P (2) P (w) = O (w) P19 (2)
P (2) e (w) = "4 (A) e® (w) P@(2) ,
(0,1) (1,1) @ (2) e (w) ~ (=1) M P=e(A) e (w) e@(2) ,
Il PO (2) FO(w) = =H(A) O (w) @ (2) |
FO2) FO(w) ~ (~1)lalPlgb=e(A)7 O () f@(z2)
(0,0) (2,0) [e( )(z),f(b)(w)} o bw )(2) = (w) 7

Z—w

Quiver Yangians and
Donaldson-Thomas Invariants

Masahito Yamazaki

I P M U INSTITUTE FOR THE PHYSICS AND
MATHEMATICS OF THE UNIVERSE

3bth Geometry Symposium
Aug 31, 2021



Based on

Wel LI + MY
(2003.08909 [hep-th])

Dmitry Galakhov + MY
(2008.07006 [hep-th])

Dimitry Galakhov+Wel Li + MY
(2106.01230 [hep-th])
(2108.10286 [hep-th])

-+ and many works Iin the literature
e.g. Rapcak-Soibelman-Yang-Zhao ('18, '20)

Also earlier works, e.qg.

—irosi Ooguri + MY (0811.2810 [hep-th])
MY (Ph.D. thesis, 1002.1709 [hep-th])
MY (Master thesis, 0803.4474 [hep-th])




O V- Vi en




Doneld Son - Thomas
NV erjonhks

(+oric C T\?)




Doneld Son - Thomas
NV erjonhks

(+oric C T\?)

—
egu e viowt

Doca Zofjon
]

ra

c V)/\S'/'CL/ Me/ﬁ'g\

Ccomb haterics
Tixed pt Set)

[ Q&Z‘i;a))/\




Doneld Son - Thomas
NV erjonhks

(+oric C T\?)

—
egu e viowt

Doca Zofjon
]

-

c V)/\S'/’a/ Me/ﬁ'g\

Ccomb haterics
Tixed pt Set)




Doneld Son - Thomas

NV ey onRS

(-hr{(.

C Ts)

-

)

egu e viowt
Doca Zofjon

—
Cecomb; haterics

Qb\\,v@l/*

c V)/\S'/’a/ Me/ﬁ'g\

Tixed pt Set)

_ (M(i;;\;z) T

W/ B oTay,h'a'
. ep.



( DOHOJAS"H = Tl’)oma\_?

NV ey onRS

(+oric C T\?)

c V)/J'/'a/ Me/‘hD

Ccomb haterics

—

| ,
€C] Wi\Veviowt

\ .Qﬂ&.%&aﬁ%q T xed P \SQ'J‘) |
A O ) St \\ T
/ A N e | (M <€;e‘i‘§5)> /

W/ Fa‘l‘ah’r)'o»l O V‘C
)Q .




D
©
3
o\d
S~
-
[ hem
a S
Ly
V Q
"
| QN
1S

—
TIRN%
w/
Po
ov)
g
|

Q
AN
4
\(
v\&jom S
A
\5dora,



[Ny a ’Ql/LjL“\(;




4
2- +b)
Mou

bi ~

|a

Ca

/I

X
-H'\e,o7
<t;2A)

HE

6//
OJC b roine
B-

f\

//C@



. X
> Ca
é labi ~ SNou 3
- f5)4
/|
<_r10cl 'H’\e,o?/
Y pe ITA)
o Y//

Di=D
N //cod“
Sy of
B
- by
ANE,
6//

¥ & H’*( Y |
K (
> .
) D=
brone
CJ’)
‘E} Q//



. X
> Ca
é labi ~ SNou 3
- f5)4
/|
<_r10cl 'H’\e,o?/
Y pe ITA)
o Y//

Di=D
N //cod“
Sy of
B
- by
ANE,
6//

¥ & H’*( Y |
K (
> .
) D=
brone
CJ’)
‘E} Q//



C ¢ Calabim You 3-)d 1od theoy on X!
é <Tyj>eIA)

08;:»_ Dboohx : //C“Tﬁé"’y OJC B- b'ﬁc""eél/

ch
v w & /fj:*( >(/ <— ‘K(O@) ! P- brane C‘J’wofa e’

+ £ & Stav(X) : stab ity condition  foy
|

L = wah X
28 52 Hi(Xe) -«

YA heort of  beurdey +— S U Cture.

