

=+ measure -SELA , .
4

.
-- >
0

,
On Oz ...

Z -

M/g

How do we do this ?

... Let as do it in a finite dimensional Setting .
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M : a manifold
,
dimM = n < o

,

G : a Lie group acting on M
,
dim 6 = da > O ;

ge G : = M + g = M

(right action : O(gh) = (09)h(

Assume : the action is free, g = p for some => g = 1.

Suppose a measure do and a function SESP) or M

are G-invariant, d(p3) = &P , SE (PS)= SE (P).

Want to consider the gauge theory where

E ~ PS identified

f(0) physically meaningful when G-invariant

Question How do we define measure on M/C for
-

- SE (P)
z =

1,me
a

%
(f) = + mueSE(P f (b)

Z
K



g

A naive answer :

see below for
z =

Se
the choice ofdy

(f) == Sape
-SE(P)

f(P)/z , ↓
where volg =Jg15 for some measure a.

A possible problem : volC may be infinite

Sdp ...

may be infinite.

Suppose we can find a slice CM
,

i. e. a submanifold

St
. any G-orbit has exactly one point in it.

H
M/G
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Suppose S is the zero locus of a set of functions of M

b + S( = X , (b) = .
.. = Xn(P) = 0.

X(b) = (Xa()) can be regarded as a function

on M with values in 9 = Lie (G).

Note : For a monotonic function F(3) of a single Y,
S

F(J)

↓ So G(F(3)dF(3) = 1
.

-
& > Y

F(3)de

Multivariable case : y = (1
, · , Ym) F(y) = ( F, (3), -

-

, Fm(2)

Sam a (Fals) . det(s) dry = 1
.

Apply this to the function Fa(9) = Xa(0S) of G

for a fixed PEM :

Sa,
8(Xa(PS) dets) . 09 = 1.

--

G(X(03) det (d)Xa (PS)
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insert 1 = ...

↓
SEIP = (dag

Sel
((X(991) det (8X(PS)

MxC

change the variable 5-0 and

use 8-invariance of da SE(0)

= Jas -SE(P) ((X(P)
det(8X (D)

= (dg(db e
-SE()G(X(P) det(XIP)

G-M
Vol G

K

: = Se

= (d SE(PG(X(9))det(6X(P).



gauge fixing function

gauge fixing condition

Faddeev-Popov determinant

I

Similarly

(f) =" Jype 5 =
(P) f(P)/z"

= Jap (4) S(X() de (6X(P)) f(p)/z.

X(9) = (Xa(P) ...

X ,
(P) = ... = ad() = 0 --

det (6X(PI) = det(0p (g=
1)

9= 1= dex(e) (e =)
Gaze &I basis

E = I e Ea

---

The results for a (f) do not depend on

the choice of Slice S or gange fixing for
X.
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Rewriting

① Use independence on the choice of X(P).

& det(X) via integration of anticommuting variables

① Replace X(P) - X(P) - W
, weg.

Also
, (ydwe

W
= (2π3)
*

z = 5 S(((det(X(P-
&X(P) intact

1 = (3) yaw
e wr x(p -0

-

=
- do de -Se(- G(X(-W) det /XP)
(2π3jda/Saxe

Y#)

=

-XI deOXP



Digression: integration of anti commuting variables

End of digression
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·1 anticommuting variable

San . 1 == 0
, (ay . 7 = 1

· ' ... na anticommuting variables

M- 1 + m-2+ ..+ 1

Jan .. dym . r
.
... nm = (d)

'

... 14 nm ... 7) (+)-

..= = ( )

Jan...... lower powers =O

1
,
5 pair of anticomm, car.

sand = I

Saran
M

= (d (1-5M2) = M

·

masteM eis
↑

exercise.

(For more details ,
see the additional notes

.
)



Faddeev-Popov ghosts
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& det (8Xa(P)) =)a
X

& 8XalP)(y = GcXalP)

infinitesimal transformation of XalP)

eCaby ( = z

=

dc
X(P)

= (dcX(P) in a simplified form.

o x o
C

,
J :

Also

8(X(P) -w) =) eiB(Xa
i B . (X(P) -W(

S dB e·
: G(X(-W) det (8X(P)

- Bac
:B - (x(-2)-EXl



gauge fixed action
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Insert this in (#) :

z= &We
- SE()- w

MX %

dBac
:B - (x(-2)-EXl

Perform C-integral
--62 - iB . W

= (2π3(94/ -
B2

S dw e 25 C

We end up with

-5(p
,
B

,
J

, c)
z
= a) dBaene

57 = SE(b) + 2B - iB . X(P) + 2 - GaX(P)

- - -

Similarly for <F7.



