LECTURE NOTES ON GROMOV-WITTEN THEORY AND
REPRESENTATIONS OF AFFINE LIE ALGEBRAS

TODOR E. MILANOV

1. INTRODUCTION

The Gromov—Witten (shortly GW) invariants of a compact K&hler mani-
fold X are defined as the number of holomorphic maps from Riemann sur-
faces of fixed genus to X satisfying, various constraints. The rigorous def-
inition of the invariants is a difficult problem. One has to develop integra-
tion theory on the moduli spaces Mg,n(x ,d) of equivalence classes of stable
maps f : (X,p1,...,p,) — X, where ¥ is a genus-g, nodal Riemann surface,
pi, 1 < i < n are marked points, and f.([X;]) = d € Hy(X;Z). Such spaces
are in general not manifolds or orbifolds. In fact they might have several
irreducible components of different dimensions. Nevertheless, they have the
properties of compact complex orbifolds. To the best of my knowledge, there
are three different approaches which were invented in order to deal with the
fundamentals of GW theory. The first one is entirely algebraic, it is based on
the intersection theory on Delign-Mumford stacks (see [13]), and it amounts
to constructing a virtual fundamental cycle (see [11], [2]). The other two ap-
proaches are both analytic, but quite different in nature. One can identify the
moduli space as the zero locus of a section (constructed via Cauchy-Riemann
equations) of a Banach bundle. The problem is that the section is not transver-
sal. A natural idea is to deform the section so that we achieve transversality
(see [12]). Finally, the third approach is still under construction, and it con-
sists of generalizing the notion of smoothness, so that we can actually call the
moduli spaces manifolds (polyfolds to be precise) (see [7]).

In my lectures I'm not going to address any of the foundational issues. All
of the above mentioned approaches are quite technical and they will take us in
a different direction. My goal is to show what are the moduli spaces good for
and to point towards some new directions for researching. The Gromov—-Witten
invariants are organized in a generating function Dx called the total descendent
potential of X. There are two problems which are my main motivation. The
first one is the so called Virasoro conjecture. It says that a certain sequence
of linear differential operators, commuting as the holomorphic vector fields on
the circle, annihilates Dx. This problem is still open and it is proved only for

certain types of manifolds. The second problem is motivated by the Witten’s
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conjecture (see [14]), proved by Kontsevich (see [10]), which says that the
Gromov—Witten invariants of a point are governed (i.e. uniquely determined)
by the KdV hierarchy. It is known that the Gromov-Witten invariants of CP*
are governed by the Extended Toda Hierarchy and for some other classes of
manifolds (e.g. toric manifolds, Grassmanians, flag manifolds) it is expected
that a similar hierarchy should exist.

My first goal is to prove Givental’s formula for the total descendent potential
of CP™. The proof (due to A. Givental) is motivated by the localization argu-
ment of M. Kontsevich [9]. However, it relies also on the so called quantum
Riemann-Roch theorem as well as on the so called materialization phenomena
in equivariant quantum cohomology. I am going to follow closely the articles
3, 5, 6] and the notes that I took from Givental’s class when I was a graduate
student at Berkeley. Then I want to turn to the applications of this formula.
First, this is almost an immediate corollary from the formula, proof of the Vi-
rasoro constraints for CP". Then I want to explain a very interesting relation
between the representation theory of affine Lie algebras and Picard-Lefschetz
periods of simple singularities. In particular, I will describe a tool which looks
very promising for addressing the problem of finding an integrable hierarchy
which governs the GW invariants of CP". Most of the theorems I am plan-
ning to prove can be generalized to toric manifolds, but just to simplify the
exposition I'm going to work only with CP".

2. GROMOV—WITTEN THEORY OF THE POINT

In this lecture I would like to point out several results which I would like to
generalize for CP".

2.1. Witten’s conjecture. Let Mg,n be the moduli space of equivalence
classes of nodal Riemann surfaces of genus g, equipped with n marked points.
The equivalence relation is given by a diffeomorphism (i.e. re-parameterization
of the surface) ¢ : (3, ") — (X, ) such that ¢*j = j' and ¢(p;) = p;. By defi-
nition, M, is empty if 29 — 2 +n <0, i.e., (g,n) = (0,0), (0, 1), (0,2), (1,0).
For all other pairs (g,n), the points in the moduli space have only finite or-
der automorphisms and in fact Mg,n can be equipped with the structure of a
compact complex orbifold of complex dimension 3g — 3 + n (equipping Mgm
with an orbifold structure can be done with the theory of Strebel differentials
see [10] as well as the preprint [15]).
Put

k k k k
<77Z) 17"'7wn>g,n: - wll"'d}nnv
Mg,n

where 1); is the 1-st Chern class of the Line bundle L; — Mg,n of cotangent
lines at the i-th marked point. By definition the integral is 0 if the moduli
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space is empty or the degree of the ¢-classes does not match the dimension of
Mg, Let

1 _
Dpi(t) = exp (Z g<’¢}k1, oYt ot €29 2),

where the sum is over all non-negative integers g, n, k1, . . ., k,, and t = (to,t1,...)
is a sequence of formal variables. As it will be seen later, it is convenient to
work with another sequence of formal variables q = (qo,q1,...) such that

qr =t, for k#£ 1 and ¢y =t; — 1.

Let
L (2N)FF12 g (2k — 1!
1" =exp ( £ 2k + DIl e ) P <qE 2 (20) k172 68%)'
k>0 k>0

Then we say that 7(qo, q1, . . . ; €) is a tau-function of the KdV hierarchy if the
following equations are satisfied:

dA
Res :OO)\"—(T+ @I =17 ®F+>T ®T7)=0, n>0,
A A )
where the equations should be interpreted as follows: 7 ® 7 = 7(q')7(q"), the
vertex operator preceding (resp. following) the tensor product acts on 7(q’)

(resp. 7(q”)). Furthermore, let ' = q +y and q” = q — y. Notice that

kt1/2 2k — 1)
+ T = L %) < (7 )
[®I'T =exp (j:QZ e exp | F Z (2N 172 €0y, |,
k>0 k>0
and 7(q')7(q") = 7(q+y)7(q—y). Using the Taylor’s formula we expand in the
powers of y. The result is a power series in y with coefficients Laurent series
in A\™!, whose coefficients are quadratic polynomials in the partial derivatives
of 7. The vanishing of the residues for all n > 0 means that all quadratic
polynomials in front of the negative powers of A must vanish. For example, if
n = 0 then the coefficient in front of y; gives us the celebrated KdV equation:
2
OV = VU, + %vmx, v =€(10gT) 4z,

where x := ¢y and the subscript x means partial derivative with respect to x.
Similarly, by comparing the coefficients in front of other powers of y we get
that v is a solution to a system of PDE’s of the following type:

OV = P (0,03, Vs . ..), n > 1,

where P, are differential polynomials in v. It is not obvious, but it can be
shown that the above system of PDE’s coincide with the so called KdV hier-
archy, which justifies why we called 7 a tau-function of KdV.

