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Brane Tilings

"Brane Tiling" (2005~, by Hanany et. al.):
A bipartite graph (dimer) on T? (+ extra conditions).

Brane tilings are powerful techniques to study 4d
N = 1 superconformal quiver gauge theories.
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Quiver gauge theories

Vaxaw

Quiver(fAr): "portable case for holding arrows", an oriented graph

Quivers are useful graphs to remember complicated
gauge theories.

We consider 4d gauge theories.

vertex=gauge group (rank bifundamental
all equal to N) O (N.N) ®
arrow=bifundamental U(N) U(N)

AN
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Brane tilings are useful to study quivers

We can make superconformal quiver gauge theories
from CY manifolds. Brane tiling tells you which quiver
you have from which CY (and vice versa).

Brane Tiling

{ Quiver Gauge J

Theory { Toric CY ]

Applied to AdS/CFT(N = 1), and had great success.
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Brane tilings are really branes

So far, brane tilings are simply graphs.

BUT it was later clarified that brane tilings represent
physical brane systems of D5-branes and NS5-brane
(brane tilings are really branes!) .

On the worldvolume of D5-branes, we have 4d N =1
superconformal quiver gauge theories.

2007/Nov/26 @ SNU —p.5/51



Meaning of deformation of brane tilings?

Since now brane tilings are not simply graphs, but
really branes, d.o.f. of deformation of branes should
have physical meaning.

4 N
Question: Physical meaning of deformation of branes in

brane tilings?

Answer: exactly marginal deformation in quiver gauge
theories

%
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Brane configurations

First we prepare N D5-branes. When N D5-branes
coincide, we have U(N) gauge theory.

In order to obtain (3+1)-dim. theory, we compactify two
directions of D5-brane on TZ2. Then we have 4d U(N)
SYM on D5-brane.

We still want obtain multiple gauge groups!
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Brane configurations

Stack of N D5-branes are divided by NS5-branes into
several regions, then SUSY is broken to A/ = 1 and
we have multiple gauge groups.

NS5 D5

NS5
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Brane configurations

Due to conservation of NS-charge, D5-brane actually
becomes (N, k)-branes. (k = 1,0, —1 in this talk)

—
A
Wai

-\
®
</%Y‘\

BlueRegion: (N,1)-brane  Dimer Model
Red Region: (N,—-1)-brane
White Region: (N,0)—brane

2007/Nov/26 @ SNU —p.8/51



Brane configurations

U (N) gauge groups lives only on (N, 0)-branes.

We have a bifundamental for each intersection pt of
(N, 0)-branes.

From this we can read off quiver!

Blue Region: (N,1)-brane
Red Region: (N,—-1)-brane
White Region: (N,0)-brane
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Superpotentials

A7 1 g

Blue Region: (N,1)-brane
Red Region: (N,—-1)-brane
White Region: (N,0)-brane

W = trX»3 X33 X32 — trX33 X31 X713 + trX13 X31 X120 X01 — trXo3 X32 X01 X712
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Superpotentials

W = trXo3 X33 X32 — trX33X31 X713 + trX13X31 X12 X201 — trX23 X3 X251 X712

In general superpotential are

W:Z hktl‘H(I)I,

k Ick

Here I € kK means I is one of corners of the face k
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Correspondence with bipartite graphs

Place black vertices on (N, 1)-brane, white vertices on
(N, —1)-brane. Connect vertices for each intersection
point. Then we have a bipartite graph on T?2.

B
/
T

BlueRegion: (N,1)-brane  Dimer Model
RedRegion: (N,-1)-brane
White Region: (N,0)—-brane

Quiver (or its lift to T?) are dual to bipartite graphs.
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D5/NS5-system

Summarizing, the brane configuration is:

0O 1 2 3[4 5 6 7 8 9
D5 o o o o 0 ®
NS5 | o o o o | X (2-dim surface)

D5-brane worldvolume: R* x T2
NS5-brane worldvolume: R* x X

Projection of NS5 to 5 and 7 directions: brane tiling
(coamoeba)

Projection of NS5 to 4 and 6 directions: (p, g)-webs
(amoeba)
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Brane tilings are really branes!

- Important Point ~

Brane tilings represent (projection of) configurations of
physical D5-branes and NS5-branes, which realizes

qguiver gauge theories in string theory.
\_ )

This is important not only conceptually, but also for practial
applications!
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A note on string coupling

Actually, we have so far talked about the limit gs¢r — oo.

