GROMOV-WITTEN THEORY AND INTEGRABLE
HIERARCHIES

TODOR E. MILANOV

1. INTRODUCTION TO GROMOV—WITTEN THEORY
Let X be a projective manifold.

Definition 1.1. A stable map (f, 3, z1,..., 2,) consists of
(1) nodal Riemann surface ¥,

(2) marked points z1, ..., z, that are pairwise different and not nodal,
(3) f : ¥ — X is a continuous map, holomorphic away from the nodal
points,

such that the automorphism group of the configuration (f,3, z1,...,2,) is fi-
nite.

It is not hard to see that a map is stable iff the following holds. Let >y be
an irreducible genus-go component of ¥ contracted by f and let ng be the total
number of marked and nodal points on ¥, then 29y — 2 + ng > 0.

Definition 1.2. Two stable maps (f, 3, z1,...,2,) and (f', ¥ 24,...,2]) are

’rn
called equivalent if there exists a diffeomorphism ¢ : 3% — Y/ such that:

(1) f=f'op,
(2) ¢(zi) = 7 (1 <i<n),
(3) ¢*5' =4, where j and j' are the complex structures on ¥ and 3.

Given two non-negative numbers g and n and a homology class d € Hy(X;Z),
we denote by Mgm(X ;d) the space of equivalence classes of stable maps
(f,%,21,...,2,) such that ¥ has genus g and f.[X] = d. Sometimes we will
denote the space by X, , 4. We refer to it as the moduli space of stable maps.
Using sequential convergence, one can introduce a topology and then it is a
theorem of Gromov [7] that the moduli space is a compact topological space,
i.e., every sequence has a convergent subsequence.

In general, M, ,(X;d) is not a manifold or an orbifold. The reason for this
is that the infinitesimal deformations of a stable map might have obstructions,
so we can not always extend them to actual deformations. Nevertheless, one
can define a homology cycle, called virtual fundamental cycle, such that the
integration theory on the moduli space is the same as if M, (X,d) were

compact complex orbifolds.
1
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1.1. Deformations of stable maps. We consider a simplified version of the
deformation theory of a stable map. Namely, let (X, z, f), 2 = (21, ..., 2,), be
a fixed stable map. We classify the infinitesimal deformations of the map f
and their obstructions, keeping the Riemann surface and the marked points
fixed. Choose an open covering {V;} of ¥ by holomorphic disks and let U;
be coordinate charts of X such that f(V;) C U;. In each chart U; we pick
coordinates and so on each V; the map f is represented by a collection of
holomorphic functions u; = (u},...,uP), D = dim¢X. Finally, let g;; be the
transition functions between the charts U; and Uj, i.e., u; = g;i(w;).

Case 1: 1-st order deformations. Let w; = u;+e€v; be first order deformations.
Compare the coefficient in front of € in the gluing identity u§ = g?i(a}, oo ub).
We get:

D
(1.1) u=> a5

which implies that the vector fields > v?-2: € T'\(V;, f*TX) glue to give a

a J ou?
global section of f*T'X, i.e., the 1nﬁn1tes1mail deformations are classified by
H(X, f*TX).
Case 2: 2-nd order deformations. Let @; = u; + ev; + €2w; be a second order
deformation. Comparing the coefficients in front of € in the gluing identity
uf = g5,(u;) we get:

2
w® = 8931Z Wbt 0 9j: bt
J ou? ' 20ubdus Y
ie.,
0 295 0
1.2 ¢ I b
(12) 7 Qus Zwla b Zaubauc ’ ’8u‘“

The LHS and the first sum on the RHS are elements respectively of H(V;, f*T X)
and H°(V;, f*TX). We denote the second term on the RHS by wj;. A di-
rect computation (using also formula (1.1)) shows that wy; = wy; + wy;, ie.,
w = (wj;) give rise to a Cech cocycle. Let [w] € H(X, f*T'X) be the cor-
responding cohomology class, then formula (1.2) means that [w] = 0, so the
obstructions belong to the cohomology group H'(X, f*TX).

Let 7y, be the sheaf of holomorphic vector fields on ¥ which vanish at the
marked points and at the nodes. A similar argument shows that H'(3, 7x)
classifies the deformations of the complex structure on 3, and H°(X, 7x) are
the automorphisms of (X, z). Finally, for s € Sing(X) let 77 and 77 be the
tangent spaces at s to the two branches of ¥ that meet at s. Then T, ® T? can
be identified with a space of infinitesimal deformations of (¥, z, f) which come
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from resolving s. Namely, let x and y be coordinates on the two branches and
let €0, ® 0, € T, ®T'. In a neighborhood of s the Riemann surface is given by
the equation xy = 0 and we resolve the singularity by deforming the equation
into zy = e.
The following space is called virtual tangent space
H'(S,T) - H'2, To) + @@ TL@T!+ H(S, f*TX) — H'(S, [*TX).
s€Sing>

It should be understood as an element of the Grothendick group of vector
spaces. Using the Riemann-Roch formula:

dimcH°(%, E) — dimc H' (2, E) = tk(E)(1 — g) + /Z c(E),

we find that the dimension of the virtual tangent space is

39—3+n+D(1—g)+/C1(TX).
d

Example. If X is a manifold whose tangent spaces are spanned by global
vector fields H(X, TX) (e.g. Grassmanians, flag manifolds) then H' (3, f*TX)
0 for all genus-0 curves Y. This implies that the obstructions vanish so the
moduli space ﬂo,n(X ,d) is a compact complex orbifold.

Example. If the degree d = 0, i.e., the maps contracts the curve to a point.
We have M, ,(X,0) = Mg, x X. On the other hand H°(X, f*T'X) = Tjx)X,
HY(Z, f*TX) = H(X, Os) ® Ty X, so the tangent bundle is given by

T=Ty,, +TX-EQTX,
where E is the rank-g bundle on M,, whose fiber at (3,p) is given by
H'(Z,0y) (the dual to this bundle is known as the Hodge bundle). Since

the obstructions form a bundle we have that the virtual fundamental cycle is
the Poincare dual to the Euler class, i.e.,

/ a:/ a~ Euler(E® TX).
Mg,n(X,0) Mg nxX

1.2. The Mori cone. The space of all fundamental classes f.[%] of holomor-
phic maps f : ¥ — X is called the Mori cone of X and it is denoted by
MC(X).

Proposition 1.3. For every d € MC(X) there are only finitely many ways to
decompose d = d' + d", where d';d" € MC(X).
Proof. Recall that a Cartier divisor on X is an equivalence class of a collection
{(U;, fi)} of pairs, such that

(1) {U;} form an open covering of X,



4 TODOR E. MILANOV

(2) fi # 0 are meromorphic functions on U;, such that on the overlaps
U; N Uj we have fz/fj S O;}(UZ N Uj)
Here O is the sheaf of holomorphic functions on X that take only non-zero
values. Two collections {(U;, f;)} and {(U/, f/)} are equivalent if after passing
to a common refinement {V;} of the two coverings we have: f;/f/ € O%(V;).
The set of Cartier divisors is naturally an abelian group:

D =AU f)}, D'={U: f;)}, D+D":={(Us fif)}

Given a Cartier divisor, we can construct a line bundle L(D) on X as follows.
On the open covering {U;} we set L(D)|y, = U; x C and on the overlaps U; NU;
we glue the two copies of the line bundle via the isomorphism:

UxC—U; xC, (z,A\)— (z,f 1 fi\).

Note that the sheaf £ of holomorphic sections of L can be identified with a
subsheaf of the (constant) sheaf of all meromorphic functions on X: L[y, =
Ou, f'. Tt turns out that on a projective manifold all line bundles arise this
way. Moreover, L(D) = L(D’) iff the functions f;/f! glue together to produce
a global meromorphic function on X. In this case the divisors D and D’ are
called linearly equivalent.

From a Cartier divisor D = {(Uj;, f;)} one can construct a homology class
as follows. Let V' be a codimension-1 subvariety of X. Then the local repre-
sentatives f; of D have zeroes or poles of certain order along V N U;, which if

non-zero is the same for all of them and it is denoted by ordy (D). We set

[D] = ordy(D)[V] € Hyp_»(X;Z)= H*(X;Z),
\4

where the sum is over all codimension-1 subvarieties of X and [V] is the fun-
damental class of V. By definition, the first Chern class of L is ¢;(L) = [D].
According to the Lefschetz (1, 1)-theorem the cohomology classes of type [D]
span (over R) the cohomology group H!'(X;R).

A line bundle L is called very ample if there exists an imbedding 7 : X —
CP" such that L = i*O(1). The bundle is called ample if there exists an
integer m > 0 such that L®™ is very ample. The same terminology applies to
divisors via the correspondance between line bundles and divisors. Note that
ample divisors have the following property:

/cl(L(D)) _[D]Nd>0, forall deMC(X).
d

This is because [mD], for m sufficiently large, is very ample, so we can imbed
i: X — CP" and then the intersection number turns into the symplectic area
of the holomorphic map: io f : ¥ — CP¥ (note that the first Chern class
c1(Ocpn (1)) is represented by a Kéahler form known as the Fubini-Studi form).
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The symplectic area of a holomorphic map with respect to a Kahler form is
always > 0.

Our manifold X is projective, so it admits a hyperplane section H which is
a very ample divisor. It can be proved that if D is any divisor then D + mH
is ample for m sufficiently large. Therefore, we can choose an integral basis
{pa}r_iin H*(X;R) such that (p,,d) > 0 for all d € MC(X).

Assume that there are infinitely many pairwise different decompositions:
d = dj + dj. Then the number (d, p,) is decomposed into a sum of two non-
negative numbers (d’, pa) + (d}, pa). So there are infinitely many j such that
(d},pa) = dq is a fixed constant. It follows that d’; (and hence d = d — d are
the same for all j — contradiction. O

By definition the Novikov ring C[Q] of X is the vector space

ClQ] = { Z ca@Q% | cq € (C}
deMC(X)

equipped with the following multiplication:

Z Cd/Qd/)< Z Cd"QdN)Z Z @, ca= Z Car Car' -

d'eMC(X) d"eMC(X) deMC(X) d'+d"=d

The multiplication is well defined thanks to Proposition 1.3.

1.3. Gromov—Witten invariants. First we explain the maps that appear in
the following diagram

My (X, d) —2 s X (f, ) = f() e X
S T s (1<i<mn)
mg,n(Xa d) 0 = (f,Z,z)

The map 7 forgets the last marked point and contracts all unstable compo-
nents. The fiber 771(o) is canonically identified with X, i.e., 7 is the universal
curve. Indeed, if 7(f’, ¥, 2) = (f, %, z) then an irreducible componenet >, of
¥’ is contracted iff it is a copy of CP! contracted by f and such that one of
the following two cases hold:

(1) the only marke points on Xy are 2], ,, and 2] for some ¢ (1 <i < n) and
Yo has exactly one nodal point.