Theorem 2.1 (Witten’s conjecture). The generating function Dy is a tau-
function of the KdV hierarchy.
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The theorem was first proved by Kontsevich. His proof had some technical
subtleties which later on were overcome. One proof that I like a lot is based
on Mirzahani’s formula for the volume of the moduli space M (L, ..., L,)
of Riemann surfaces with boundaries of fixed lengths. It was notice by N. Do
that Mirzahani’s formula can be used to avoid the subtleties in the Kontsevich’s
argument. Namely, if we let L; — oo then the leading terms of Mirzahani’s
formula can be identified with a sum over ribbon graphs. This observation
allows us to write D, as a sum over ribbon graphs. The later coincide with
the asymptotic of a certain matrix integral and it is easy to see that we have
a tau-function of KdV (see [10]).

Let us show how the KdV equation can be used to compute the intersection
number (¢);; = fﬂl 1. Start by differentiating the KdV equation by g3,

then substitute t = 0 and compare the coefficients in front of €2. We get the
following identity:
1
(21) <17 17 ¢7¢3>1,4 = <17 171/}?’)1,3(17 17 1>0,3 + _<17 17 17 17 17 w3>1,1-
12
Later on (see Section 4) we prove the following identities:

n

<wk17 st 777Z)kn7 ]->g,n+1 = § <77Z)k17 s ﬂﬁki*l, R 777Z)kn>797"
i=1
and

Wkl, s 7770]%7 ¢>g,n+1 = (29 -2+ n)<¢k17 s 777Z)kn>97n7

known respectively as the string and the dilaton equations. With the help of
these two identities it is easy to see that (2.1) implies that: (¢),; = 1/24.

The string equations and the dilaton equation imply the following con-
straints on the generating function Dp. Put

2 0 0 q? 0
L, =2_2 tpig— = D e
1 7 8t0+mz>0 1o 2+mzq H@q ;
and
3 0 1 1 0 1 1 0
Lo=—2 2 - = Lyt L =L P
ST 16+n;)(m+2> ot 16+mZ(m+2)q Bq

Then L_1Dy = LoDy = 0. In fact there is a whole sequence of differential
operators L,, n > —1, commuting like holomorphic vector fields on the circle
(i.e. 2"19/0z), such that

Theorem 2.2 (Virasoro constraints). L,Dy =0, n > —1.

This theorem follows from a result of Kac and Schwarz, which says that
a tau function of the KdV hierarchy satisfying the string equation satisfies
Virasoro constraints.
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2.2. Another point of view of KdV. The Hirota quadratic equations (shortly
HQE) which were given above can be interpreted as the Pliicker relations of
the embedding of some infinite dimensional Grassmanian into some projective
space. Yet another interpretation of HQE can be obtained via the representa-
tion theory of the affine Lie algebra sl,. By definition, the affine Lie algebra g
corresponding to a simple lie algebra g is defined by

g=g[t,t ']+ CK +Cd,
where K is a central element, d = t0, and the commutator is defined by
(X @t" Y ot™ =[X,Y]@t"™ +nd, _n(X,Y)K,

where (1, ) is an invariant bi-linear form in g. We will be interested only in
affine Lie algebras of type A, D, or E, in which case the invariant form can be
characterized uniquely by demanding that all roots have length V2.

Put h = h 4+ C K + Cd, where b is a Cartan subalgebra of h. Pick a set of
simple roots ay,...,q; and let of = K — 0¥ where [ = dimch, 6 is the longest
root of g and for a root o € h* we denote by oV € h the corresponding coroot,
which in the A, D, or E case coincides with the dual to a with respect to the
invariant form. It turns out (this is one of the things that I'm planning to
prove) that the irreducible, integrable, highest weight representations of g are
classified by weights A € H*, s.t., (A, ) € Z>0,0 < i < [. The representa-
tion corresponding to the weight Ay defined by: (Ag,bh) = (Ag,d) = 0, and
(Ao, K) = 1, is called the basic representation. The basic representation can
be realized in many different ways by differential operators acting on certain
Fock spaces. All these realizations are parametrized by conjugacy classes of
the Weyl group of g. This 1 something I'm planning to explain later as well.
For example, in the case of sl, we have the following realization. Let

0 —tk 0 0 t*
HQk—‘,—l - |ﬁk+1 0:| 3 AQk - [ 0 tk:| ) A2k+1 = [_tk+1 0:| ) k S 7.

The basic representation of sy is realized on the vector space L(Ag) = Cl[[z1, 3, .. .]]
of formal power series by the following formulas:

AZ) = Ve A= 3(TF(2) — 1)),
Hj — %, H,j — jl’j,
K—1, dH%AO—ijl‘j£,

where j (including the summations below) is a positive odd number and

I'%(2) = exp <i2;zjxj> eXp(:F2;ZT_'jﬁi:Uj)'
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Theorem 2.3. A function T € L(A\g) belongs to the orbit SL, - 1 iff it satisfies
the following HQFE:

e 2 (T7(2) @ T7(2)) (r @ 7) = (81 + 1)(r @ 7),

..

1 ;
where | = 532, j (2 — 27) (0, — Oy
Finally, one can show that the solutions of the above HQE correspond to

tau-functions of the KdV hierarchy via the substitution: ¢x = €(2k 4 1)!!xop41.

3. THE VIRTUAL TANGENT BUNDLE

Let Mg,n(x ;d) be the moduli space of equivalence classes of stable maps

f : (27p17"'7pn> — X7

where Y is a genus g nodal Riemann surface, p; are marked points, and f is
a continuous map, holomorphic on each irreducible component, and f.[YX] =
d € Hy(X;Z). By definition, stable means that the group of automorphisms of
the configuration (X, p1,...,pn; f) is finite. Two stable maps f : ¥ — X and
f' ¥ — X are equivalent if there is a diffeomorphism ¢ : ¥’ — ¥ such that
Jj=0¢%j, ¢(pi) = p; and fo ¢ = f', where j' and j are the complex structures
respectively on 3 and X'

The moduli spaces are compact, however in most cases they are not man-
ifolds or orbifolds. The reason for this is that the infinitesimal deformations
of a stable map (X, p, f) might have obstructions, so we can’t always extend
them to actual deformations. Nevertheless, one can define a homology cycle,
called virtual fundamental cycle, such that the integration theory on the mod-
uli space is the same as if Mg,n (X, d) were compact complex orbifolds. In this
section we compute the virtual tangent sheaf 7 € K°(M,,,(X,d)) whose stalk
at a stable map is the formal difference of the infinitesimal deformations and
the obstructions. The virtual fundamental cycle is in some sense the Euler
class of the obstruction bundle. As we will see below the deformations and
the obstructions of stable maps are classified by certain vector spaces whose
dimension might vary, i.e., the obstructions in general give rise to a sheaf not
to a bundle, so the construction of the virtual fundamental cycle is more com-
plicated then just taking the Euler class of a bundle. In case the obstructions
give rise to a bundle then the virtual fundamental cycle is the Euler class.