CHOV\J er~ Nora <imhen mea/f)z)



X.\/, 9 N Dov\a-\f:ls-b\rw- Thcmo\g iny.

0= 1
SW“)}W

£ K



Y
6
S
Do
n
ola
S
o -
T
h
< Y)
a
)
in
v

Q% 1
):;
(6)}
Vi
) &
6?

N>
G
Enenc
./__/l
&
7C
A
8
&
.1/
6
N
/
f:arr
iTi'on
fu
n
C
%8
]' o
M

z ©
(3
)H
2,
= )7
A
) 3°

&H
Y
(x, R



>< Y 6) D Do nel C\Sb\n - Themeas iny.

0N°G)= 1 € R
S[M [ﬁﬂw

N> 6_6”&‘/\017'5 7Cvtnc"f/6"') /PGV'TJT?'DVI fuhcﬂoh

Z6(2y= 2, % ng

¥ eHY(x, @)

X Ze(%) ! piecewlde cwnstony Jn 6 & Stab {)()

KOHDC\/llch - Sbi‘jge_/

j;yCC— SNB Tees

Ox :
% ZDT{%> /E ZG\I\/ (3{) » MNOP AN Jectere

85 [ Moulik = Nekrosw - 0kounkdy- Pord hori,oarde\_]






‘N“

Tovus  adHon



X Toric

/\Lg ) & 7 Torws adion "
3/ 5| ped

N & later
[/(L [‘6)3 »DC)Xeoi RO Nt SC"J‘ <—"> Mol ten 0V>/Sfb~‘

<genesza~h oN O)C)

Plcy\@ Pou/'t"f'ov\\s




am p)e (for oyQic 6 & Some ramin
Bronpes | T ey 5)

3 — —
X C Z - E () _ gn)") o M /8> [MQCMQ‘\-»Y)J

v’ _ 2 55 :
Z=MEy IT ~ g .
/zz > V\:, (, _ 6?8“) C)’_ Qﬂg\,\)ﬂ

LYo wng (,08)_]

¥ 0Hye01y _ _ 2 = .
;U 2= M T - a3 gy

1
"P [(Szendrsi (07)_ Your\é (67))



am p)e (for oyQic 6 & Some ramin
Examples - %yc [ 5)

3 m— —_ .
X C Z - E () _ gn>'4 0 M /8> [MQCMQ‘\%Y)J

r > _ ST — !
Z = M3y | . _

C Yo wng (’08)_]

¥ (—I (- — "
TP z =M T (- @i 2"y
"P.'L [Szendnsi (07). Toung ('67)]

— St g +heory explanhation > /'nQC/’Vn' e Proded
[_Aaamaic— O guri — Vedfa. ~ MY (’07)_]



am p)e (for oyQic 6 & Some ramin
Examples - %yc [ 5)

3 m— —_ .
X C Z - E () _ gn>'4 0 M /8> [MQCMQ‘\%Y)J

r > _ ST — !
Z = M3y | . _

C Yo wng (’08)_]

¥ (—I (- — "
TP z =M T (- @i 2"y
"P.'L [Szendnsi (07). Toung ('67)]

— St g +heory explanhation > /'nQC/’Vn' e Proded
[_Aaamaic— O guri — Vedfa. ~ MY (’07)_]

~

— fY)the/MO#’/'CaNy , Ol/)or‘ac,’]‘e_r o

<Some a/cjaloka ?