(2) the last marked point is sitting on ¥, and ¥, has exactly two nodal
points,
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The identification is given by

(s, 2, f) Zn41s if no contraction occures
ct(Xg) otherwise

where ct(3y) is the point obtained from the contraction of the irreducible
component Y.
The universal curve 7 has natural sections
sito= (82 f)—zeX2a o).

Introduce the divisor S; = [s;(M,, (X, d))] and let L; = s;N¢ be the pullback
of the conormal bundle to D;. Intuitively L; is the bundle formed by the
cotangent lines T7/%.

From now on we will assume that the cohomology algebra H*(X; C) has only
even degree cohomology classes. Let {¢,}2_, be a fixed basis. By definition
the descendant GW invariants of X are the following correlators:

(1.3) (0, ™, ..o Gan V™) gna ::/ M e (¢g, @ ... @ Ba, ),
[Xg,n,dl

where wl = C (LZ)
Put

[e'¢) N
= Ztkzk, bk = Zti%,
k=0 a=1

where t{ are formal variables. By definition the total descendant potential of
X is the following generating series:

(14 Dx=en (Y Y —Qd (t(), - 60 ).

g,n=>0deMC(X

For reasons, which will become clear later, we change the variables according
to the so called dilaton shift.

to=qo, ti =q +1, t2=¢o,..., where %ZZQ;‘?%-

We introduce the Fock space

(1.5) Cal@lllgo 1 + L2, - ], Cal@] := CQ((R))-

Note that if we set t = 0 and @ = 0 in (1.4), then the correlators can be
non-zero only if ¢ > 1 (due to stability constraints). Therefore, the total
descendant potential is a well defined element of the Fock space (1.5).
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2. FROBENIUS STRUCTURES IN GW THEORY

2.1. Definition of a Frobenius structure. Let M be a small ball (with
center at 0) in CV, equipped with the following structures:

(1) a non-degenerate bi-linear pairing g on T'M,
(2) multiplication e, in 7; M that depends holomorphically on t € M,
(3) a vector field e, such that its restriction to T; M is a unity with respect

to oy,
(4) a vector field E.

The data (g, ¢;, €, E') forms a Frobenius structure on M of conformal dimension
D € C, if the following conditions are satisfied.

(i) g and e satisfy the Frobenius property:
g(X oY1, Ys) = g(V1, X 0Y3),

(ii) The one-parameter group corresponding to £ acts on M by conformal
transformations of g, i.e., Lgg = (2 — D)g,

(iii) e is a flat vector field: V“Ce = 0, where V¥ is the Levi-Civita
connection of g,

(iv) The connection operator

N
(2.1) VvV =vhe ! Z Oy, & dt; + (z’Q Ee —271 u) dz,
i=1

where
D
po=V-H(E) - (1 - ) TM — TM
is the Hodge grading operator, is flat, i.e., V2 = 0.

Remark. The flatness of the family of connection operators implies that e;
is commutative and associative and that there exists a function F(7), called
potential of the Frobenius structure, such that the structure constants of the
multiplication e, are given by the third partial derivatives of F) i.e.,

g(0/07" 8, 0/01°,0/07¢) = *F/(0r*0r°01°),
where 7 = (71,...,7") is a flat coordinate system on M.
2.2. Frobenius structures in GW theory. Let H := H*(X;C[Q]). Using
genus-0 GW invariants we will equip H with a Frobenius structure. Let g =

(, ) be the Poincaré pairing. Note that if we set 7 = 25:1 7%, € H then
(r%,...,7V) are flat coordinates. The qunatum cup product is defined by

d
(¢a b d)ba d)c) - Z %<¢a7 d)ba d)ca Tyeon, T>0,3+n,d'
d,n ’
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Assume that the basis {¢,}, is homogeneous and let dege ¢, = deg ¢, /2.
We introduce the following vector field on H:

N
E = Z(l — degC%)Taai + 1 (TX).

a=1 T
Here
r+1 a
a(TX) =) (a(TX), 0" g
a=2

where we arranged the basis {¢,}2_; in such a way that ¢; = 1, the next r
cohomology classes ¢y, ..., d,,1 form a basis of H?(X;C), and {¢*}"_, is a
Poincaré dual basis of Hy(X;C).

Theorem 2.1. The data formed by the Poincaré pairing, the quantum cup
product, the cohomology class 1, and the wvector field E forms a Frobenius
structure on H of conformal dimension D.

The only non-obvious part in the proof of the above theorem is the flatness
of the connection operators V. In other words we have to prove that

(2.2) Vo.. Vg =0, and [Vs,, Vg =0,

where 0, = 0/07".

2.3. The comparison lemma. Let 7 : X, .14 — X, 4 be the universal
curve. Denote by L; the pullback via 7 of the line bundle L; — Xgna- Note
that L; and L; coincide everywhere, except for the points of the divisor D;

consisting of stable maps (f, %, 2z1,...,2,51) such that ¥ has an irreducible
component which carries exactly two marked points: z; and z,11.

Lemma 2.2. The following relations hold:
L; = zi®O(Di)7 7T*(¢n+1) =2g9—2+n, W*(GVZHP) = /p, pE HQ(X§Z)‘
d

Proof. ' Let (f,%, 21, ..., 2,) represent a point in X, ,, 4. Let Y be the blow up
of ¥ x ¥ at the n points (z;, z;). Introduce also the set of divisors in ¥ x 3

Si=Yx{z} (1<i<n), A= the diagonal of ¥ x 3
Note that "
Wﬁl(si) :§z+Ez and ’/Til(A) ZA—FZEZ,
i=1
where S; and A are smooth codimension-1 submanifolds of Y, E; are the
exceptional divisors, and 7 is the blow-down map. Note that Y is a family of

1T learned this proof from D. Oprea and he learned it from R. Pandharipande.
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curves and that S; (1 <4< n)and A determine n + 1 sections. Therefore
each fiber represents a point in X, 114, i.e., we have an imbedding of ¥ into
Xgnt1,4- In fact the image of this imbedding coinsides with the fiber of the
universal curve at the point (f, %, z1,...,2,). Moreover, Y is the pullback of
the universal family X, 124 — Xgnt1.4-

Recall that if V' is a codimension-1 submanifold of X then we have an exact
sequence

0TV —TX|y LLOoV]ly =0, ie, O(V])= Ny,

where f is the section of O([V] glued by the local equations of the divisor V.

Now the relations are easy to prove. For the first one, note that L, =
L; ® O(nD;) for some integer n, because the two line bundles are different only
along the divisor D;. By definition

Lils = NS{, fifz =0, O(Dy)]z = Os(2).
Since 7 1(S;) = S; + E;, we get

It remains only to notice that the bundle Ng, is trivial and that O(E;)|g =
O(z;). It follows that the number n = 1.

A similar argument shows that L, |y = T*%(2; + -+ + 2,) (you have to
use here that Nao = T2. The 2-nd relation then follows from the well known
fact that the degree of the cotangent bundle 7% is 2¢g — 2.

For the last relation we just have to notice that ev} ,p[s, = f*p. Lemma is
proved. 0

2.4. Topological recursion relations. We are going to prove the vanishing
of the first commutator in (2.2) by using the so called genus-0 topological
recursion relations (TRR).

Proposition 2.3. The following identity holds:

1 i J Y g~
(23)m<¢a¢ +17 ¢b¢ ) ¢077Z)k7 t(qu)) s 7t(¢)>07n+3,d = nlJ%;:n M;l nl!’ﬂ,g! %
di+do=d

<¢a¢iu d)w t(qu))? cee 7t(¢)>0,n1+2,d1 <¢V7 d)bqu)ju d)cqu)k? t(¢) cee 7t(¢)>0,n2+3,d2 )

where g, = (¢, ¢) are the entries of the matriz of the Poincaré pairing and
g* are the entries of its inverse.

Proof. Let ct : ﬂo,m(x, d) — ﬂo,?, be the map forgetting the map, the last
n marked points, and contracting all unstable components. Let (f,%,z) €
Mo3(X, d). Note that if we forget f and the last n marked points then only
one of the irreducible components of 3 is stable (and hence is not contracted
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by ct). We call this distinguished component the central component of ¥. Let
D be the divisor consisting of all stable maps such that the first marked point
is not on the central component.

Using Lemma 2.2 we get L; = L; ® O(D) = O(D), where L; is the pullback
via ct of the cotangent line bundle L; on ﬂo,?,. The later is trivial, because
Mo 3 is a point. It follows that the LHS of (2.3) can be written in the following
form:

24) 1 [, devtondontvw )

On the other hand, given a point (f,3,2) € D we can split the curve into
two parts ¥’ and X" such that ¥’ is a tree of CP's which carries the first
marked point and such that under the contraction map it is contracted to a
point on the central component. " is the complement of ¥'. Thus there is a
natural map gl which to each stable map (f, %, 2) € D assigns an element of
the preimage of the diagonal of the following map:
Mo mys140(X, dr) X Mo aroin, (X, do) X x X

The map gl is a (&)—covermg because if we split the last n marked points of
>) into two groups then there are exactly that many ways to re-number them
so that the order of the marked points in each group does not change. Since
the Poincaré dual to the diagonal in X x X has the form ZW, "o, ® @, we
see that (2.4) is transformed into:

> o
nl!ng'

: /ﬂo,nﬁuo(){,dl)Xmo,o+2+n2 (X,d2)

Z geviguevi,(...),

Wi
where the dots stand for the integrand in (2.4). Formula (2.3) follows. O
We introduce a series
S (2) =14+ 81(1)z 4+ So(1)z 2+ ..., S, €End(H),

defined by the following formula
(ST¢G7¢b) ¢a7¢b + Z ¢a¢ ¢b 02 ) —k—l,
k=0

where we used the notation:

(G V¥, - bt Yo Z mm’“,...,¢anwk",7,...m>o,n+z,d.

Proposition 2.4. The series ST 1s a fundamental solution to the following
system of differential equations:

20,57 (2) = (¢q0:)S:(2), 1<a<N.
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Proof. We have to prove that

e}

> {bar by 0t 03(7)2F = (S,(2) e, bu 0 B1)2 7"

k=0
On the other hand, thanks to the TRR, the LHS in the above equality is
equivalent to:

(G 01, Ge)o3(T) + DD (Pas Brs Du)o.s(T) g™ (D, D™ )0 3(7)

k=1 p,v

Using the definitions of the quantum cup product and the series S.(z), we get
that the above expression equals

(¢a o ¢b> ¢c) + Z(¢a o ¢ba ¢u)gwj ((ST(Z) - 1)¢ca ¢u) .