We consider a simplified version of the deformation theory of a stable map.
Namely, let (X,p, f), p = (p1,...,pn), be a fixed stable map. We classify the
infinitesimal deformations of the map f and their obstructions, keeping the
Riemann surface and the marked points fixed. Choose an open covering {V;}
of ¥ by holomorphic disks and let U; be coordinate charts of X such that
f(Vi) C U;. In each chart U; we pick coordinates and so on each V; the map
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is represented by a collection of holomorphic functions w; = (u} uP
f P y P ;

Dy ey U
D = dimc X. Finally, let g;; be the transition functions between the charts U;
and Uj, i.e., uj = gj;(u;).

Case 1: 1-st order deformations. Let u; = u;+€v; be first order deformations.
Compare the coefficient in front of € in the gluing identity u§ = gfl(ﬂll, )

We get:

(3.1) Z Jb

which implies that the vector fields v aaa e I'(V;, [*TX) glue to give a

global section of f*T'X, i.e., the infinitesimal deformations are classified by
HO(S, f*TX).

Case 2: 2-nd order deformations. Let u; = w; + €v; + €2w; be a second order
deformation. Comparing the coefficients in front of €? in the gluing identity
ug = g5;(u;) we get:

ag‘? 1 629‘9
a __ E Jv b Jt b c
Wi T dub + 2 Oubdue 1
b K] (2 (]

ie.,

(3.2)

a b 9 g]Z b c 0

Tous - wi@ azc@ubauc ' Zau“’

The LHS and the first sum on the RHS are elements respectively of H(V;, f*TX)
and H°(V;, f*TX). We denote the second term on the RHS by w;;. A di-
rect computation (using also formula (3.1)) shows that wy; = wy; + wy;, ie.,
w = (wj;) give rise to a Cech cocycle. Let [w] € H(X, f*TX) be the cor-
responding cohomology class, then formula (3.2) means that [w] = 0, so the
obstructions belong to the cohomology group H'(X, f*TX).

Let Ty, be the sheaf of holomorphic vector fields on ¥ which vanish at the
marked points and at the nodes. A similar argument shows that H'(3, Tx)
classifies the deformations of the complex structure on ¥, and H°(3, Tx) are
the automorphisms of (X, p). Finally, for s € Sing(X) let 77 and 77 be the
tangent spaces at s to the two branches of ¥ that meet at s. Then T, ® T? can
be identified with a space of infinitesimal deformations of (X, p, f) which come
from resolving s. Namely, let x and y be coordinates on the two branches and
let €0, ® 0, € T.®T. In a neighborhood of s the Riemann surface is given by
the equation xy = 0 and we resolve the singularity by deforming the equation
into ry = €.
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The above discussion motivates the following definition:

Tepy =H'(S,Ts) - H'(S,To) + € Ti@T!+ HS, f*TX) - H(S, f*TX),

s€Sing¥

so when we vary (3, p, f) we get an element 7 € K°(M,,(X,d)). Using the
Riemann-Roch formula:

dimcHY(X, E) — dimcH' (3, E) = 1k(E)(1 — g) + / ca(E),

%

we can easily compute that the virtual rank of 7, i.e., the virtual dimension
of the moduli space Mg ,,(X,d) is: 3g —3+n+ D(1—g)+ [,c1(TX).

Example 3.1. If the degree is 0, i.e., the maps contracts the curve to a point.
We have My, (X,0) = Mg, x X. On the other hand H*(Z, f*TX) = Ty X,
HY(X, f*TX) = H' (2, Os) @ Ti) X, so the tangent bundle is given by

T="Tx, +TX-ETX,

where E is the rank g bundle on M,,,, whose fiber at (3, p) is given by H'(3, Ox)
(the dual to this bundle is known as the Hodge bundle). Since the obstructions
form a bundle we have that the virtual fundamental cycle is the Poincare dual
to the Fuler class, i.e.,

/ a:/ a ~ Euler(E® TX).
Myg.n(X,0) MgnxX

Example 3.2. If X is a manifold whose tangent spaces are spanned by global
vector fields H*(X, TX) (e.g. Grassmanians, flag manifolds) then H (X, f*TX) =
0 for all genus-0 curves . This implies that the obstructions vanish so the
moduli space M, (X,d) is a compact complex orbifold.

4. UNIVERSAL IDENTITIES IN GROMOV—WITTEN THEORY

Let X be a projective manifold whose cohomology algebra has only even
degree non-zero classes. We denote by {¢.},1 < a < N a basis of H*(X). By
definition the descendent GW invariants of X are the following correlators:

(4.1) {pa, V™, an V™) gnd = / B e (¢g, @ ... ® Ba,),

Mg,n(X,d)]

where 1); is the first Chern class of the line bundle L; — M, (X, d) whose
fiber at (X,p, f), p = (p1,...,pn) is the cotangent line T3, ev(¥, p, f) =
(f(p1),..., f(pn)) € X™ is the evaluation map and the integration is over the
virtual fundamental cycle. In this section we prove some identities between
the correlators (4.1).



GW THEORY AND AFFINE LIE ALGEBRAS 9

4.1. The universal curve. Let (X, p, f) be a stable map. A point on some
irreducible component is called special if it is either a marked point or a nodal
point of 3. Notice that the condition that the map is stable means that for each
irreducible component ¥’ of ¥ contracted by f the configuration (3, special
points) is stable, i.e., 2¢g’ — 2+ n' > 0, where ¢’ is the genus of >’ and n' is the
number of special points.

Let m: My11(X,d) — M, (X, d) be the map forgetting the last marked
point and contracting all unstable components. In fact 7 is the universal curve
e, if o = (2,p, f) € Myn(X,d) is a stable map then there is a canonical
identification between the fiber 77!(c) and . Indeed, if m(X', p/, f/) = (X, p, f)
then we either have ¥ = 3, f/ = f or ¥/ = ¥ U Y", where the irreducible
component Y is a copy of CP!, the map f contracts X", and the only marked
points on X" are p,,1 and p; for some i,1 < i < n. In the first case we map
(3,9, f') to ppa1 and in the second to p;.

Let us denote by s; : M, (X, d) — M, ,.11(X, d) the section which to each
o = (X, p, f) assigns the point in 77! (¢) = ¥ which corresponds to the marked
point p;. Finally, let D; := [s;(M,,(X,d))] be the divisor corresponding to
the section s;.