[L,'e, Suf&ro.‘ae’bmg c—f. Noaaol Nacjdo— MY(/Oy)J



o \ex w/ Po tantio




°Qu‘|\lq/ 2 =(@°/Q,): AN wviented] Srt.qal/\

Ve&riex  aviow)

"

t(swpe) potential VL

mol sum  (over <) f>—§—

{' closed ey Jic Pothy

i hdeP endent oot

) 0’@\/6\( P&\—l‘\ d\%&bm :
-

/W)

the et of for"\sf

(

\I\I/ ‘DVD dwu|— = (bW C_o\’re,\f\wn'b\"\ Jo\wl);a\n 'IC*Q‘“(

&3

2
—(QA\0, 35\ = A
; Z(\z_j) Oxs.LJ



C\a'\“’)\ —

AN\ NN/

For given  Fovic €3 X

’

3 quiver /) relodions

—

N

=0

Db co (X)

=

D tned CR (v )

N °+‘ MV\['?M e,

L. Veaa - MY Uede - Lsh( J
— FVOM V’\b\k) ° -
b L Doved TQ / \
D" ol X 0 Ve (3\/v>
éé "fj;‘allj:\g& | 6 - S'I'Db,e
o0) olf)eqi
DT iw, = DT %V




Qui\lw Q, 2( P"T@\nﬁ'o’\ \/\/ Qv/\, +ovric Y3
T @ v prateny (oot
YGGZ

Ny XY: YX edc.

Ao

X @: ./\5‘ \N:— (A\ Bl Az B))-(A\ Ez A?_B\)
NT— ot
B B, [ Von den BefagJC\b —Fbla\)
AuAx

X Q—_,,‘_% ° & By W= (A\B,QD,)— (A Ba G P2)

Y\ L(fb‘}) B (/\2' B CLDB"’ (ALBZCLDL>

ot [ <73 = Kpipn)



—

———

Cloaim
,._/\/\/\/\/\/

Guiver w) peturtial o~ quiver en
(EQV‘.Odi(‘ qHI,\/Q,\/)

_‘TZ

B=(a.a) & W a-@ a a
“ \ \]2')
W/
[Ho.han)' Kennawey, Fronco, Veahm
[ er{o\/ MY, Tshi (&) J
ezj\ 4:3

W= 2) ~ ()




—

Claim —
A~~~ |
guniver w/ poturtial o~ qUiver en
(lse,v\'pdic. q*uu’vev)
a-@, @, Q2 )
I

W/

)

—‘TZ

Q=(a.a) & W

):Haman/, kennawey, Fronce, VeahW)

Vi




e

Claim -
,./\/\/\/\/\/

Guiter w) prtartal ~s quiver e

B=(Q.a) &N

[Ho.nan/, Kennawey, Fronco, Ve,ahm

4/

_)\Q ée,omeTV/'CC«Q_ VCQSDV\;)’!& .
A%j%@faff'lbw of /_%j?’ﬁ'@?aw ]

Wi yov Je® w\e*fvy /

D5

g =

N

-‘TZ

(tpe,\/rodic_ quive) )
@v ;QQD/ Q\/ Q“/Z_)

W/

4

Z

N

A%

A
- '/V/

N

v¢)

5 N



Shidted

—

\(O\n 1O
7

/

[\/\lei Lo+ MYy (20) -
D}MI_IV)/ Gl'&\a\QV\O\/ —- \/\/&ll L + M Y (/Z—D/




QMNQV‘ Q 2( POTCJV)TJ'Q\ \f\/ o~ Tovic C Ya

£ a= (I We T (xYz-x2Y) (cvas )
00z
\'\L h3 \’\rl- If\L-i' ‘/\3 =0
hi L\L
A B
¥ @: .Q‘ W:. Y% (A‘Bl A),Bl— A‘BZ AZ.B\)
=</
‘\'/ ( CY; = Mnf—ﬁzld\)
\(\3 EI Bz‘\qq.‘