Real shape of branes: difficult to determine in general
(we need to solve EOM), but can be analyzed when
gs — 0and gg¢ — oo.

When g — oo, Tps > Tnss, thus D5-branes become
flat and NS5-branes are orthogonal to D5-branes.

NS5 D5

NS5
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Weak coupling

Consider the weak coupling limit g — 0. Then

Tnss > Tps

Then NS5-brane worldvolume X is a holomolophic curve
W(x,y) = 0in (C*)? where
x = exp (x4 + ix5),y = exp(xe + ix7)

W (x,vy) is a Newton Polynomial of the toric diagram

W(xy)= ) cupx'y
(i,/) EA

where A € Z? is the toric diagram.
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Exactly Marginal Deformations

Consider deformation of 4d A/ = 1 superconformal
quiver gauge theories preserving conformality.

Parameters in theory: gauge coupling g, and
superpotential coupling hy

Conformal manifold : {8, = Br = 0} C {ga, I}

Usually only isolated solutions, but when we have
SUSY, B-functions are not linearly independent and
marginal deformation exists.
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NSVZ S-function

Gauge coupling g,

d 1 N

Pa = ‘ud,uga 1— g2N/87?

(sum over fields coupled to SU(N),)

Superpotential coupling hy

_d,
.Bk—ﬂd”hk— hy

)

I€k

3——2(1—71)

IEa
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NSVZ g-function

Rewrite g2 by g2, which is given by
() = (1-8) 1 ().
87 8772 83

1, d 1 1
~Pa = 7 =3 — = (1_')’1)'
NP HaunNg? zlg

Then

Br _  d ( 1
=p—logh,=3—) (14+>91]).
hy du Iek 2
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RG-invariant combination

Since B-functions are not independent, we search for linear
combination (coefficients S, and Sj) which vanish.

1 /
pisal = DSanPa— L Sipt

;sa [3— % Z(l—w)] +;Sk [3— 2 (1+;W)]

I€a I€k

= 0.

This says (D =y, stV N;,z — ¥ SV log . is RG invari-

ant and thus parametrize conformal manifold.
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The number of parametersis d — 1

Since we have linear equation in ¢y, we have

Y S.=) S

acl kel

In other words, we can assign number b, to each cycle u
such that

Here S4 and Sp are adjacent to each other with cycle u.

Thus the number of parametersisd —2+1=d — 1
(d — 2 chocies of b,, and extra one comes from

overroll shift of S4)
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Special marginal deformations

We have following two special marginal deformations,
Irrespective of the details of bipartite graphs.
sV=1 va, bV =0 vu
RG-inv. quantity,
1
V=Y <7 ;log i ~ 1/(NgJiag)

a a

which is roughly gauge coupling ggiag Of diagonal SU(N):
f(l) ~ 1/(Ngc21iag)'
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B-like deformation

Another is
51(42) — QNS5 for (N, QNS5) face A, b;,z) =1 ‘v’,u

RG-inv. quantity is

3 = Y+ loghy.
k

Depends only on superpotential couplings, not on gauge
couplings. Generalization of B-deformation in A/ = 4 case

These two marginal deformations will play important
roles in later discussions.
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Inclusion of 68-angle

So far: real parameter, but
superpotential couplings : complex gauge couplings:
complex parameter with 8-angles

0, I471'1’
2 g2

Tg =

Thus we have d — 1 complex parameters.
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Analysis in the strong coupling limit

D.o.f of deformation of brane tilings? we can change
the position of cycles of NS5-brane in T2. Thus we
have d(=# of NS5 cycles) parameters.

But we actually have to subtract 2, since T? is
translationally invariant.

We have to preserve N’ =1 SUSY
Condition

Y~ (NS5-charge) X (Area) = 0.

faces

We thus have d — 2 — 1 =d — 3 parameters.
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Analysis in the weak coupling limit

N =1 SUSY should be preserved.
The SUSY preserved on each D5-brane is

ex = (Z/|Z])eq
Here Z is the central charge of D5-brane:

dy
Z= dlogxAdlo :jaf log x™Y
D5 5% 5Y dD5 5 y
Here dD5 is the 1-cycle, coming from the intersection with
NS5-brane.
Since these should coincide,

argZy = argZy = + -+ = argZ,,.
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Counting number of parameters

First, 3 out of all the coefficients of Newton polynomial
can be eliminated.