24

The proposition follows. U
Since S; is a fundamental solution the corresponding system is compatible.
We get the following corollary (see 1-st commutator in (2.2)).

Corollary 2.5. The differential operators
v&l = aa - Z71(¢a.7) and vﬁb = ab - Z71(¢b.7)
commaute.

2.5. The divisor equation. Now we turn to proving the vanishing of the
second commutator in (2.2).

Proposition 2.6. Assume that p is a cohomology class of degree < 2. Then

(Ot 0,0 Dl = ([ ) (Ot 00t} +

Z<¢a1¢kl7 Y % U ¢ai¢kiil7 R d)anqu)kn)g,n,d

i=1
for all g,n,d such that X, ,, 4 is non-empty.
Proof. Let

T Xgni1.d = Xgnds Li = n*(L; — Xgnd); ¥, = (L),

where 7 is the universal curve. According to Lemma 2.2, L; = L; ® O(D;),
where the divisor D; is the image of the gluing map:

mgm(X, d) X mo,?) - Mg,n+1(X, d),

which attaches a sphere with 3 marked points by identifying the 1-st marked
point on the sphere with the i-th one and then renumbering the 2-nd and the
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3-rd marked points respectively by ¢ and n + 1. In particular, Li|p, is the
cotangent line bundle Ly — M 3, so it is trivial.
Using Lemma 2.2, we get

W = (@, + [D)E =Gt = =0 (W, + (DY) = O + (D

Note also that [D;] - [D;] = 0 for i # j, because the divisors do not intersect.
Put a = ev*(¢o, ® ... ® ¢q, € H (Xyna; C). It follows that

1

n

n
/ (") A (evy1p) /\1/) : / a AT (evy, D) /\¢Zk +
Xg,n+l,d =1 X

g,m,d =1

kn

Z [ e tu) e AT T

However D; & M,,(X,d) and under this identification ev,; on D; corre-
sponds to ev;. Note that if p has degree < 2 then m.(p) = 0 = fdp, while if
the degree is 2 then m,(ev};, p) = [, p, according to Lemma 2.2. U

In case p € H?(X;Z) the identity in Proposition 2.6 is called the divisor
equation (DivE) and if p = 1 then it is called the string equation (SE). For
completeness we mention one more identity, known as the dilaton equation
(DE).

(25) <¢a1wkl> RN ¢anwkn> w>g,n+1,d == (29 - 2 + n) <¢a1wkla ) ¢anwkn>g,n,da

whenever the moduli space X, 4 is non-empty. The proof of the dilaton
equation is almost the same as of the divisor equation and it is left as an
exercise to the reader.

Corollary 2.7. The differential operators
Vo, = 00 — 27 (¢ge,) and Vojo. = 0. + (z°FE o, —z 1 p)
commute.
Proof. Note that in GW theory the Hodge grading operator p is diagonal:
1(9a) = (1= dy — (1 = D/2)) 60 = (D/2 = du) b

where d, = deg¢ ¢, = (deg ¢,)/2. After a direct computation we find that the
commutator of the differential operators is

(2.6) 2 (aﬁa o+, Paer] — c%(E-T))'

This expressian vanishes iff (apply (2.6) to ¢, and Poincaré pair the result with

Pe)
aa<¢ba d)c: E>0,3(7—) - (1 - D + db + dc) <¢a7 ¢b7 ¢c>0,3(7—)‘
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Using the definition of the Euler vector field, we get
E<¢a> ¢b> ¢c>0,3(7—) = (da + db + dc - D) <¢aa ¢b> ¢c>0,3(7_>'

This identity follows esily from the dimension formula

dimcﬂ07n(X; d) =D—-3+n+ /Cl(TX),
d

and the divisor equation. 0
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3. THE LAGRANGIAN CONE OF (GIVENTAL

3.1. Geometric interpretation of genus-0 GW theory. Last time we
proved that the correlators in GW theory satisfy SE (see Proposition 2.6 with
p = 1), DE (formula (2.5)), and TRR. These identities can be written in the
following form:

OF© 1 XN, OFO
(3.1) 511 =5 (to.to) + Zzt’““a—t,ﬂg
k=0 a=1
OFO I OFO
3.2 - = e —9F0)
(3:2) ot ZZ ot
k=0 a=1
3 7(0) N 92 ¢(0) 3 (0)
(33) S g O
oty otbote, -~ oteoth oty otbote,
where
=1
FO(t) = Z m@(wl), ot (Un))on
n=0 :

is the genus-0 descendant potential,

t(z) =) thdas"

k=0

{¢a}N_, is a basis of H such that ¢; = 1.
Let H = H((27')) be the vector space of all Laurent series in 2~'. We equip
‘H with the symplectic structure:

Q(f,g) = Res,— (f(—2),8(2))dz, f(2),g(z) e H

and will refer to it as the symplectic loop space. There is a natural polarization
H =H, ®H_, where H, := H[z] and H_ := 2z 'H|[[z7!]] are Lagrangian
subspaces. Using the symplectic pairing we can identify H_ with with HY and
hence H = T™H . It is not hard to see that if we set

0o N
F= pra ¢ (—2) " g da 25, 67 =) g™,
k=0 pn=1

then {pk.q,q}} form a Darboux coordinate system on H.
Exercise. Let

A(z) = ZAk. 2F Ay, € End(H).
k=1

a) Prove that A(z) is an infinitesimal symplectic transformation iff A(z) +
AT(=2) =0.
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b) The map f — A(2)f is a linear vector field X 4. Prove that X, is Hamil-
tonian iff A is an infinitesimal symplectic transformation and that the corre-
sponding Hamiltonian hs (i.e. dha + tx, Q2 =0) is hy = 1Q(A(2)f, £).

We change the variables via the so called dilaton shift:

N
to=q0, =0 +1, ta=q, ... %zZquba,
a=1
so that the potential becomes a function on H, defined in the formal neigh-
borhood of —z.

Definition 3.1. We say that a cone L C H with vertex at the origin is over-
ruled if for every f € L the tangent space L := T¢L has the following property

{9e L |T,L=L}==zL.
Denote by £ C T*H = H the graph of the differential dF©, i.e.,

o
. _ e _ OF©
L={ Y@ +mn"" | Bu= 5|}
par U Ngp=ge

Note that for a given f € L, the tangent space T¢L is given by the following
formulas:

0o N
>*FO -,
v(z) + - @(—z)~F 1
2 2 Gaag

Finally, let us stress that £ is interpreted in a formal sense, which means that
the coefficients g, are formal series in qg, g1 +1, ¢, . . ., such that limg . g = 0
in the g-adic topology.

Theorem 3.2. Let F© be any function on H, defined in a formal neigh-
borhood of —z. Then FO satisfies DE, SE and TRR iff the graph L is an
over-ruled Lagrangian cone in H.

Proof. Assume that £ is an over-ruled Lagrangian cone.
Step 1. If (q,p) € L then (tq,tp) € L, because L is a cone. It follows that

OF© OF0)
=1
aqg q—tq aqg
Using the chain rule we get
9 XL IFO X\ o OFO
KGR 9D oA D S wica3
ot k=0 a=1 Oy a—tq k=0 a=1 Odj

Integrating from 0 to 1 and recalling the dilaton shift we get that F(© satisfies
the dilaton equation.
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Step 2. Let f € L arbitrary and L = T¢L. Since L is overruled we get that
fezL, ie., 27'f € L. In other words the v.f. f — 27!f is tangent to the cone
L. This v.f. is Hamiltonian with Hamiltonian

1
ST ) = CIOaQO +Zqu+1pka

k=0 a=1

It follows that F(© satisfies the string equation.
Step 3. We imbed H into H, by 7 +— —z + 7. Put

co N
= Z Z qz¢azk +pk‘,a¢a(_z)_k_1 c E, L= Tfﬁ

k=0 a=1
Denote by (zL), the projection of zL along H_. Then

Y RFO

2Ly, NH={—2+71}, where 71%q)= —— 9
( )+ { } ( ) — aq(l]aqg

Using that zL C L we get
g:=7(q) — 2+ driq.F € 2L,

because we could not have two diffent elements of £ whose projection along
‘H_ is the same. Introduce the correlator notation:

o FO

k1 kn _ _
<¢a1¢ DRI ¢an¢ >0,n(7_) @tZi atan

to=1,t1=ta=---=

We must have (since T,£ = L = T¢L)

PFO
oteoth

— (6ats*, 63002 (7().

Differentiating with respect to t§ the string equation

OF” 1
oth 5 (forto) + Zztk“ ot

k=0 a=1

we get that 7(q) is a solution to the following equation

G(1,t) =0, Gt t) =712 — Z Z 9%t (D, dedo.a(T).

k—0 b,c=1

Using implicit differentiation it is easy to verify that the matrix with entries
O0G*/dt? is the inverse to 9r°/0t¢. On the other hand comparing the derivatives
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or® /ot and 0G*/0T¢ we see that
N

ore 960
S o T =3 g (o, dedoa(T).
e c=1

— 8t2+1 ore

In other words v
ore ore

Y a gac <¢bwka ¢c>0,2(7_)'

oth ., = ot

Now we can prove the TRR.

0 FO . ord

m = Z<¢b¢ , O™, Pa)o3(T) 3ti+1 =
ord

D (00!, 0™ a)oa(r) G 97 (0", B)na(r).

To finish the proof of TRR we just have to notice that

o d
D 0w 0™, dadosl) G = 7 O (ot ™o
d

2(7)-

17

The opposite direction is left to the reader. The argument can be found in

6].

O
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4. FROM DESCENDANT TO ANCESTORS
4.1. From two- to one-point descendants. Denote by

W (z,w) = Z Wi(t)z w0, Wy € End(H),
il

where the coefficients W}, are defined by the following formulas
(60 Wr(z,w)0) = D {Bath, gyt )oa(T) 2 Fw ™,
k,1>0
Let S;(z) be the fundamental solution of the system of quantum differential
equations (see Proposition 2.4.

Lemma 4.1. The following formula holds:

'S (2)S(w) — 1
z7l 4wt

where the transpose of S is with respect to the Poincaré pairing.