}')/-f o + h3-1-hq,=o

e_A@e/



Gwemﬂd/ (Z: 5F€¢Tr“ol pPorane Ter>

—

too  (a) o0 w(a)

)= s ()= >

ANV n=0 < NNV
_— —
= \a, L QUi Vet e
/I
| h— shifted
Zam greding . N\ Qviner Yorgjen’

|a\={ o (Fedge T sx T stors ond endy oF )
1

( ©thev Wf&‘e)

odd —_— Q
O N 9 'Q\/m
el O e N

e



“~” means equality up to 2"2%w™ and z"w™=Y terms

bohdl“g ‘P%f\w — T~

a=>b _ 1lie{b—a} (U a hI)
"7 (u) -
1X7¢{a—b} (u o I)

/




V@ (2) P (w) = P (w) 'V (2) |
P9 (2) e (w) > "7(A) ¥ (w) (), £
| D(2) e (w) ~ (~1) I (A) €O (1) ()
() fO(w) = "7 (A) T O (w) 9 (2)
f19(2) fO(w) ~ (=)= (A) 7 fO(w) f19(2)
€9(z), fO(w)} —5“bw(a)(z) — w0 w) ,
< — W
“~” means equality up to z"w™=" terms
“~” means equality up to z"=%w™ and z"w™=° terms
boho\itg focdo~ — ——_

SOa:;%)(,uj) _ :.—[Ie{b—m} (u + o)
B :jlei{a—>b} (u— hr)

/




(2 2\
X r° ~—~ Q= O‘b ~ \( (&Q\>
‘\ [Miki; Ding-lohara;:--
| W= Tr (X Y2- X2 Y) Feigin, Tsymbaulik; Prochazka;

Gaberdiel, Gopakumar, Li, Peng,- -]

— /N
¢ om0 B~ T
D W= Ty (A By AR - A1 B2 A B,)

NG 3(3 = 220" s N (ggm/n ) [Rapcak; Bezerra-Mukhin]

cf. [Nagao-MY "10]
B RN

k gencral twic (T~ (R W)

[ nas s oy
N\ CX*



X W
O We,  ean ' |
o\e,jl,n@ v o smetri e /el 1;1{(_ ey oy
(Fort 1da) )
Grolakhe- L — MY / 0&7
o\ So X L,
\S /\/3 SthO.— \/\)O‘“ﬂl/\c\ae

-

Y @Qw) — 7,
| ) /@(QI \/\)> — ET_ (Q\\,\))
Tver Yorgion To roided QYT
Fotiene _h/éjo"th,’L P C
(&j%'m TOV@@\) ( 7Uevtun, TwofcloQ)

X Ve e\
\ P&é &/‘aﬂa Hrom fﬂwm&q 5%9 | ow)
CEOCLG""\ c/e%OW\bQ%j/



Re pre senwtofions "JQ/DVV)

/ o

Ci 37“0«[ Me 14 n
J
~— 5\

cf. earlier developments on quantum toroidal algebras (Ding-lohara-Miki)
and affine Yangians by [Feigin, Jimbo, Miwa, Mukhin; Tsymbaulik; Prochazka;
Rapcak; Gaberdiel, Gopakumar; Li, Peng,-]



QX@W‘P\C - C\B [Okounkov—ReshetikhinjVafa; lgbal, Nekrasov,...]
h| Ve /Y @Z oh sz-
b Q- P
\ Z D
n g\} hv AAD /KX l‘\ N \ -'<PMM ~;’:'V‘om p)
W= (X Y2)—( xey) Y N ~ / /(m\otiom)
/ \3 / X Ze |
AN A i .
% | | D
PR
//// \\\\