4.2. The string equation. The following identity is known as the string
equation:
(G, G, Dgnsra = Y (6™, G0 0¥ 60, 1) gna
i=1

The proof is based on the following relations in the cohomology of M, ,,,1(X, d):

Fact 1:if 1 <i# j <n then [D;][D;] = 0, where for a divisor D we denote
by [D] its Poincaré dual. This is obvious because from the definitions it follows
that D; and D; are disjoint.

Fact 2: For 1 < i < n we have ¢;[D;] = 0. The reason for this is that the
restriction of the bundle IL; to D; is a trivial bundle. Indeed, notice that D;
can be viewed as the image of a gluing map

glz . MQW(X, d) X ng —_— Mngrl(X, d)

On the other hand gl’IL; is a cotangent line bundle on Mo,gg = pt, and hence
it is trivial.

Fact 3: Let L; — M, n+1(X,d) be the pullback via 7 of the bundle L; —
M, (X, d). Then v; = 1, + [D;], where ¥, = ¢ (L).

Note that the line bundles L; and L; are the same outside of the divisor
locus D;. Let (X', 9/, f') be a point on D;. Write ¥’ = X U X", where ¥ is
a copy of CP! which carries the marked points p; and p,,,. We pick local
coordinates = and y respectively on X and X" near the nodal point, let y; be
a local coordinate on 3" near p;. We may assume that y; = 1/y. Let € be
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the coordinate on the moduli space corresponding to resolving the node via
xy = €. We have the following relations:

dr = —ey 2dy = edy;, ie., dy; = € ‘dx.

On the other hand dz and dy; are local sections of L; and L; which generate the
corresponding sheaves of holomorphic sections and € = 0 is the local equation
of the divisor D;. Using the correspondence between divisors and line bundles
on complex manifolds we get that: L; = L; ® L(D;), i.e., ¥; = ¥; + [Dy].

To finish the proof of the string equation it remains only to notice that

WF = OV, 4+ (D)) = D = = (@ + (D).

4.3. Pushforward in cohomology. Let p : X — Y be a proper map be-
tween complex manifolds. Then there is a well defined pushforward map
pe : H(X) — H*?"(Y) where r = dim¢(X) — dime(Y). Intuitively, p, is
integration along the fiber. The precise definition can be done in three steps.

Step 1: If m : X xY — Y is the projection on the second factor and
0 € H*(X xY) is a cohomology class whose restriction to each fiber X x {y} is
compactly supported, then we define 7, (f) by integrating over the fiber. More
precisely for each y € Y we take a coordinate chart V' near y such that, the
restriction of 6 to X x V' can be represented by >, 0;(y) Ady;, A. . .Ady,,, where
the summation is over all multiindeces I = (iy, ..., ) and 0;(y) is a differential

form on X. Then the restriction of 7,() to V' is given by >, (fx Ql(y))dyil A

... N\ dy;,. It is easy to see that all these local differential forms glue together
and the resulting differential form represents the cohomology class m,(6).

Step 2: If i : X — Y is a closed embedding. Then by the Thom isomorphism
we have H*(X) = H*'"(N,N — X), where N is the normal bundle to X
and 7 is the codimension of X in Y. By excision we have H*(N,N — X) =
H*(U,U - X) = H*(Y,Y — X), where U is a tubular neighborhood of X in
Y. If 0 € H*(X) then i.(0) € H*(Y) is defined via the above sequence of
isomorphisms and the natural map H*(Y,Y — X) — H*(Y).

Step 3: If p: X — Y is an arbitrary proper map. Then we factor p as
X2 X xy -~
define p, := 7, 0 g,.

Let us remark that p, is a H*(Y)-module homomorphism, i.e., p,(a « p*b) =
ps(a) —~ b. Also in case X and Y are compact then p, can be equivalently
defined via Poincaré duality: p.(a) = P.D.[p.(P.D.[a])].

Y, where g(z) = (x,p(x)) is the graph-map of p. We

4.4. Dilaton equation. Now we prove the dilaton equation:

(G ™, . Gan ™™ ) g ni1a = (20 — 2+ n) (G0 V™, .., Ba, V") gna
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First, let us prove that 7, (¢,41) = 29 — 2 + n. We know that m,(1,41) is
a number, so it is enough to integrate ¢, along any of the fibers 7 (o),
o= (%,p, f) € My,(X,d). We may assume that 3 is a smooth curve.

Let ¢ : 7~ (0) —— X be the canonical identification. For each point ¢/ =
(2,9, f') € Myni1(X,d) we denote by [, the cotangent line at the (n +1)-
st marked point. If ¢/ € D; then ¥ = X U X" (see the discussion above
about the universal curve) we denote by I; the cotangent line to ¥ at the nodal
point common for ¥ and ¥”. Let L,,; be the line bundle whose fiber at o’
is lyyq if 0/ ¢ D; for all 1 < i < n, or l; if ' € D;. Tt is not hard to see
that the restriction of L,; to the fiber 771(o) is canonically isomorphic to
¢*(T*Y). On the other hand the same comparison argument as in the proof
of the string equation shows that L, = L,41 ® £(D; + ... + D,,). Taking
the Chern classes, and then integrating along the fiber 771(0) & X we get
Te(ns1) = [ a(T*X) +n =29 —2+n.

Notice that the restriction of L,,;1 to D; is a trivial bundle, so v, 1[D;] = 0.
Therefore ¢F), 1 = @f@/}nﬂ, because v; —; = [D;]. Now the dilaton equation
is easy to prove. We have:

/ S0 .. Gy = / 7 (Gt - G ) s
Mg nt+1(X,d)

Mg, n+1(X,d)

and using that [5; » om, we get
g,n

(X,d) fﬂg,n(x,d)

My .n(X,d)

/_ b0 - b U s = (29— 2+ ) / G081 . b 0.
Mg,n(X,d)

4.5. The divisor equation. Using the same ideas as in the proof of the string
and the dilaton equations, one can easily prove that if p € H?(X) then

Ot 0t Dhamrs = ([ 2) bl bty +

3 (Gt (B P B Vg
=1

The above identity is called the divisor equation. In fact, the same formula
holds for all cohomology classes p of degree less or equal than 2.