W.(z,w) =

Y

Proof. We need to verify that

(Gas Wr(z,w)p) (27" +w ™) + (Pas B1) = (Sr(2)¢a, Sr (W) ).
Using the (SE), it is easy to verify that the LHS of the above identity coincides
with
(4.1) D {(Gat, gyt 1)o3(r) 2z Fw .
k,1>0

We split the summation range in the above sum into four groups. First if
k =1 = 0 then the corresponding summand is just (¢,, ¢s). The summands
corresponding to k,l > 1 can be simplified first with TRR and then they add
up to the following sum:

(4.2) 5SS (Gt Budoa(7)g" (b St os(r)z Fw
wy k,il>1

By definition we have

Z@Sawkil’ ¢u>0,2(7)zik - (¢H’ (ST(Z) - 1)¢a)

k>1
and
D (S ot Dos(Mw™ = (v, ot o (T)w™ = (6, (S-(w) — 1)),
>1 >1

where for the first equality we used SE. Therefore the sum (4.2) equals
Z(¢M> (ST(Z) - 1)¢a)glw(¢m (ST(w) - 1)¢b) = ((ST(Z) - 1)¢a> (Sf(w) - 1)¢b)'

2l
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Similarly, the summands in (4.1) corresponding to k& > 1, [ = 0 add up
to ((S-(2) — 1)¢a, ¢p), and the ones corresponding to & = 0 and [ > 1 to
(ha, (Sr(w) — 1)p). The lemma follows. O

Corollary 4.2. The series S, is a symplectic transformation of H, i.e.,
T8, (—2)8,(2) = 1.

4.2. Quantization formalism. Given an infinitesimal symplectic transfor-
mation A we define a differential operator A acting on the space of formal
power series

M :=C Qa0 g1 + 1, 4,11, C5Q) = CIQI((VR)).
This space is called Fock space. We use the Weyl quantization rules:

@' =ai/Vh and B, = Vh0/0q;.
Monomial expressions in p and ¢ are quantized by representing each p (resp.
q) by the corresponding differentiation (resp. multiplication) operator and
moving all differentiation operators before the multiplication ones. We define
A := h4. Notice that the quantization of quadratic Hamiltonians is a projective
representation of Lie algebras, i.e.,
[F.G] = {F,G} + C(F,G),
where the cocycle is defined by:

1 ifa#b

C(PaPvs 4ats) = —C(qaqp, Papp) = .
2 otherwise,

and C' vanishes for all other pairs of quadratic Darboux monomials.
By definition, the twisted loop group is defined as

LOGCL(H) = {M(z) =3 Myt | TM(=2)M(z) = 1}

Given an element of L GL(H) of the form S(2) = 145127 + Sz 72 +.. ., we
define its quantization by S = e?, where A = In S. We would like to describe
the action of S~! on the Fock space. Introduce the quadratic form
TS(2)S(w) — 1

z7l 4wl

W(a,q) = Z(Wkl‘Jh qr), Wwhere Z Wiz Pw™ =

kel k>0
Theorem 4.3. The follwoing formula holds:
STIF = eV F([Sq).),

where f, means the series obtained from f by truncating the terms with nega-
tive powers of z.
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Proof. Write A(z) = >_,~, Agz™". Then it is not hard to see that the corre-
sponding quadratic Hamiltonian is given by:

ha = —%(Aq, a(—2)) — (Ap,q(—=2)),
a(z) =Y a* =) qionst,
k k,a

p(z) = Z])k(—z)’k’l = Zpk,aqﬁa(—z)’k’l.

Put G(t,q) = e "4 F. We compute G for all ¢£. In particular, the Theorem
would follow from the case t = 1. R

Notice that G is a solution to the differential equation 0;G = —AG, which
after the substitution g = log G, turns into:

% = %h(Aq, q(—2)) + ;(Ad)“(—Z)“’Q(—Z))

where

and

dg

4.3 .
(4:3) aq}

This is a 1-st order PDE which we solve by the method of the characteristics.
Step 1: first, we solve the homogeneus equation, i.e.,

99 _ o N—k-1 (99
at _E(Ad) ( Z) 7q( Z))aqg
The auxiliarly system of ODE’s is
aqg _ a —k—1 aq _
5 = (A=) a(=2) e 0= —[Ad)s.

Notice that [A[...[Aq]+]]+ = [A"q]+, where on the LHS A is repeated n times.
Therefore, the system of ODE’s has the following solution: q(t) = [e~*c].,
where ¢ = q(0) € ‘Hy = H|[z] is an initial condition. The method of the
characteristics is based on the fact that the solutions g(¢,q) of the PDE are
constant along the curves (t,q(t)) € C x H,. From here we find that if (¢,q) €
C x ‘H, is any point then the curve (s, q(s)) with initial condition (0, [¢*q],)
will pass through the point (¢,q). Therefore, the general solution of the PDE
is given by: ¢(t,q) = f([e*4q];), where f is an arbitrary function on H.,.
Step 2: a direct computation shows that the function

1

= — t
VVt(q7 q) 2% ;(Wkl( )ql7qk)7
defined by the formula:
TAC) A(w)t _ 1
—k, 1 _ € €
Z Wkl(t)z w = 1 T w1
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is a solution to (4.3).

So the general solution to (4.3) is given by g(¢,q) = Wi(q,q) + f([¢‘q]).
Notice that for ¢ = 0 we have G = F, and Wy(q,q) = 0, so f = log F. The
theorem follows. O

4.3. From descendants to ancestor GW invariants. Let

(1, ) = Z SR e HIp, .

The correlator

(4.4) <<Oé1(¢,@)> e aan(waa)»g,n(ﬂ

represents the following sum of integrals over the moduli spaces:

Qd Fn 5 oy (o FIT g gfmmn g 8

ZZ e (o™ @ afmmn @ 7O,
dl k.m. Mg,n+1(X;d)

Here 7 € H is a formal parameter and 1), is thﬂ)ullback of the v;-class on Mgm

via the (forgetfull) map = : M, ,,+1(X,d) — M, ,, which forgets the map, the

last [ marked points, and contracts all unstable components. By definition, the

corelator (4.4) is 0 if M, is empty, i.e., for (¢,n) € {(0,0), (0,1), (0,2), (1,0)}.

Lemma 4.4. Assume that o € H*(X) and (g,n) is a stable pair (i.e. M,
is non-empty). Then the following formula holds:

<a¢k+1$m7 a2(¢7$)7 A 7an(¢7@)>gyn(7—) -
= <@¢kam+1 + SkJrlaEma 042(%@)7 ey Qn(w>a)>g,n(’r)a
where S, (z) =1+ S1(7)2z7 + ... is the 1-point descendant series.

Proof. Let D, be the divisor in M, ,.;(X,d) of all points (2, p,, f) such that
the first marked point p; is not on the same irreducible component as any of
the points p;, 2 < i < n. Notice that 1/, = 1, + [D] and that the divisor D;
can be identified with the image of the gluing map:

L] Mynagrso(Xod') xx Mosimsa(X,d") = My (X, d),
U=l
d'+d"=d

where in the fiber product the maps from the moduli spaces to X are given by
the evaluations at the marked points o and e. Writing ¢f+1w1 = Y] wTH

[Dl]w’fam we get that the integral

/ ev) (a)wfﬂﬂlmag T
Mg n+1(X,d)
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equals to
m+1 1
/ evy(a )¢1w1 o, T Z l"l”' ZQW
Mg,n+l(X,d) l+l//_l
d'+d"=d
14 —-m k i
X /_ ay ..., evi (G0, | evi(a)yT® evi(o,),
My 141 40(Xod) Mo 1y ye(Xod)

where the combinatorial factor (l,) comes from the fact that in the gluing map
¢l the union of the I’ marked points on the 1-st moduli space and the I’ marked
points on the second one have to be renumbered with the numbers from n + 1
to n + [. Notice that the expression Z;w 9" ¢, ® ¢, is the Poincaré dual to
the diagonal in X x X. The lemma follows. U

By definition the total ancestor potential is defined by the following formula:

A(t)=exp (300 (@), b))

g,n
Using the dilaton shift t(z) = q(z) + 2, we identify A, with an element A.(q)
of the Fock space. Namely,

A-(q) = A-(q(2) + 2)
The goal now is to express the total ancestor potential in terms of the total
descendant potential.
Theorem 4.5. The following formula holds

D(q) =" S A(q),

where FW (1) = FO is the genus—] GW potential.

}t()ZT,h =tg=---=0

Proof. Recall that the total descendant potential is given by the formula
- 629—2
D(t) = exp (Z ——(t(v), .. ,tw))gm).
g,n
It is identified with an element of the Fock space via the dilaton shift:

D(a) = D(q(z) + 2).
The above lemma implies the following identity:

<<t(¢), s ’t(w»)g,n(T) = <<[S7't]+(w)> Tt [Sft]+(¢)>>g7n(7—)>
where t(2) =}, , 92" € H,. Using the Taylor’s formula we get

Ap(t(2) +7) = A ([S:(2)8(2)]+

Note that _ ~
D(t+ 1)/ Ao(t + 1) = C(t),
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where

Co(6) = e exp ({ Joo(r) + ( 6()oa(r) + 5 { 6(6), 66)oa(r) )

Therefore

Replacing in this formula t(z) — q(z) + z — 7, we get
D(q) = Cr(q(2) + 2 = 1) Ar (=2 + [S-(a(z) + 2 = 7)]4).
First, let us simplify the argument in the ancestor potential:
—z+ [Sra(2)l+ + 2+ 511 — 7 =[S q(2)]+
Where we used that

(5117 ¢a) - <17 ¢a>0,2(7') = <17 ¢a77—>0,3,0 = /Xd)aTu

iLe., Si(m)l =T
On the other hand, using the dilaton equation, it is not hard to verify that
(W =7.a@))o2(r) = —(a(¥))o1(7)
(=1 =Thoa(r) = —(b—T)oa(7)
(W =7)oa(r) = —=2(0,0(7).
From this formulas we get
Coq(z)+2—7) = PO popla@).a@))oa(r)

It remains only to recall Theorem 4.3 and the formula relating 1- to 2-point
descendants. 4
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5. SEMI-SIMPLE COHOMOLOGICAL FIELD THEORIES I

In this lecture, following the work of C. Teleman (see [13]), we will see how
Givental’s quantization formalism arises naturally in the settings of the so
called Cohomological Field Theories (CohFT).