Uh me f&y) | \\
e /%




QX@VV‘P\C - @3 [Okounkov-Reshetikhin-Vafa; Igbal, Nekrasov,...]
Flahe, F@k‘ﬁ‘ﬁoy)
\
|
T // N
7 T~ PP \\\
d N L T
R\ rd ﬂ> N
/L ! \ P y,“ \E
7 RSN
SIS
(\n melten
W’al‘l"e,y\
b N> finle  ses
_/_ ( 5}7@_(_ [X|(9'.ZJ

S4. Coem p lement 18 an

\

————

e ] of  poth ag_



The story generalizes to
an arbitrary toric CY3

[Ooguri-MY '08'09]
See also [Szendroi; Mozgovoy, Reineke; Nagao, Nakajima; Ooguri, MY,;
Jafferis, Chuang, Moore; Sulkowski; Aganagic, Vafa; -]
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Representation by crystal melting [Li-MY "20], inspired by [FFJMM] and [Prochazka]
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Representation by crystal melting

[Li-MY "20], inspired by [FFJMM] and [Prochazka]
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Representation by crystal melting

[Li-MY "20], inspired by [FFJMM] and [Prochazka]
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Highly non-trivial cancellations!
For example, for one of the Serre relations of Y (gls)1)

Res

21 422,W1 , W

Sy, [ 0), [ ), 69 (z2), eV ) }

(AJA1]|Ag) =

1 1 1 1
2.4.1,3|= — — 4.2.1,3|=— — 2.1.4, 3= — — 1,2.4,3|=—
I: 9 ) 73] 4 ) [ 9 ) 73] 96 ) [ ) ) 9 ] 48 ) [ ) Y ) ] 32 )
41,23 =~ (L4238~ . [41,32= -~ [1,432=— —
) ) ) —64 9 ) ) ) _64 ) ) 9 ) - 64 ) ) ) ) - 64 )
2h1 + ho 2h1 + ho
2.4,3,1|= 4.2.3,1|=
[ T ] 24(4h1 +FL2) ’ [ T ] 48 (4h1 +h2) ’
2 2 2h1 + ho) ?
[2’ 3’4’ 1]: ( hl + h2) , [3’ 2’47 1]: o ( 1 + 2) ,
12 (4h1 + hg) (4h1 + 352) 12 (4h1 + hg) (4h1 + 3h2)

2h1 + ho (2h1 + h2) 2
4735271:_ ’ 3547251:_ )
[ ] 48 (4hy + ho) [ ] 24 (4hy + ho) (4hy + 3h2)

2h1 + hso 2h1 + ho
2.1,3, 4]= — C1,2,3,4]= ,
[ T ] 24 (4hy + 3h2) [ ] 16 (4h1 + 3hs)

2Ry + hy) 2 2Ry + hy)?
[2737174]: ( 1+ 2) ) [3723174]:_ ( 1+ 2) )
12 (4ﬁ1 + hg) (4h1 + 3h2) 12 (4ﬁ1 + hQ) (4h1 + 3ﬁ2)

2h1 + hso (2h1 + hZ) 2
1737274:_ ) 3717274: ’
[ ] 16 (4h1 + 3h2) [ ] 8 (4h1 + hg) (4ﬁ1 + 3h2)

2h1 + ho (2h1 + h2) 2

4,3,1,2|= ,13,4,1,2]= :
[ ] 32 (4h1 + hg) [ ] 16 (4h1 + hg) (4h1 + 3h2)

2 2 ho) 2
[1,3,4,2]=— i+ hz 3,1,4,2]= (2 + ha)

32 (4hy + 3hy)

16 (4hy + hg) (4hy + 3hg)

[Galakhov-MY "20]

=11,2,4,3] +[1,3,4,2] — [2,1,3,4] + [2,1,4,3] — [2,3,1,4] + [2,4,1, 3]+
+02,4,3,1] — [3,1,2,4] + [3,1,4,2] — [3,2,1,4] + [3,4,1,2] + [3,4,2,1]—
- [4,1,2,3] - [4,1,3,2) - [4,2,1,3] - [4.3,1,2) = 1 |
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