5. GENUS-0 GW THEORY

Let ¢4,0 <a < N — 1 be a basis of H*(X;C). We assume that ¢y = 1 and
that ¢1,...,¢,, r = dimcH?*(X;C) is a basis of the second-degree cohomology
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group. The genus-0 total descendent potential of X is defined by:
© Q°
FOW) =D @), t(@))ona
n,d

where t(¢) = Z,w t20,0% and Q7 is an element of the group algebra of
Hyo(X;Z). We may assume that ¢; € H?*(X;Z), 1 < i < r are such that
their Poincaré duals a; € Hy(X;Z) form a Z-basis. We put Q; = Q%
and then Q? = Q' ...Q%, where d = dioy + ... + dyoy, ie., FO(t) €
Cl[t4)] ® C[[QF", ..., QF"]]. In fact if X is a Grassmanian then one can choose
a; to be represented by effective curve classes, and since ¢1(7X) is a multi-
ple of the Kihler form we have [ ¢(T'X) > 0 which implies that F©)(t) €

C[[t¢]] ® C[@, ..., Q,], i.e., we may assume that @); are complex parameters.

5.1. Genus-0 topological recursion relations. Our first goal is to prove
the so called Topological recursion relations (TRR for brevity):

-1

N v
(5.1) %(%WH,%W,%?/JICJW)---at(¢)>0,n+3,d: Z 7 X

n1!n2!

ni+nz=n pu,v=0
di+do=d

<<Z5a1/1i, (bw t<w)7 R 7t(1/})>0,n1+2,d1 <¢u7 ¢b¢ja <Z5c1/1k7 t<w> s 7t<w>>07n2+3,d27

where g, = [ « @u® are the entries of the matrix of the Poincaré pairing and
g™ are the entries of its inverse.

Let ct : Mo, 3(X,d) — Moz be the map forgetting the map, the last
n marked points, and contracting all unstable components. Let (X,p, f) €
Mo, 3(X, d). Note that if we forget f and the last n marked points then only
one of the irreducible components of ¥ is stable (and hence is not contracting
by ct). We call this distinguished component the central component of ¥. Let
D be the set of all stable maps such that the first marked point is not on
the central component. The same comparison argument as in the proof of the
string equations shows that: ¢, — ¢, = [D], where 1, is the first Chern class
of the pullback of the cotangent lines bundle IL; — Mg 3. Notice that ¢, = 0.
It follows that the RHS of (5.1) can be written in the following form:

5.2 1 [ et in) )

On the other hand, given a point (X, p, f) € D we can split the curve into
two parts ¥’ and X" such that Y’ is a tree of CP's which carries the first
marked point and such that under the contraction map it is contracted to a
point on the central component. " is the complement of ¥’. Thus there is a
natural map gl which to each stable map (X, p, f) € D assigns an element of
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the preimage of the diagonal of the following map:

Mo,n1+1+o(X, d1) X MO,-+2+n2 <X7 d2) X x X.

The map gl is a (&)—covering because if we split the last n marked points of
Y into two groups then there are exactly that many ways to re-number them
so that the order of the marked points in each group does not change. Since
the Poincaré dual to the diagonal in X x X has the form o 9O Q@ ¢y we
see that (5.2) is transformed into:

> o
77,1!77,2!

ni+n2=n
di1+do=d

where the dots stand for the integrand in (5.2). Formula (5.1) follows.

€Vo XEVe

> g eviguevigu(.. ),

/ﬂo,nl +1+0(X7d1) Xm07'+2+n2 (X7d2) v

5.2. From two to one point descendents. Let 7 = ) 7%, € H*(X)
be a cohomology class. We view 7% as coordinate functions on H*(X). The
correlators

d
<¢aﬂ/}k1 s ¢as¢ks>0,s(7—) = Z %<¢a1wkl s ¢as¢ksa Tyeun 7T>0,s+n,d7
n,d ’

are called s-point descendent GW invariants.
The 1- and 2-point descendents are organized into generating series of the

type Sr(2) = 14+S1(1)2 7+ S2(7)2 % +. .. and Wi (z,w) = 37, Wi (1) 2z Fw ™,
where Si(7) and Wy, (7) are linear transformations in H*(X), defined by:

(Gar Srdp) = (dar @0) + > _(Gar S0 )oa(7) 27+

k>0

and

(¢a7 WT(’Z? w)¢b) = Z <¢awk7 ¢bwl>072<7)zikwil-

k>0
Lemma 5.1. The following formula holds:
'S, (2) S (w) — 1
27l 4wt

where the transpose of S is with respect to the Poincaré pairing.

)

W (z,w) =

Proof. We need to verify that

(Ga, Wr(z,w)) (271 + w7") + (Ga, $1) = (S-(2)a; S-(w) ).

Using the String equation (SE for brevity) it is easy to verify that the LHS of
the above identity coincides with

(5.3) D (Gat®, Gyt 1)gs(r) 2 Fw .

k>0
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We split the summation range in the above sum into four groups. First if
k =1 = 0 then the corresponding summand is just (¢,, ¢). The summands
corresponding to k,l > 1 can be simplified first with TRR and then they add
up to the following sum:

(5:4) S5 (0t G0 (T)g" (b dut, Los(r)z Fw .
w,v kiI>1

By definition we have

D (" )02(r) 7 = (64, (S-(2) — 1))

k>1
and
D {¢u, ot Dos(r)w™ = (o, o0 o2 (T)w™ = (¢y, (S (w) — 1)¢y),
I>1 1>1

where for the first equality we used SE. Therefore the sum (5.4) equals
D (B (-(2) = 1)) g™ (b0, (S (w) = D)) = ((S7(2) = 1)ba, (Sr(w) = 1)).

2l

Similarly, the summands in (5.3) corresponding to k& > 1, [ = 0 add up
to ((S;(2) — 1)¢a, ), and the ones corresponding to & = 0 and [ > 1 to
(Pa, (Sr(w) — 1)¢p). The lemma follows. O

The importance of the following corollary will become clear after we intro-
duce the Givental’s quantization formalism.

Corollary 5.2. The I-point series satisfies the following condition: *S,(—2)S,(z) =
1.

5.3. Quantum differential equations. We view H := H*(X) as a manifold
and we trivialize the tangent bundle T'H by identifying ¢, with the coordinate
vector fields 9/01°. In each tangent space we define a multiplication e, called
the quantum cup product, by the formula:

(fba L4 (bbu (bc) = <¢aa (bbu ¢C>0,3(T)'
Notice that if we let (this is the genus-0 GW potential of X)

Qd
FO(r)=Y" F“’ T omd
n,d ’

then the RHS in the definition of e, coincides with the third partial deriva-
tives %. It is clear that e is commutative and it satisfies the Frobenius
property: (ae.b,c) = (a,be.c),i.e., each tangent space is a Frobenius algebra.
Also, from the string equation it follows that 1 = 9/97° is a unity. The only

thing that is not so easy to see is that e, is associative.
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Lemma 5.3. The I-point descendent series S;(z) satisfies the following system
of ODEs:

(5.5) 207057 (2) = (¢g9:)S:(2), 0<a <N -1,
where ¢go. is the linear operator of quantum multiplication by ¢, = 0/0T®.