5.1. Definition of CohFT. Let H be a vector space, equipped with a non-
degenerate pairing, and a unit vector 1 € H. From now on we fix a basis
{ou}i_1 of H, put g,, = (¢, ,) and denote by (g") the matrix inverse to

(Gpr)-
A CohFT on H is a system of maps

Zgn: H®" — H(My,;C), 29g—2+n>0,
satisfying the following axioms
(1) Permutation invariance: the expression Z,,(a,...,a,) is symmetric
inay,...,a,.
(2) Boundary axioms: the boundary morphism
b: Myi1 X Mgrgrin — Mg, ¢ +9"=g,n +n"=n
defined by gluing the last marked points satisfies

N
b*Zg,n(ah cee 7an) - Z gl“j?g’m/-l—l(aip sy ainm ¢u)7g,n”+1(aj17 sy ajnua d)l/)a

=1
where
{iv, oo iy U {0, gy = {1,2, ..., 0}
is the partition imposed by b.
Similarly, the boundary morphism
o Mg,n—f—Q — Mg—i—l,nu

consisting of gluing the last two marked points, must satisfy

N
(V) Zgianla, ... a,) = Z 97 gnia(ar, oy Gy Gy G1).
p,v=1
(3) Identity aziom: Zy3(a,b,1) = (a,b).
The CohFT comming from GW theory satisfy one additional axiom. Namely,

T Zgn(ar, ... 0,) = Zgpia1(a, ... an, 1),

where 7 : MWLH — ﬂg,n is the universal curve. We refer to this equation as
the flat identity aziom.
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5.2. An important example. Given a CohF'T, we define a multiplication e
on H as follows:

(aob,c)=Zys(a,b,c), a,b,ce H.

It is easy to verify that this multiplication and the pairing (, ) turn H into a
Frobenius algebra.

Assume now that H is a Frobenius algebra equipped with a unity. Then we
can build a whole family of CohFT in the following way. The moduli space

M., carries the so called s-classes defined by r; = T (¢iY), i > 0 (note that

ko = 29 — 2+ n). They satisfy the following crucial property:
b*/ﬁ}i:/ﬁ}i®1+1®l§,i,

where b is the boundary morphism from the previous subsection. Let s; € H
(¢ > 1) be any sequence of vectors. It is easy to check that the following
formulas:

Zyn(ay, ... a,) = (P%e eXZi%iki g . °a,),

where

N
P=>" g"¢ue b

p,r=1

is the so called propagator, form a CohFT. The propagator P is chosen so that
this system of maps is compatible with the boundary morphisms of type b'.

All multiplication in the above formula take place in the Frobenius algebra
and in the cohomology H*(M,,;C).

5.3. Semi-simple CohFT.

Definition 5.1. A CohFT{Z,,} is called semi-simple if the Frobenius algebra
H is semi-simple, i.e., there exists a basi {e;}X, such that

(i e5) =0y, eiwe; =/ide;, 1<i,j<N,
where 0; (1 <i < N) are some non-zero complex numbers.

Note that in a semi-simple Frobenius algebra, the propagator

N N
P:Zeioeizz\/ﬁjei
i=1 i=1

is snwertible.
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H*(Mg,n) - H*(Mg,n) - H*(pt) =C

Given a CohFT, we denote by Z,, and A, its restrictions respectively to
H*(M,,) and H*(pt) = C (see the above diagram). The set of all A4,,, satisfy
the axioms of the so called topological field theories. They can be computed
explicitly (see [3]). The answer is the following

Theorem 5.2 (Dubrovin). The map A, is given by the following formula:

Ajnlay,... a,) = (P a10---0a,), ai,...,a, € H.

It turns out that for semi—simple CohF'T the maps Z,,, can be computed ex-
plicitly as well. Let J\/l ,, be the moduli space of Riemann surfaces equipped
with n marked points and with 1 parametrlzed boundary. Forgettlng the
parametrization gives us a map J\/l — M1 which turns /\/l into a

Sl-bundle. In fact, M

ular its Euler class e(./\/l; n) = —VUni1. Similarly, one can define ./\/l — the
moduli space of Riemann surfaces with r» parametrized boundaries, Where the

boundary circles are numbered with the integers from n + 1 to n + r.

g is the S'- bundle associated with LY. In partic-

The moduli space M;,n admit the so called genus stabilization map M;,n -

M, , consisting of sewing a genus-1 Riemann surface with 2 boundary circles.

It follows that the cohomology groups H* (/\/l ,,) form an inverse system with
respect to g. The Mumfords conjecture, proved by Madsen and Weiss ([12])
says

Theorem 5.3 (Madsen-Weiss). In the stable range H*(Mj ) is a polynomial
algebra in k- and -classes, i.e.,

(5.1) lim H*(./\/l :C) =Cl1, ..., Un, K1, Koy -],

g—00 gm
where the limit is the inverse limit of the inverse system {H*(Mn)}g>0-
Set
Zyo(ar, o an, by, b)) =70 Zg e (an, - an, by br),

where 7 : M7, — M, ny, is the map forgetting the parametrizations.
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Proposition 5.4. The class Z,,(ay,...,a,,b) € H*(M,,) is a polynomial
expressions in k- and Y-classes.

Proof. Consider the stabilization map st =bo i
i b
ng” Mé X M;,n MglerG,n?

where b is the map gluing two boundary cicrlces and ¢ is the inclusion map.
Using the gluing axioms, we find

S (Zysaar, -, P7O0) = (236, P00 2 (a1, 0, 6)).
Note that

(28 by P7979)) = Aga(@p, P797Cb)) = (P79 0 b, ¢y).
It follows that

st(Zg (@, an, PT700) = Zg (ay, ., an, P0D).

Thanks to Mumfords conjecture, by taking GG sufficiently large, we can arrange
that the LHS is a polynomial in /- and k-classes. U

In fact, using the gluing axioms, it is not hard to find all Z g{n explicitly. The
answer is the following.

Proposition 5.5. There are vectors s; € H, i > 1 and a series
R(z) =14+ Riz+ Ry2* +..., R €End(H),
such that
Zgl,n(alv ceey Oy, b) = (Pg e 62?21 Sinia (R(¢1)a1) ®.--0 (R(¢n)an) b b)

We leave the proof of this Proposition as an exercise. The only thing we
have to use here are the boundary axioms.

Proposition 5.6. The series R(z) is a symplectic transformation, i.e.,
TR(=2)R(z) = 1.

Proof. Consider the commutative diagram

b

K M9+G

P 7

b —
1 1
Mg,l X MG,I - M9+G’2

where 0 is the map that glues the marked points and forgets the parametriza-
tion of the boundary cicrcles. Note that Imb C M, ¢ o consists of Riemann
surfaces having exactly two irreducible components of topological type (g, 2)
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and (G, 2) respectively, glued along their 1-st marked points. A tubular neigh-
borhood N of Imb can be identified with a disk bundle of the normal bundle
and then F = b*(ON) is the corresponding S'-bundle. The bundle E is natu-
rally imbedded in M2, ; because ON C Mgya .

Let a,b € H be arbitrary. By the definition of Z 92 ¢ the following expression

(5.2) b*(2216(0.0) = " Zysgala, b))
is 0. On the other hand, using Proposition 5.5 we have
Z2 ola,b) =i <P9+Gezlﬁ1 e b) :

Using the commutative diagram and computing 5*79+G,2 via the boundary
axiom, we get that (5.2) equals equals

P (b* <P9+G62i1 ae b) - Z;,1(¢u7 a)gWZé',l(qbw b)) )

where summation over the repeating indices p and v is assumed. Recalling
Proposition 5.5 again and after some simplifications we get

Z31(0 09" 2 (60, 0) = (TR (Pre=E%a), TR (POEEE ) ).
It follows that
P ((PreOeXasiend, aob) — (R(wf) R(v;) (PP ha), POCXEimh) ) =,

where ’ (resp. ”) indicate a cohomology class on the first (resp. second) factor
of M, x Mg, . Using the Gysin sequence, for the S'-bundle E we get that
the expression in the brackets is a multiple of the Euler class e(E). Note that
the normal bundle to Imb is (L)Y ® (L), so the Euler class e(E) = —] —.

Replacing a +— P79a and b — P~%b and then taking the stable limit
g, G — oo we obtain some identity involving polynomial expressions in 97, ¥
and two coopies of the k-classes. Thanks to Mumfords conjecture, these are
independent variables, so we can set

P =z, ==z K. =k =0
and get
<(R(—z) TR(z) —1)a, b) ~0.

The Proposition follows. U
It turns out that the symplectic condition is the only constraint that one
has to impose in order to obtain a CohFT. More precisely,
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Theorem 5.7 (Teleman). Let s; € H, i > 1 be a sequence of vectors and R(z)

1s a symplectic transformation. Then there exists a unique CohF'T Zq,n such
that

Zgn(ay,... a,) = (Pgezfil St R(ipr)aye--- e R(wn)an>.
For a proof and more conceptual description we refer to the article [13].

5.4. Infinitesimal deformations. Put
Zgn q?“‘aq ZZgn ¢a17~ d)an) . ¢anklqu:7

where q(z) = >0, Za:l q¢ ¢ 2* and the summation is over all ky, ..., k, and
A1y...,0n.
The total ancestor potential is defined by

_eXp Zhgl ,q)).

In case, the CohFT is seml—sunple, the potential will be denoted by A; g, where

the sequence s = (sy, S2,...) and the symplectic transformation R(z) are the

parameters that (according to Proposition 5.7) determine the entire theory.
Given an infintesimal symplectic transformation

Alz) = A1z + Ay + ..., Ay €End(H), A(z)+"A(-z2) =0,

we define

Oa Asr = % (As,ReeA)

Theorem 5.8. The follwoing formula holds
04 Asp=—A A, p.

e=0

Proof. Let ﬂgj}l, k > 0 be the moduli space of Riemann surfaces with at least

k nodes. We have a filtration
M c MY e MY = M,

For each k£ > 0, we introduce the open set in ﬂé’“}l defined by

——(k+1)
g,n g,n g,n

We would like to find
Zogn=Zgn+ 20
)

()
+ Zgn

. € H*(M,,) are supported on ﬂ;k,i First,

we show how to find Z ;n. It w111 be clear that one can proceed inductively.

where the cohomology classes 7 Z*
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Consider the following commutative diagrams:

E - Mgy
P i
b _
L] Mywir x Mooy —— M,
g'+9"=g
n'+n''=n
and
/
E Mg
p i
b/

Mg1nrz —— Mg

where b and b’ are the boundary morphisms, and E (resp. E’) is the S'-bundle
associated to the normal bundle of Im b (resp. Im ) in M,,,. Note that
both E and E’ imbed naturally in M, ,,, because they can be viewed as the
boundary of a tubular neighborhood of I'm b and Im b'.

It follows from the explicit formula in Proposition 5.5 that Z, , is a class on
M, .. By definition, i*(Z,,, — Z,,) = 0. Therefore, p* b* (Z,, — Zyn) = 0,
ie.,

V' (Zon — Zyn) = e(E) 23} = —(Ur 1 + Urinsn) 250,

for some cohomology class Zé}%. It is convenient to introduce

oo . .
Fyn(ay, ... a,) = (Pgezizl RN P TR ) an>.

