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1 Linear potential evolution

In comoving coordinate, the Poisson equation is written as

∇2
xΦ(x, t) = 4πG ρ̄ a2 δ(x, t). (1)

The equation holds (of course!) at an initial epoch t = ti:

∇2
xΦi(x) = 4πG ρ̄i a

2
i δi(x). (2)

Note that we have explicitly denoted ∇2
x, differentiation with respect to the

comoving coordinate x. By noting ρ̄a3 = ρ̄ia
3
i for matter, and that the linear

evolution of density perturbations is given by

δ(x, a) = D(a) δi(x), (3)

where D(a) is normalized such that D(ai) = 1, we rewrite equation (1) as

∇2
xΦ = 4πGρ̄i

a3i
a3

a2 δ = 4πGρ̄ia
2
i

ai
a
D δi =

ai
a
D∇2

xΦi. (4)

The potential is simply related to the initial one:

aΦ(x, t) = DaiΦi(x). (5)

2 The Zeldovich approximation

We use the linearized Euler equation to obtain the corresponding velocity
field for a given density distribution in the early universe:

v̇ +Hv +
1

a
∇Φ = 0. (6)

You can easily check that the solution is given by

v = −ai∇Φi

a

∫
D

a
dt. (7)

It is important to notice that the above solution can be written as

v = f(t)∇Φi. (8)

That is that the velocity as a later time a(t) is simply determined by the
local gradient of the initial potential. In other words, in linear theory, a
particle moves on a straight trajectory extrapolated from the initial velocity
vector.
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