Proof. The equality (5.5) is equivalent to:
> {bar By 0t 03(7)2F = (S, (2) e, ba 0 B1)2 "
k=0

On the other hand, thanks to the TRR, the LHS in the above equality is
equivalent to:

(Gar Gbs Ge)03(T) + D D (Bar By D)os(T) g™ (b, et )0 3(7)

k=1 p,v

Using the definitions of the quantum cup product and the 1-point series S, (z),
we get that the above expression equals to:

(gba o ¢b7 ¢c) + Z(¢a o gbba %)guv ((ST(Z) - 1)¢Ca gbu) .

The lemma follows. O

Let M be a small ball centered at 0 in C¥. Assume that g is a non-degenerate
bi-linear pairing on TM, A is a holomorphic section of T*M%? @ TM, i.e.,
the tangent spaces T; M are equipped with a multiplication e, which depends
holomorphically on ¢t € M, e is a vector field on M such that its restriction to
T, M is a unity with respect to e;, and finally E is a vector field on M.

Definition 5.4. The data (M, g, A, e, E') form a Frobenius structure on M of
conformal dimension D € C, if the following conditions are satisfied.
(1) g and e satisfy the Frobenius property: g(X e Y}, Y3) = g(Y1, X o Y5),
(2) The one-parameter group corresponding to F acts on M by conformal
transformations of g, i.e., Lgg = (2 — D)g,
(3) e is a flat vector field: V¥Ce = 0, where V“C is the Levi-Civitd
connection of g,
(4) The connection operator

N

0
(5.6) V=vVho ! Z (8—tiot) dt; + (272 (Ee;) — 27 ') dz,

i=1

where p = VH“(E) — (1 — 2)Id : TM — TM is the Hodge grading
operator, is flat, i.e., V2 = 0.
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The flatness of the family of connection operators implies that e, is commu-
tative and associative and that there exists a function F(7), called potential of
the Frobenius structure, such that the structure constants of the multiplication
e, are given by the third partial derivatives of F) i.e., g(0/07%®,0/07°,0/07¢) =
O3F/(01°07°07¢), where 7 = (71,...,7") is a flat coordinate system on M.

Theorem 5.5. Let H = H*(X). Then the Poincaré pairing, the quantum
multiplication, the cohomology class 1, and the vector field:

N-1

E=) (1- deg(cgba)T“i + e (TX),

a
g or
form a Frobenius structure on H of conformal dimension D := dim¢X.

Proof. The only thing that we need to check is that the corresponding con-
nection is flat, i.e., [Vgare, Vo] = 0 and [Vg)gre, Va.] = 0. The first
commuator vanishes thanks to Lemma 5.3. The vanishing of the second one
is equivalent to:

Ora(Eer) = [, (¢a:)] + (Pa®r).

The above equality is equivalent to:

a’r“ <¢b7 ¢C7 E>0,3(7_) = (]- + db + dc - D)<¢a7 ¢b7 ¢c>0,3(7_)7

where d,,0 < a < N — 1 is the complex degrees of ¢, and we used that the
Hodge grading operator satisfies ‘u = —p, and pu(¢a) = (2 — do)da. On the
other hand the LHS is equal to: (1 — dy)(Pa, @ps @c)o3(T) + E{@a, Pb, Pc)o,3(T),
so we need to verify that

E<¢aa ¢b, ¢c>0,3(7) = (da + db + dc - D)<¢a> ¢ba ¢c>0,3(7_)7

which follows esily from the dimension formula

dimec Mo, (X;d) =D —3+n+ /cl(TX),
d

and the divisor equation. U

5.4. Examples. In the computations, it is convenient to use that the asso-
ciativity of the quantum cup product is equivalent to the following system of
PDEs for the potential F = F© : for all a,b, ¢, and d we have

Z guy(Fabchdu - FaduFbcu) = 07
1,V

where the indices mean partial derivatives. These are the so called WDVV-
equations, and as we will see below they can be used to solve some interesting
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enumerative problems. To prove them note that the above system is equivalent
to the identities:

<<¢a o, (bb) o, O, (bd) = (‘ba o, <¢b o, ¢c>7 ¢d>

On the other hand, the above identities follow from the associativity and the
Frobenius property of e..
Example 1: If X = pt. Then H = C, 7 = 19¢9 and for dimensional reasons

we have F©) (1) = g—‘? The quantum multiplication coincides with the standard
multiplication in C. The system of QDE reads: 20,,5,(z) = S-(2), and we get
S, (z) = e™/>.

Example 2: If X = CP'. Now H = C[p]/p?, where p is the hyperplane class,
T = 79 + 71 p. Using string and divisor equations we get the following formula:
FO(7) = %7‘027'1 + Qe™. From here we can compute the structure constants of
o, and we get that (H,e.) = C[p]/(p* — Qe™).

Example 3: If X = CP2 Similarly to the above case we have: 7 = 79 +
7 p+ 7 p? and the string and divisor equation reduce the computation of F(©)

to computing correlators involving only p?, i.e.,

1 00 7_30l71
FO(r) = 5(70272 +707m0) + Z(Qe”)dm]\ﬂi,
d=1 ’
where Ny = (p?, ... ,p2)0,3d_17d can be interpreted as the number of degree d

rational curves in CP? passing through 3d — 1 points in general position.

Among all W DV V-equations only one is not trivial: a = b = 2, and ¢ =
d = 1, which gives us Fyy = FZ, — Fby Fi11. Comparing the coefficients in
front of () we get the following recursion relation:

N, Nyd?  Nyd2 Ny, Ny dyd
"o 2 (( )

(3d —4 3d, — 2)1 (3dy — 2)!  (3dy — 3)!(3dsy — 1)!

di+do=d

Starting with Ny = 1, the above relation determines N, for all d > 1.

6. GIVENTAL’S QUANTIZATION FORMALISM

Let H be any complex vector space, equipped with a non-degenerate bilinear
form (, ). Let H = H((z7!)) be the space of Laurent series in 2~ with
coefficients in H. We turn the vector space H into a symplectic vector space
via the symplectic form:

Q(f,g9) =res,—o(f(—2),9(2))dz, forall f,g € H.

This form induces naturally a symplectic form w on the manifold H by de-
manding that (H, Q) = (TyH,w|n,%). A Darboux coordinate system on H can
be constructed as follows. Let {¢,}Y "' be a bases of H and denote by {¢?}
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the corresponding Poincaré dual bases, i.e., (¢%, ¢p) = dup. Let pr o and gf be
the functions on H defined by:

oo N-1
F=33 (pralNo" (=2 + i (o).
k=0 a=0

In such coordinates we have: ¢%(—2)"*"1 = 9/0p.q, ¢az" = 0/0q? and the
form w =73, , dpr.a A dg;.