This is a CohFT as it was explained in subsection 5.2 and we have

Zgn(ar,...,an) = Fypn(R(Y1)aq, ..., R(Yn)an).

According to the boundary axioms we have

N
b* Zg,n(q7 ) q) = Z Fg’,n’+1(Rq7 R Rq7 R¢“)gﬂng//7n//+1(Rq, SRR Rq7 Rd)u)

Hyv=1

and

N
b Zgn(@ - @) = Y Fyai1(Ra, ..., Rq, ¢,)9" Fyrria(Ra, ..., Ra, ¢,).

Hyr=1
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Using that

N N

Ry =Y (Ry, @)y and Ro, = (R, ¢ )¢

w'=1 v'=1

N
Z 1 - Z g’ +1(Rq7 . Rq7 d)ﬂ )(V¢H ¢V ) ", ”+1(Rq7 LR Rq7 d)l/')

w =1

1— R(w)RT(z)'

zZ+w

V=V, Yp), Vizw) =
A similar argument shows that we have

(V) (Zgn = Zgn) = e(ENZ )G = —(Wnsr + Yns2)(Z)5)

and therefore

Z/ (1 Z g,n+2 Rqa ) Rq> ¢u> ¢I/)(V¢u’ ¢V)

p,rv=1
Set
_(1) (A A
Zgm = W)(Z)0 4> 0(Z50) € H (My,).
b

Then the restriction of the cohomology class Z,, — Z,, — Z( to ./\/l n is 0
(recall that b*b.(z) = e(E) A z), so we can proceed inductively Now one has
to check that
1) | =2
Zgn+tZyntZogn+ -

defines a CohFT. Apriori, this theory might be different from Z,,,. The differ-
ence is given by a cohomology class A, ,, € H*(M,,) such that the restriction
of Ay, to /\/lf;)n is 0 for all 7 > 0. There is no guarantee that A = 0. However,
according to C. Teleman, if two CohFT have the same restriction to M, , then
they must coincide.

Let us apply the infinitesimal derivative d4 to each Z .- Using that
A(w) + AT(Z)

w—+ z

OaR=RA and 0,4V(z,w)=—R(w) R™(2)

we get

0

aA Zg,n(q7 e 7q) - an,n(RA(L Rq7 LI Rq) - Z(Akqlu d)a)w
k41

Zyn(d,...,q).
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The infinitesimal derivative 04 Zé}%(q, ...,q) is the sum of

0
A, 0° ZW(q,...,q),
> (Arar, 6% o 2o (a---,q)

and infitesimal deformations corresponding two boundary morphisms. The
later are devided into two types — that do not change genus and that do.
Contributions from the first type look this way (the sum is over repeating
indices)

- Z b ( g’ ,n'+1 Rq, .. Rq7 ¢u) g n”+1(Rq7 .- Rq, d)u)(qu) ”+1)k(¢;’+1)l X

(RO )BT (V1) 8, 6") ).

where
A(w) + AT (2)

00
w2 = Z aklwkzl = A = (_1)1Ak+l+1'

k,l=0
The above expression is simplified as follows. Combine the second line with
the Fy vy i-term and sum over v. We get

N

Zg”,n”-i—l(qv s Qs ak‘lR (77Z) ’+1)¢#) Z(d)ﬂ R(¢n +1)¢V) ”+1(q - q, akl¢y)

v=1
It follows that the infinitesimal contribution is

- Zb < g’ ,n'+1 q7 - q, ¢V) ”+1(q7 - q, ¢u)(akl¢ qb“) (¢ ”+1)k(¢;z’+1)l)‘

A similar computation gives us that the infinitesimal contribution from the
boundary terms of the second type is:

_(b,)* <Zg—1,n+2(q7 - Qg ¢w ¢V)(a/€l¢yv d)ﬂ) (¢n+2)k(¢n+l)l')

I have not analyzed the infinitesimal deformations of Z ) for k£ > 2 yet, but
it should be clear that if we include their contributions as well, we would get
that 9aZ,,,, equals

00 N a B
Z Z(Ak%d)a) — Zya(q,...,q)

kil=0 a=1 aqk+l

2
b

50 (Zorinl - b ) 0w, ) (i) W),

where with respect to b the sum is over all boundary morphisms such that the
marked points {1,2,...,n'} and {1,2,...,n"} correspond to {1,...,n',n" +

1 _
D) Z (:;) b. <Zg’,n’+1(q7 - 4, ¢y) i1 (Qs - Ay ) (ar@”, o) (¢n//+1)k(¢;/+1

/)
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1,...,n'+n"} (and hence we need the combinatorial factor (”,)). Both factors
of 1/2 comes from the fact that switching

Mg’,n/+1 X Mg”,n"+1 — Mg",n”+l X Mg/,n’+1

(resp. switching the last two marked points) does not change the image of
b (resp. V'), i.e.,, b (resp. V') defines a 2-fold covering of the corresponding
boundary stratum.

Now we are ready to prove the theorem. Let

hg !
/M aq)

Then the formula for the mﬁnltesunal deformation yields

o Vo (OF OF  O°F
OaF = Z Z (Ara %) @ Tt 2 Z Z ", ") <3—q“ oq/ aqkaql>

k,l=0 a=1 k=0 p,v=1

It remains only to notice that

oo

~ 1
A= SOAf£) = = > (Axapea)” + Z ) (Aks141p1,P8)
k,1=0 k,1=0
where
N N
= qida and pr=> prad”
a=1 a=1
Recall that aj; = (—1)!Ay4141. The Theorem follows. O

Corollary 5.9. Let {Z,,,} be a semi-simple CohF'T, whose restriction to M.,
is described by the sequence {s;}., and by the symplectic transformation R(z).
Then R

Asr = RilAs,Id'

Proof. Write R(z) = ) and set A; = A, . By the Theorem we have

QA = —A\At. Solving this equation for ¢ and using the initial condition
Ay = Ag1a proves the Corollary. O
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6. SEMI-SIMPLE COHFT II

6.1. The quantization operator of Givental. Assume that H is a vector
space equipped with a Frobenius structure. Let o;,, ¢ € H be the corresponding
multiplication in T,H, (71,...,7") flat coordinate system on H. We denote
the flat vector fields 9/07* by 0,. Finally, let E be the corresponding Euler
vector field.

Definition 6.1. The Frobenius structure is called semi-simple if there are local
coordinates, called canonical, {u'}¥, near some point to € H such that
0 0 0
o % 5 =% o
out o ou’
Note that in canonical coordinates, due to the Frobenius property, the flat
pairing takes the form

for all t near t.

< 0 0 ) 5 1

out’ ouwi/) A

where A; are some functions, defined in a neighborhood of ¢ and taking only
non-zero values.

The canonical coordinates determine a trivialization of the tangent bundle
U(t): CN = T,H, e — /Ao, 1<i<N.
Exercise 1. Put A = 3" (9,8)d7®. Prove that W(t)"'AW(t) = dU(t), where
U(t) is the diagonal N x N matrix whose diagonal entries are u!(t), ..., uV(¢).
Consider a formal series of the follwoing type
R(t,2) =1+ Ri(t)z+ Ry(t)2* +..., Ry € End(C").
It is easy to check that the following systems of differential equations
(6.1) 9, R(t,2) =21 [0,U(t),R(t,2)] — ¥ ' (9, 9)R, 1<a<N
(6.2) 20z R(t,z) =z '[R(t,2),U®)] + V(t)R(t,2), V(t)=T"1t)uV(t),
and
9, WReV/* = (8aot)\I/ReU/z, 1<a<N
(20, + Lp)WReY* = ;s WReY/?,
where p is the Hodge grading operator, are equivalent.

Theorem 6.2 ([5]). There ezists a unique series R(t,z) such that R(t,z)
satisfies the differential equations (6.1) and (6.2). Moreover, the series R is a
symplectic transformation, i.e., R(t,—z)TR(t,z) = 1.

It is easy to chek that the differential equations (6.1) are equivalent to
(6.3) O R(t,2) = 20,0, R(t, 2)] — R(t,2) 9,0 U1,
where R := U R,
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6.2. Deformations of CohFT. Let Z,, be a semi-simple CohFT. In the
previous lecture we proved that the restriction of Zw to My, has the following
form

Zo(Burs -+ Ga) = (PP B (0)6,, @ 0 R (10)6, )

where s, € H and Risa symplectic tranformation of H. From now on we will
assume that the flat identity axiom holds, i.e.,

W*Zg,n(¢a1’ tt ¢an) - Zg,n+1(¢a1a SR ¢an> 1)

where ™ : Mg, 11 — My, is the universal curve. In particular, we have

7T*Zg,n(¢ay ceey ¢an) = Zg,n-l—l(d)aw ceey ¢anu 1)‘

Using that m*(k;) = k, — ¢k ,; we obtain the following relation:
(6.4) R7Y(t,2)1 = e i ss",

Given a formal parameter 7 € H we set

oo

_ 1 —

ZT,Q,” - Z ﬂﬂ-*Zg,nJrl(¢a1a .. '7¢ana7—7 s 77_)a
=0

where 7 is the morphism forgetting the last [ marked points and contracting
the unstable components. It is easy to check that Zwm is a CohFT and there-
fore we have a Frobenius multiplication e, and a symplectic transformation
R(t, z). Moreover, the family of Frobenius multiplications e, forms a Frobenius
structure. We are going to assume that this Frobenius structure is semi-simple

and assume the same notations W(t), u!, ..., u" as in the previous subsection.

Proposition 6.3. The operator }N%(t, z) coincides with Givental’s quantization
operator.

Proof. We need to check that R = TRV satisfies the differential equations
(6.1) and (6.2). We will verify only (6.1) and leave (6.2) as an exercise.
So we need to prove (6.3) or equivalently
Oi(R7Y) =z [¢ie;, R7'] + [¢s@, Ra(7)|R".

Condsider the following diagram

b _ I
Mg’g X M073 — L*Mgg, E—— Mg73

Mo — Mo
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where 7 is the universal curve and b is a boundary morphism. By definition

(65) al 77',g,2(¢a7 ¢b) = 7r*77,g,3(¢aa ¢ba ¢z)

The goal now is to compute the restriction of this identity to M,o. For the
LHS we have

L*ai 77,9,2(¢a7 d)b) - az ZT,g,2(¢a7 ¢b) - az <ET , (§;1(¢1)¢a) o, (E;1(¢2)¢b))7

where E, = PIeXi=15 € H*(M,5).
In order to find the restriction of the RHS in (6.5) we set

77—,9,3(¢a7 d)bv d)l) =a+ ZT,g,3(¢a7 ¢b7 ¢z)

where o := Z, ; 3(da, Ob, $i) — Zrg3(Pas B, @i) is a cohomology class on M, 3
supported on the codimension-1 stratum consisting of Riemann surfaces with

at least one nodal point. This implies that (see the formula for Z(% from the
previous lecture) 7%« is a sum of two boundary terms

7 0y) RN ()
Uy +

b, ((E B r)ones 0,) (0 0" ) (Ds v o @))

and

. <<ET’§1(T> V)P 0r ¢M) <1 — RN (r ) R ()

Uy + 1y

Here both boundary morphisms glue the second marked point in M, with
the 1-st marked point in Mg 3. The difference is only in the enumeration of
the marked points after the gluing. Namely, in the first case we obtain nodal
Riemann surfaces such that 2-nd and 3-rd marked points are on the genus-0
component, while in the second one the 1-st and the 3-rd marked points are
on the genus-0 component.