Furthermore, BPS condition gives 2S — 1 relations
since it is known that we have 2S5 gauge groups.

Thus
2(I+d—3)—(25—1) =d —3,

Here I is the number of internal lattice points of toric
diagram and we have used Pick’s theorem

d
S=1I1+,—1.
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Untwist

If we want to know the shape of moduli, not simply
dimension, we need to know the boundary of D5-brane on

NS5.
Actually, we can read off that cycle from the figure of strong

coupling. This is called untwisting [Feng-He-Kennaway-Vafa].

/ﬁﬁ W
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Example of untwist: C>
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Example of untwist: C>
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Example of untwist: Fy = P! x P!
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Example of untwist: Fy = P! x P!
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Result of Untwisting

The surface X we obtain after twisting is the curve of
NS5-brane (i.e. W(x,y) = 0). Therefore, by
untwisting, we can go to weak coupling.

Winding cycles of T? are mapped to boundaries of T

D5-branes (regions of T?) are mapped to winding
cycles of X.
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Example of untwist

P(x,y) = y(x — %) + (x = x,) (x — x5), %0 = —1
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Example of untwist

The cycles of D5 after untwist is
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Example of untwist

central charge Z is

71 = %logxﬂ = 2mi(Logx, — Logxy),
1

Yy
dy :
Z> = ¢ log x? = 2mi(Logx, — Logx,),
2
dy : :
Z3; = ¢ log x? = 2mi(Logxs; — Logx, 4 27ri),
3

and thus BPS condition is

1= |xa| = [xs] = |24,

which means moduli is (S')2.

2007/Nov/26 @ SNU —p.31/51



Complexification of parameters

So far, we have d — 3 parameters from deformation of
brane tilings. These parameters should also be
complexified, just as in gauge theory side.

Answer: Wilson line of U (1) on NS5 cycles

W= f A
Ky

Checked by SUSY transformation of NS5 fields
We thus have d — 3 complex parameters
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Comparison of parameters

As we have seen, we have
gauge theory side : d — 1 complex parameters

brane tiling side: d — 3 complex parameters (both in
strong and weak coupling limit)

Relation between them? How to account for discrepancies

in number?
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Identification of parameters

diagonal gauge coupling < Cs7 + ie~?,
B-like deformation <« C 4 iBsy,
other d — 3 deformations <«
(geometric deformation) -+ i (Wilson line)

We can make more detailed identification of
parameters (explicit formulas relating them can be
written down).
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Summary of brane tilings

Brane tilings, which are bipartite graphs on T?,
represent physical system of D5-branes and
NS5-brane.
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Summary of brane tilings

Brane tilings, which are bipartite graphs on T?,
represent physical system of D5-branes and
NS5-brane.

The brane system realize a large class of 4d N =1
superconformal quiver gauge theories in string theory.
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Summary of brane tilings

Brane tilings, which are bipartite graphs on T?,
represent physical system of D5-branes and
NS5-brane.

The brane system realize a large class of 4d N =1
superconformal quiver gauge theories in string theory.

Brane tilings are powerful techniques to study quiver
gauge theories. Clarifies relation with CY, gives quiver
and superpotential, and has application to AdS/CFT...
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Summary of our work

We have studied marginal deformation of a large class
of N/ = 1 superconformal quiver gauge theories
described by brane tilings.
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Summary of our work

We have studied marginal deformation of a large class
of N/ = 1 superconformal quiver gauge theories
described by brane tilings.

Generically, we have d — 1 complex parameters,
where d = (the number of NS5-brane cycles) =
(perimeter of the corresponding toric diagram).
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Summary of our work

We have studied marginal deformation of a large class
of N/ = 1 superconformal quiver gauge theories
described by brane tilings.

Generically, we have d — 1 complex parameters,
where d = (the number of NS5-brane cycles) =
(perimeter of the corresponding toric diagram).

Out of d — 1 complex parameters, d — 3 correspond to
deformation of branes in brane tilings and U (1) Wilson
line, and other two (diagonal coupling and B-like
deformation) correspond to background fields.
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Brane tilings have many problems yet

Non-conformal case, fractional brane, cascading; flavor
D7

How to understand R-charge? a-maximization?
3d dimer? N/ = 2 SCFT? AdS4/CFT3? [Lee and others]

The shape of brane tilings in general g, work in
progress

Extension to orientifold [Franco et. al.], work in progress

How to understand dynamics of A/ = 1 theories, such
as gaugino condensation, x-SB? Find new
phenomena in quiver gauge theories?
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Relation with various topics

Application to mathematics, rigorous proof of
homological mirror symmetry [Ueda-Y]

Application to phenomenological model building. DSB,
metastable vacuum, gauge mediation

Inclusion of other dimension of branes? Solitons in
quiver gauge theories?