Let sp(H,Q) ={A:H —H | QAS, g)+Q(f, Ag) = 0 be the Lie algebra of
infinitesimal symplectic transformations. Given an element A € sp(H, Q) we
define a linear vector field X4(f) = Af € H = TyH. It is not hard to check
that the symplectic condition is equivalent to the fact that X 4 is Hamiltonian,
i.e., there exists a function h4 on ‘H such that dhy = tx,w. On the other hand
notice that

0 0

QAL [) = vpragw = vpdha = Pras— + Ghms |ha = 2ha,
<kz,a apk,a kaq,)

where f € H is identified with the vector field » 0, ,(pk.a(f)0/Opr.a+qi(f)9/0q}),
and the last equality follows from the fact that h, is quadratic in p and ¢, be-
cause X4 is linear. So we have the following formula: ha = $Q(Af, f).

Given an infinitesimal symplectic transformation A we define a differential
operator A acting on the space of formal power seriesin ¢¢, k > 0,0 <a < N—1
whose coefficents are formal Laurent series in €. We refer to the above space as
the Fock space and we denote it by Fun(H,). We use the Weyl quantization
rules: q¢ = qf/e and Py, = €9/dqi. Monomial expressions in p and ¢ are
quantized by representing each p (resp. ¢) by the corresponding differentiation
(resp. multiplication) operator and moving all differentiation operators before
the multiplication ones. We define A=h - Notice that the quantization of
quadratic Hamiltonians is a projective representation of Lie algebras, i.e.,

[F,G] = {F,G} "+ C(F,G),
where the cocycle is defined by:

1 ifa#b

C(papy; ) = —C(qaGb, PaPs) = .
2 otherwise,

and C' vanishes for all other pairs of quadratic Darboux monomials.

Our next goal is to describe the quantized action of a particular class of
symplectic transformations on Fun(#, ). By definition, the twisted loop group
LA GL(H) consists of all symplectic trnasformations of H of the form M (z) =
> My.z*. Notice that the symplectic condition is equivalent to *M(—2z)M(z) =
1. The elements of LB GL(H) of the form S(z) = 14 Siz7 1 + Soz72 + ...
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(resp. R(z) =1+ Ryz + Ryz? + ...) are called lower-triangular (resp. upper-
triangular). To be precise, the elements of the twisted loop group are Laurent
polynomials in 2z, and S and R are elements of different formal completions of
LPGL(H) (in particular, the product SR does not make sense).

Theorem 6.1. Let S = %) be a lower-traingular symplectic transformation
and F € Fun(H,) be an element of the Fock space. Then

§7F = enm D F((Sq),

where § = eg, fi means the series obtained from f by truncating the terms
with negative powers of z, and W (a,q) = > (W, ), where g, = 3, 4;¢a,
is defined by:

Z Wiz Fw = 'S(2)S(w) — 1
k>0 htwh
Proof. Write A(z) = >7,-; Axz™". Then it is not hard to see that the corre-

sponding quadratic Hamiltonian is given by: —3(Aq, q(—z2)) — (Ap,q(—2)),
ie.,

1
ha=3 S U™ Apgradn gn) + Y (=1 (Akpr, qin),
ml k,1>0
where
a(®) = Y a = S aonst
k k,a
and

p(2) = S pe(—2) ™ = 3 prad(—2)

Put G(t,q) = e *“4F. We compute G for all £. In particular, the Theorem
would follow from the case t = 1. R

Notice that G is a solution to the differential equation 0,G = —AG, which
after the substitution g = log G, turns into:

@ 1

= L (Aq a(=2) + S (Agr(—2)F 1, q(—2)) 22
k,a

g

(6.1) ot 2¢2

This is a 1-st order PDE which we solve by the method of the characteristics.
Step 1: first, we solve the homogeneus equation, i.e.,

S R e

k,a
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The auxiliarly system of ODE’s is

dq

% = (40— La(-2) e = =—[4d]..

Notice that [A[...[Aq]+]]+ = [A"q]+, where on the LHS A is repeated n times.
Therefore, the system of ODE’s has the following solution: q(t) = [e~*c],,
where ¢ = q(0) € H, = H|[z] is an initial condition. The method of the
characteristics is based on the fact that the solutions g(¢,q) of the PDE are
constant along the curves (t,q(t)) € Cx H, . From here we find that if (¢,q) €
C x H, is any point then the curve (s, q(s)) with initial condition (0, [e*q], )
will pass through the point (¢,q). Therefore, the general solution of the PDE
is given by: ¢(t,q) = f([e*4q]), where f is an arbitrary function on #., .
Step 2: a direct computation shows that the function

Wila @) = 55 > (Wialt)a ),

k,l
defined by the formula:
e“A(z)teA(w)t -1

z7 4wl

is a solution to (6.1).
So the general solution to (6.1) is given by g(t,q) = Wi(q, q) + f([e!*q].).

Notice that for ¢ = 0 we have G = F, and Wy(q,q) = 0, so f = log F. The
theorem follows. O

7. FROM DESCENDENT TO ANCESTOR GW INVARIANTS

In this section we assume that X is a projective manifold, H = H*(X;C),
and ( , ) is the Poincaré peiring. Let a;(1), ) = Ekmaf’m¢kwm be a poly-
nomial in ¢ and 1) whose coefficients af’m are cohomology classes in H*(X),
and 7 € H is a fixed cohomology class. Then the correlator:

(7.1) (e (,9), ... (¥, 9)) gn(7)

represents the following sum of integrals over moduli spaces:

Q° —m
I e o™ @ ol 750,

il k.,m. Myg.nt1(X;d)
where the sum is over all d € Hy(X,7Z), 1 > 0 and multi-indices k. = (k1, ..., k)
and m_ = (mq,...,m,). The cohomology classes in the integrand are:

— 1; the 1-st Chern class of the line bundle IL; of cotangent lines at the
i-th marked points,
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— 1), is the pullback of the 1);-class on Mg,n via the (forgetfull) map
7 My,u(X,d) = M,, which forgets the map, the last | marked
points, and contracts all unstable components

—ev: My (X, d) — X" is the evaluation map.

By definition, the corelator (7.1) is 0 if the moduli space M, , is empty, i.e.,
for (g,n) € {(0,0),(0,1),(0,2),(1,0)}.

The goal in this section is to express correlators of the type (7.1) in terms
of correlators that involve only v-classes. This can be achieved thanks to the
following lemma.

Lemma 7.1. Assume that o € H*(X) and (g,n) is a stable pair (i.e. M,
is non-empty). Then the following formula holds:

(@™ o (. ), s an (9, 0))g(T) =

— ("™ Spah ™ (1, D), - (1, ) g (T),

where S;(z) = 1+ S1(1)z! + ... is the 1-point descendent series defined in
Subsection 5.2.