Note that ¢/ = 0 because the moduli space M3 is a point. Using that
t*om, =T, 01" we get

r(ma) = (Br (R(n0n)00) o (FEE2 (00, 00)) +
(R (9, 0 60)) o (B (7 02)00))

In order to compute the pushforward via m of
(6.6)

Zrig(Gas 00, 05) = (PPSF 05 (R () gu)or (R (7, 02) )0 (R (7, 055) ) )

we have to use the following identities

0" ) (D600 @)) -

K — T K = 1/):]3“
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and

55— S5— — §71(7—7 @) —1
R l(Taqu)j):R l(Tuqu)j)—i_ — [Dj]7
¥
where %’ = 7*;, 7 = 1,2 and Dj is the divisor in mgg consisting of Riemann
surfaces that have a genus-0 irreducible components that carries only the j-th
and the 3-rd marked points. It is easy to see that the pushforward of (6.6) is

(Pre=imews (R (41)6a) @ (R H(4ha) ) (52 A +
< l(wl ) “H(2) ) @7 i +-
R (W1)da) (% &) o ).

where

Z A = eXimbren) 1),

1=0
Combining this formula and the formula for (*m.a we get that the restriction
of the differential equation (6.5) to M, is

0, (Ev. (1)) o0 (R (u2)en)) =

(B (@)oo <ﬁfl<w2>¢b> o (X i) +
+ (1600, B2 6, ) o T<§*1<¢2>¢b>+
+<§—1<w1>¢a> (l0er. 52221 1) ).

Now the proposition follows easily. Namely, first set 11 = 1), = 0. We get

OEr, Ga0r &n) = (Er b0 or by 0r (002 Aidimi ) +
+([¢i.T7 _ﬁl] d)a) o d)b) +
60 07 ([Gi0r, — 1] 1) ).

To finish the proof simply put 15 = 0 and write the LHS in the following way:

O < i(ET, Gc 07 ¢b)(§_1(¢1)¢a7 ¢C))~

c=1

It remains only to apply the product rule and to use the above formula with
c instead of a. 0
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6.3. Removing the k-classes. Recall that the total ancestor potential is by

definition
B!
A, fi(q) = exp Z / .., q).
Mgn

According to Corollary 5.9 we have

AS,E—I(Q) = (ﬁ)AAs,Id(Q)‘

Our goal now is to compute A; r4(q). When R = Id, the CohFT is given by
the following formulas

Z

= (P96220=15k'{k’q. ....q)'

g7n

Put

N
;0
Zq au’ k= ;Skaui'

Note that the propagator is

N N
P=>"Adjou' = P=) Alo/ou'.
=1 =1

It follows that
N .
Zon(@, - ) = Y AT eXi=kig () ... q' ().
i=1
Proposition 6.4. The following formula holds
k
Ek 1 ShRk — =1+ Z kl (H(l _ 6*220:1 Szwz+j)¢n+j)'
7j=1

The proof of this proposition is a direct consequence from the results in [9].
Namely, the authors derived a formula expressing any polynomial expression
in k classes in terms of pushforward of a polynomial expression in 1-classes.

Put ‘ '
ti(z) = (1 — e Zam1%*") 2 € 22H|[2].

Then we have

N
/ Zg,n(qa cety CI) = Z A51% / ql(wl) C ql(%)tl(%ﬂ) e tl(wnJrk)
Mg,n i=1 : gtk

Note that in order to derive this formula we have to use that for each i,
1 < i < n, the difference v; — 7*; is anihilated by ,,,. Therefore, since
t'(¢),11) is divisible by 1,41, we can replace 7*(¢);) with ¢; without changing
the value of the integral.
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From here we get that

N
As,Id(q) - HDpt(Aiha qZ(Z) + tZ(Z))7
i=1
Where
Z P Pyl 15kZ — _N’1 — —Nfl
Zt 8ul (1—e )2=(1-R (2)1)z2=2—R (2) 2.

Here the second equality follows from the flat identity axiom (see (6.4)).

Lemma 6.5. Assume that a(z) € H|z] is an arbitrary vector. Let T,F(q) =
F(q+ a) be the translation operator. Then
T, R =R Ty-1,.

The proof of this lemma is left as an exercise. From here we get

A, pala(z) +2) = T A pa(a(z)) = T (R Agrala(2) = (B) Tqor, Asra

Note that
_ N 9
1= —t'(2)) =—.
=3t gy
Therefore,

N
Th, As1a(q(z)) = HDpt(\/ Aih;q'(2) + =

i=1
6.4. Givental’s formula. Cohomological field theories arise in Gromov-Witten
theory in the following way. Let X be a projective manifold. Then we define

Zrgm(ar, ... ay Z Z —Qdﬂ'* (evi(a, ®...®a, 1),

1=0 deMC(X)

where 7 : X104 — ./\/lg,n is the map that forgets the stable map and the last
[ marked points and conttracts the unstable components. It is straightforward
to check that this is a CohFT. Moreover, the total ancestor potential of the
CohFT coincides with the total ancestor potential of the manifold X. There-
fore, we have the following formula, which was conjectured by Givental (see

[5])

Theorem 6.6. Assume that the quantum cohomology is semi-simple. Then

Dx(a) = " I8(r. )7 (R(r.2)” [] Du( VA ),

where the generating functions are identified with elements of the Fock space
via the dilaton shift.
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7. SINGULARITY THEORY

Givental’s formula makes sense for any semi-simple Frobenius manifold. It
is known that this formula is always a highest weight vector for the Virasoro
algebra. One of the main open questions is whether one can associate an
integrable hierarchy with any semi-simple Frobenius manifold. If yes then is
it true that Givental’s formula is a tau-function.

In the remaining lectures, we will address this question in the settings of
singularity theory. In particular, we will describe completely the case of simple
singularities.

7.1. Frobenius structures. Let f : (C**1 0) — (C,0) be the germ of a
holomorphic function with an isolated critical point at 0.

Definition 7.1. The family of holomorphic functions
F:SxC¥! -,

where S C CN is a small ball with center the origin, is called a miniversal
deformation of f if

(1) F(0,2) = f(x) for all z € C*+1,
(2) The partial derivatives

OF

represent a basis in the local algebra
H :=Cl[zo,...,zu]]/(Oupfr- -, O0uy [)-

A miniversal deformation always exists: it is enough to pick F' = f +tlg; +
-+ tVgn where {g;}Y, represents a basis in the local algebra H.

In what follows we denote by B the ball in C" with center 0 and radius 7.
We pick p > 0 so small that the fiber f~1(0) interesects the boundary of B2+1
transversely for every 0 < r < p. Given t € S we denote by f; = F|gyxc2+1.
Choose § and S so small that f,'()\) intersects transversely the boundary of
B2t for all (t,\) € S x B;.

Let
V={(t,x) e Sx B | F(t,z) € B;} .
The map
; oF OF oF
gives an isomorphism between sheaves
oF oF
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where p : V' — S is induced from the projection S x B**! — S. Using this
isomorphism we equip each tangent space 7,5 with a multiplication e;.
Given a holomorphic volume form

w=g(t,x)dz’ A---Ndx*, g(t,0) #0,

we introduce the following residue pairing

i i 1 atZFg(twr)atﬂFg(tum) 0 21
/ot 0/0V )y = ——=— dz” N --- Ndz™.
(0191, 0/0P): = Foiyarm /W e OwF...0mF !
It is independent of the choice of the coordinate system (20, ... z%) (see [8]).
We introduce the oscillating integral
(7.2) (Ji(t, =), 0)0) = (—2m2) "% (20,.) / eFt0)/z,
B

where the integration cycle B is an element of the homology group
lim Hy 1 (C* Re(fi/2) < —M;C).

We view Jg as a section of the cotangent bundle which via the residue pairing
is identified with the tangent bundle.

Theorem 7.2 (K. Saito, M. Saito). There exists a volume form w such that
the oscillating integral satisfies the following system of differential equations:

(7.3) Vs =0 e Js, 1<i<N
(7.4) (20, + V) s = uds

Here E is the vector field which under the identification (7.1) corresponds
to the function F. The last equation expresses homogeneity properties of the
oscillating integral.

It follows that the residue pairing is flat. We denote by (7!,...,7V) a flat
coordinate system on S and set J, := 0/97®. It can be proved that in an
appropriately chosen flat coordinate system, the Euler vector field has the

form
N
EzZl— )70, —i—Zraa,

a=1
where the degree spectrum d, is in the mterval [0, D] (the minimal degree is 0
and the maximal one is D). In this case the Hodge grading operator is

w(0y) = (D)2 —dy)0,, 1<a<N.

Theorem 7.3 (Hertling). The residue metric, the multiplication e,, and the
Euler vector field form a Frobenius strcture on S of conformal dimension D.
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Proposition 7.4. Ift € S is a sufficiently generic point then the critical
values u'(t),1 <i < N form a canonical coordinate system, i.e.,

0/ou" @ 3)ou! = 6;;0/0u?, (9/Ou’,0/0u’) = 6/ A

Proof. Let t € S be such that f; is a Morse function and its critical values
u'(t) form a coordinate system. By definition

1 / 0y, Fg(t,x)0,,Fg(t,x)
(27ri)21+1 |617F‘:6 F:I/TO te F$/2[
The residue on the RHS equals sum of the residues at the critical points &

(1<k<N)of f;. Let yg,...,yx be a Morse coordinate system near = = &,
ie.,

(9/0u’,0/0u7) =

dl’o/\ "'/\dl’gl.

1
fo=ul+ S5+ ).
We get
auift - 52k+0(y) and aujft - jk+0(y)
On the other hand the residue pairing is independent of the choice of coordinate

system. Therefore, we can compute the residue at x = &, by switching to the
Morse coordinates. It follows that the residue at x = & equals

1 / dixdjray, + O(y)
(2m7)2+t ly|=e Yo---Ya
where ay, = ¢(t,&). This implies that

dyo N -+ Ndyy = 51'165]'1@&2,

N
(8/0u’,0/0u’) =" dudjuad = b;ja?.
k=1
By definition

(0/0u'ed/0u?, 0/0u”*) = dxo/- - -Ady.