Relation with amoeba, tropical geometry. Unexpected
relation with soliton systems, work in progress

Relation with crystal melting, 3d Young diagrams,
Nekrasov’s formula, topological strings..., work in
progress

Equivalance with approach using derived category?
Tachyon condensation, stability?
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A crazy dream of a "brane-tilinger"?

Lattice

gauge
theory

Ta%hvon Brane String
condensat T Pheno.
on Tiling
Instanton
counting
Top.

String
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More detailed correspondence

First, BPS condition is (when axion is zero)

/}_ Q(z)d*z = 0.

Here Q(z) gives NS5-charge at z in T2. Q(z) can be
written as follows

d
Q(x°,x") =Y gu(x®,x").
n=1

Here g, is a step function at cycle u
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BPS condition : parameter (,

Define
Cy:/ qy(x5,x7)dx5dx7,
Fo
then
d
2:€;:==0r
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Gauge/superpotential coupling

SU(N), gauge coupling can be read off from DBI action of
D5-brane and

1 1 A
Ng2 Ng2  4nNgsn!

Here A’ is a area of face a.
superpotential coupling is comes from string worldsheet

wrapping (N, 1) face

a7 / A
— log |hi| ~ —log (e Ak/(z’”‘)) = 27_[’;,
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Gauge/superpotential coupling

Thus

Ng’z ~ Aa, — log |hk| ~J Ak.

a
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RG-invariant quantity

) = ZS;I)AA = / S (28, x7)dx>dx”,
~ F

Here (D (x5, x7) is the value of S, at (x%,x7). Since

d
S (x5, x7) = y bP(,I)qy(xS,x7) +oe,
n=1

d
f(I) — Z b,(f)gy +c.
n=1
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Correspondence with background fields

First, diagonal gauge coupling corresponds to ¢, which is,

1 N Atot

c — f(l) ~ .
Nggliag o'e?

Second, B-like deformation corresponds to
d
f(z) — Z gy —+ c.
u=1

Zﬁzl (., = 0 by BPS condition if axion is zero, so making

this non-zero corresponds to axion.
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Appearance of (N, 2)-brane

In general, we have (N, k)-branes with |k| > 2, whose
gauge-theoretic meaning not understood 1 :

al - 4
AN
1 < 1 . < 1 <
y{ g+ ¢ [ i
q 1 q it
\/ / A o
o] / ] P A
\

- SO
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"phase diagram” in the strong coupling
limit
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D3-brane probing Calabi-Yau

Consider non-compact CY with cone-singularity
Assume CY is toric (specified by toric diagram)

D3-branes are transverse to CY, and placed at the
apex of CY cone

Tip of Calabi-Yau cone

Sasaki—Einste

Calabi-Yau Con

D3-brane _
transverse to singular
Calabi-Yau
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D3-brane probing Calabi-Yau

It is long belived that we have 4d N =1
superconformal quiver gauge theories

Q: which CY corresponds to which quiver?
A: brane tiling tells us!

Tip of Calabi-Yau cone

Sasaki—Einste

Calabi-Yau Con

D3-brane _
transverse to singular
Calabi-Yau
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Application to AdS/CFT

Most studied case of AdS/CFT:
IIB on AdSs X S° & N =4 SYM

We want to reduce SUSY to N = 1! We replace S° by
Sasaki-Einstein mfd Xs.

Locally
AdSs X X5 ~R*” x 7 C(Xs)
AdSs

~

(du + u2d54> —|—dSX5 = u2d54 + % (du® 4 u*ds%,)

12

IV

Vs

direct product warped product
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AdS/CFT (N = 1 case)

- AdS/CFT (N = 1 version)

1IB on AdSs X X5 (X5: Sasaki-Einstein, C(X): toric CY)

is dual to A/ = 1 quiver gauge theory
\_ Y,

Brane tiling gives gauge theory dual for each toric CY!

~

Simplest prediction:

3 1

where a is the central charge. Now checked for all toric CYs

(under certain assumptions)
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Example of Brane Tiling: L7
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