BRST symmetry
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The gauge fixed system has a symmetry o called

· C = eCa

GP = dcP (c , (J = (e(a
,

e< -]

GBB = 0

L

( = (e
,
e) CaCb

85 = iB If Je ,
e ] = ed fa

doc = - [c,J
- dca = - 1 fa CbCa

It is a fermionic symmery E
OB bosonic is fermionia

G fermionia is bosonic.

8 (0 .
0n) = db0 .0 + () * 0..80

B

-E = deSELPS-iBXIPS + iBX
- &Ca 8X(P) + ICaX(P)-

- Ca CbddX(P)

for X = 664X-88X ( : right action

f
= t[(s((8380- 88/X(P) + 5 Ca(388X(P) = 0

.



BRST closed

BRST exact
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Remarks

· God = 0 (exercise

O is said to be when 80 = 0

when U = d ( ) .

By od = 0
,
BRST exact > BRST closed.

· 5 = Se - GB( . (X(0) -=B)
... The gauge fixing term is BRST exact.

· Bh = 0 by ward identity.

If &Bf = 0
,
then

(f . Oph) = ( )
+
<(b(f h) = 0.

In particular, if fl , -ifn are BRST closed,

< f..... fn) does not change under change of fis

by BRST exact ones
,
fit fid hi



BRST cohomology
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These motivate us to consider ·

HBRST = [BRST closed 3/[BRST exact

A proposal :

Physical observables are BRST cohomology classes
.

(States ( (States

There is another symmetry : ghost number Ngu

B5 C

Ngn 0 0 +1 1

O increases Ngn by 2
, (Ngn ,

6) = 1

F = 3 Observable of Ngu = i

=>G : Fi - fit

Hirst(F) = Ker( :F= f)/[m( : F-F.
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We may also integrate-out B :

- 57(b ,
5

, c)
z =jd e

Mx 9 x Y

5 = Se(P) ++ x() + c - G
-XIP)

This is also obtained directly from D &&.

This system also has BRST symmetry

= GeP
,

db5 = -& X(P) = from EOM : B= X(P)

doc = - f(c. ).

But God = 0 holds only on-shell

(EOM G
,
X( = 0 is needed).



Lorentz gauge
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Back to the case of gauge theory :

Mr M = <(Ap() , P(u) , ↑(u) ,

... ) field config.

Du G =< gi/G-valued function

of m Lie (g) = < Ecks/o-valued function]

As gauge fixing function
,

we can take

X(A](() = 0*

A
,
(k)

deX(A)() = 0 D
,
E(x)

gauge fixed Lagrangian

[E = Le +2B - iB . !An + 2.DxC

Inverse Wick rotation to real time

(with B- -iB ,
J-oi5 a 3 + e23 for convenience)

E = h + eB - B . c A
,

- i5dD
,
C
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BRST symmetry :

&Ap = pC , 60 = - co
, 64 = - CH

GB = o

8 I = iB

obC = - [ (c , C]

The version where B is integrated out :

I = L - z(0An -i Dr

85= An

&Bl others) = same as above
.

3 = (0 , 0) is called the "gunge parameter".

physics should not depend on its value.

(3X0 is also considered.



the gauge fixed system has a huge number

unphysical degrees of freedom.of

22

We may use this as the new starting point for quantization .

For example, we may convert this via Legendre transform

to Hamiltonian formulation and then perform the

operator quantization.

This is now possible thanks to -t (0An:

IWithout that, Ao would have no kartin term

and hence no conjugate momentum.

HoweverAo has wrong sign Kinetic term (note 350

-ter(o) which yields negative norm states.

Also the ghosts with Kinetic term i also yield
zero & negative norm states. (Lec3 ,

Exercise (2)]

As the existence of such negative/zero norm states

indicates,



select physical degrees of freedom.

The proposal is to take the BRST cohomology to
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This is the quantum counterpart of the huge gange
symmetry in the classical system : the gauge

transformations (A
.

P .
4...) (AS, D,

4? - > are

regarded as unphysical change of field configurations .

For example ,
the space of physical states is

the BRST cohomology of states

Cphys : = Hirst (2).

It is expected that this consists of positive norm

states only
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Remark (not needed in the present course (

There is a way to quantize gauge theories

without introducing ghosts.

See the additional notes for details.