1 / 0u, F Oy, Fy(t, )0, Fy(t, )
(27Ti)2l+1 |02 F|=¢ Fxlo e F:ém
Choosing Morse coordinates vy, . ..,y near the critical point x = &,, we get
that the residue at &, is
6im5jm6kma72na
SO
N
(0/0u' @ 0/0u?, 0/0u*) = Z SimOimOkmaz, = 6;;(0/0u’, d/0u”).
m=1
0
Note that in particular we proved the following fact. Let ¢ be a generic point

such that the critical values {u}¥, form a coordinate system. Let & be the
critical point of f; corresponding to the critical value u*, then

(7.5) A; = (g(t,&))%
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7.2. The Milnor fibration. Put V,, := f,'(\) N B2*!. According to our
choices of S, p, and ¢, the boundaries of V; , are smooth manifolds. They form
a smooth fibration over S x B}, which must be trivial, because S x Bj is
contractible.

Let 3 C S x B} be the set of all pairs (¢, \) such that the fiber V;  is singular,
i.e., Ais a critical value of f;. The collection of all fibers

U {Vm | (t,A)eSng—z}

forms a smooth fibration over S x Bj — X called the Milnor fibration.

Now we would like to describe the so called wvanishing cycles. Let t be a
generic point, such that the function f; has N different Morse type critical
points. Let

c:[0,1] = Sx By =%, ¢(0)=(0,1), ¢(1)=(t,ut) €x

be a path. Here u(t) = fi(€) is a critical value of f;. We assume that c(s) =
(t,\(s)) for s sufficiently close to 1. Near the point z = £ we pick a Morse
coordinate system (yo, . .., %), so that the function f; takes the form:

1
ftzu+§(y(2)+"'+y§l)~

Set yx = (g1 + V—1pr)/2(A — u). Then the equation
Yo+ Hym =200 —u)

is equivalent to

21 21
(7.6) Z G —pr=1, and Z qkpr = 0.
k=0

k=0
On the other hand the map
q
(¢,p) — ( TS p)

identifies (7.6) with the tangent bundle T'S? of the unit sphere. In other words
for each s sufficiently close to 1, we obtain a map

b(S) . D(TSQZ) — ‘/ci(s)a

where D(T'S?) is a disk bundle associated to the tangent bundle. Note that
b(1) is a constant map — it contracts the disk bundle to a point. Using the
homotopy lifting property, we obtain a map

b(s) : D(TS?) — Vi), forall se0,1].
The cycle b(0)[S?] € Hy(Vo1;Z) is called vanishing cycle.
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Proposition 7.5. Let t € S be a generic point and ¢;(s), 1 <i < N is a set
of paths starting at (0,1) and terminating at the points (t,u'(t)), where u’ are
the critical values of fi. Then the homology group Ho (Vo 1;Z) is spanned over
Z by the corresponding vanishing cycles.

Given a loop v € m (S x B} — %) based at (t,\) we obtain (using the
homotopy lifting property) a map

h'y : ‘/t)\ - ‘/t,)\? h'y|8‘/}’k - Id

The map h, is unique up to homotopy and it is called geometric monodromy.
We have an induced map h., on homology and cohomology and the set of
all such transformations forms a group called the monodromy group of the
singularity.

Let v be a path starting form (0,1), avoiding the discriminant and ter-
minating at a generic point on the discriminant. Let § € Hy(Vp1;Z) be a
corresponding vanishing cycle.

Lemma 7.6. The self-intersection index 3o 3 is (—1)'2.

Proof. Indeed 3 is the zero section of the tangent bundle 7'S* which is known
to have self-intersection index equal to the Euler characteristic of the sphere
S% which is 2. The sign (—1)" comes from the difference in the orienta-

tions. Namely, the local coordinates on V;, are given by yi,...,yy, ie.,
q1,P1, - - -, o, Por, while the local coordinates on T'S% are q1, . . ., g, p1, - - -, Pai-
O

Let

(a|8) = (=1)'(a o), «, B € Hy(Vys;C)

be the intersection form normalized by a sign, so that the self-intersection of a
vanishing cycle is 2. Slightly abusing the notations, we denote by ~ the path
that coincides with v except that at the end isntead of approaching a point on
the discriminant, it makes a small loop around it.

Proposition 7.7 (Picard-Lefschetz formula). The following formula holds
hos(x) = 2 — (a|z)a, € Hy(Voa;C).

Definition 7.8. We say that the singularity is simple of type Xy, X = ADE
if the vansihing cycles and the intersection form (| ) form a root system of
type Xy .

For more details and for the proves of the Propositions in this section we
refer to the book [1].
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7.3. The Leray periods. Let a € Hy/(V;1;C) be a middle homology cycle.
We denote by oy y € Hy(V;5; C) the cycle obtained from « via a parallel trans-
port along some path connecting (0, 1) and (¢, \). Let d~'w be any holomorphic
2l-form on C**! (possibly depending on ¢) whose De Rham differential is the
primitive form w. For each k € Z we associate the following period vector:

77 (IB(EN),00) = (2m) L (=) (B3 / i, 1<a<A.

Qg X\

This definition is consistent with the operation of stabilization of the singular-
ity. Namely, the following lemma holds

Lemma 7.9. Let f: [+ %(y% +y3), @=wAdy; Adys. Then

/ dlw = (27r)_18,\/ d-'o
Qi X\ at,)\

Proof. Note that f, = f, + +(y? + y3) is a miniversal deformation of f;. Let
Ux = {(y1,y2) | ¥ +v3 = 2A} be the fibers of the Milnor fibration for the A;
singularity. It is known (see [1]) that the Milnor fiber

Ton 1= () 0 B2
is homotopic to the joint
Viax Uy = Vin x [0,1] x Uy/ ~,
where the equivalence relation is
(2,0,y) ~ (¢,0,y), (z,1,y) ~ (z,1,9), forall z,2' € V;,, v,y € U,.

In fact a map g : Vi » * Uy — V} » that induces a homotopy equivalence can be
constructed as follows. First, since V; \ >~ Vj y» we may assume that ¢ = 0. Fix
a path ¢: [0,1] — B} connecting 0 and X. There exists a continuous family of
continuous maps

hs : Vor = Voe(s), Sty ho(Vor) =0€ C* by =1d.
Put
g(z, s,y) = (hs(x), (2 — 2c(s)/N)?y).

By definition the vanishing cycle ¢ € Hy(Uy;Z) is given by the following
equations:

o ={(V2 y1, V2Xy2) | v +v5 = 1,y1,y2 € R}.

Therefore, the vanishing cycle a = « * ¢ is the union of

Ao,es) X (VA —c(8) yi, VA —c(s)g) , 0<s<1.
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We have

1
/ yidys A w = / 2(A —¢(s)) / y1dyo / w ds
aO,c(s) 0 St &0, c(s)

The integral f51 y1dy = w. Note that the union of all ag.), 0 < s <1isa
relative homology cycle L € Hy(V, Vj x; Z). Therefore we get

2 [—ts)) [ e Jo-fane =2 [ O 1)),

where for the last equality we used the Stoke’s theorem. The derivative with
respect to A of this integral is

2/QOA(A f(z ))df / d1w=2/m d'w.

The lemma follows. U

From this lemma we get that in the definition (7.7) of the period vectors we
can take [ as large as we wish. In particular, the period vectors can be defined
unambiguously for all negative values of k.

7.4. Stationary phase asymptotic. Let ¢ € S be a generic value such that
f+ is a Morse function and its critical values {u’(¢)} form a canonical coordinate
system. Let B; be the cycle in C**! swept by the flat family of cycles 3;(t, \) €
Hy (Vi x; Z) parametrized by the points A of a semi-infinite path C' in C starting
at the critical value u’(t) and such that Re(\/z) — —oo when A — oo along
C. Assume also that when \ is close to u’(¢) then the cycle §; coincides with
the vanishing cycle corresponding to the generic point (¢, u'(t)) € 2.

Lemma 7.10. The oscillating integral (7.2) is a Laplace transform of the
period vectors, i.e.,

Jg,(t, 2) = M 1P (t, ) d).

\/Tm/

The proof here is straightforward and it is left as an exercise.

Lemma 7.11. Assume that \ is close to the critical value u'(t) then

5 (t.3) = 2(A2— ul) < ou Z Al ))k)‘

Proof. By definition

15(6.).0,) = () (-0, [

POyt A Ndy?

1
iVAi
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where (y°,...,y%) is a Morse coordinate system for f; and the dots stand for
higher order terms in y. Here the leading term in the integrand on the RHS
was determined in (7.5). Using that the vanishing cycle is

Gi={ V2N —u) (o, ya) |y +...ys =Ly, €R}

we get (we ignore the higher order terms)

o L
" VA,

Using Stokes theorem we get that the above integral equals the volume of the
unit ball, i.e.,

(7.8) (2m) 7 (—0,) (2(A — w2 /Sm Yodys . . . dyay.

71.l

/521 Yodyr - dyx = oy Ty

It follows that the lowest degree term in (7.8) is

2
VA

The lemma follows because du'//A; = /A; 9/0u’. O
Recall that Givental’s quantization operator

20\ — u®))"V2 9,u

R(t,z) =14 R (t)z + Ro(t)2*> + ..., Ry, € End(H)

is defined as R = WRY !, where to define R we have to take a formal asymp-
totical solution WReY/# that satisfies the differential equations (7.3) and (7.4).
The differential equations uniquely determine R. Let us introduce the linear
operators

A(t)  H— H,  Au(t)\/D;0/0u’ = Ay(t),

where Al (t) are the vector coefficients that appear in the expansion in Lemma
7.11.

Proposition 7.12. We have Ry, = (2k — 1)!! (=1)F A,

Proof. Using the previous two lemmas we get

2 <[> . .
JBi(t’ Z) ~ Z / eA/ZAk(Q()\ o uz))k—l/? /Ai a/auz
k=0 “u

N =2z u

Changing the variables
A—u')/z=—t*/z, d)\= —ztdt,
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we get that Jg, is asymptotic to

o0

2 ) > 2 )
ui)z _ o N\k+1/2 “ER22kAE Ay /A 00Ut =
—— e g (—2) /o e k /ou
e Y (2k = DI(—2)" A VA 0/0u'
k=0

By definition W¥(t)e; = v/A; 0/0u’. Tt follows that
Rp = (2k — D)IN(=1)F U1 A, 0.
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8. VERTEX OPERATORS
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