Proof. Let D; be the divisor in M, ;(X,d) of all points (3,p,, f) such that
the first marked point p; is not on the same irreducible component as any of
the points p;, 2 < i < n. Notice that 1/, = 1, + [D;] and that the divisor D,
can be identified with the image of the gluing map:

gle || Mon-rario(Xd) xx Mopsrmia(X,d") = Mynia(X, d),

U+1"=l

d'+d"=d
where in the fiber product the maps from the moduli spaces to X are given by
the evaluations at the marked points o and e. Writing wa@:ﬂ = 1/1{“@71%“ +

[D1]Y59)"™ we get that the integral

* k+177 ™ ®!
Mg,n+l(X7d)

equals to
|
k—erl 1 l
/_ evi(a)YiY,  ag...0a,7® + E G E g x
Mg n41(X,d) Ugi=l o
d'+d"=d
U (o \ T x [
x/_ g anTevi(O)v, [ evi(a)i T evi(oy),
Mg,n—1+l’+o(de/) MO,1+l”+.(X7d”)

where the combinatorial factor (ll,) comes from the fact that in the gluing map
¢l the union of the I’ marked points on the 1-st moduli space and the I marked

points on the second one have to be renumbered with the numbers from n + 1
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to n + [. Notice that the expression > o 9" O ® ¢y is the Poincaré dual to
the diagonal in X x X. The lemma follows. U

Let t(2) = Y, , t%0.2". Then the lemma from above implies the following
identity: 7

(€(W), - 6 (¥))gn(T) = ([Srt]4(¥), - -, [Srt](¥)) g n(T)-
Notice that the LHS in the above equality can be written also in the form

Qd
ST W)+ 7 ) + T
dl

This follows from the Taylor’s formula. Now we are ready to describe the
connection between descendent and ancestor GW invariants. Let

B(t) = exp (32 (b0, 6(),(0)),

g?”

n!

where the summation is over all (g, n), including the unstable ones. We are
slightly abusing the notations because in (7.1) we defined the correlator to be
0 if (g,n) is an unstable pair. The ancestor invariants are organized in the
following generating series:

2g—2

Ar(6) = exp (D2 (600, () (7))

n!

where the summation is over all stable pairs (g, n). From the discussion above
it is clear that we have: D(t + 7) = C.(t).A,([S;t]+), where

1
108 C(6) = {aalr) + CHa(7) + 560, 60nal)) €2+ (hralr).
Both generating functions D and A are formal series in T,to, t1, ... whose

coefficients are formal Laurent series in €. It turns out that if we want to express
the relation between descendents and ancestors in terms of the quantization
formalism from the previous lecture, we need to identify D and A with elements
of the Fock space Fun(# ) of all formal power series in 7, qo, ¢1+1, g2, . . ., whose
coefficients are formal Laurent series in €. The identifications are given by the
so called dilaton shift: q(z) = t(z) — z, i.e.,

D(q) = D(z +q(z)), A-(q) =A(z+q(z)).

We refer to D (resp. A,) as the total descendent (resp. ancestor) potential.
In the new notation our formula takes the form:

D(q) = C(q(2) + z = 1) A (=2 + [S-(a(z) + 2 = 7)]+).
First, let us simplify the argument in the ancestor potential:

—z+[S-a(2)l + 2+ 511 —7 = [S-q(2)]+.
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Where we used that
($11,0) = (1, duloa(r) = (L6 Thoso = [ dum
X

i.e., 51<7')1 =T.
On the other hand, using the dilaton equation, it is not hard to verify that

(W =7,a(®))o2(r) = —(a(¥))o1(7)
(=710 —=7)oa(r) = = —T7)oa(7)
(W =T)oa(r) = —2(00(7).

From this formulas we get

log C,(a(2) + 2 — 7) = (u0(r) + = {a(®), A()oa().

2¢2
Recalling Theorem 6.1 and the formula relating 1- to 2-point descendents we
get the following formula:

(12) D = 054, = e (FU() + 55 (a(), )0z () Ac((Sedl),

where FU (1) = ()1 9(7) is the genus-1 GW potential.

7.1. Reconstruction of genus-0 descendents. Notice that the integral
—k —kn
&/a Uy, eV (B - G, T
Mg,n+L(X7d)

is 0if k;, > 1, 1 < i < n for dimensional reasons: the product of the -
classes is a cohomology class of degree > n pulled back from M,,, which
has deimension n — 3. Now formula (7.2) implies that if we choose 7 = 7(q)
such that [S;q]o = 0 then the total genus-0 desecendent potential is given by
FO(q) = £{q(¥),q(¥))o2(7). In other words, we need to find a formal power

2
series 7(q) which is a solution to the equation:

Qo+ S1(7)(q1 + 1)+ Se(T)ge + ... =7,

where we used that S;(7)1 = 7. One way to do this is to denote the LHS
from above by F(7,q) and think of F' as a map 7 — F(7,q) in the space
of formal series. Then we have to find a fixed point of F'. Starting with an
initial approximation: 71! = ¢y, the succesive iterations, 7("*V = F(7( q)
will generate a sequence which is convergent in the appropriate formal sense
to a fixed point 7(q) of F.

For example, if X is a point. Then S,(z) = €7/* and using the formula for
2-point descendents in terms of 1-point descendents we get
1 LR+

*(a(w), a(@)oa(r) = 3 3

2
k>0

gk qi

O O @
Foi () = k+i+ 1k
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where 7 is a solution to
2

-
(JO+(Q1+1)T+QQ§+...:T.

The first three iterations have the form:
2

q
T = g, 7'(2)ZQO+(Q1+1)(]0+(]22—(;+---7

2

q
7'(3)IQO+<Q1+1)QO+<QI+1)QQO+Q22_?+---

8. THE QUANTUM RIEMANN—ROCH THEOREM

Let £ — X be a vector bundle. Put E,, 4 = m.ev}, ,(F) — it is an element

of the K-group K (M, (X, d). In this lecture, following Mumford (see also [3])
we compute the Chern character chy(E,, 4). We will use the Grothendieck-
Riemann—Roch theorem:

Theorem 8.1. Let p : X — Y be a proper map between complex manifolds
and E € K(X) then we have

ch(m(E)) = m.(ch(E) U td"(Qx/y)),
where (dx/y is the sheaf on X of relative differentials.

The duall Tod class td¥(L) of a line bundle L is by definition:
T B,
et —1 Z R

where By = 1,8, = —%,BQ = %, are the so called Bernoulli numbers
and x = c¢(L). For an arbitrary vector bundle the Tod class is defined by

demanding that td" obeys the multiplicative property:
it 0 E' E E" 0 then tdY(F)=td"(E)td"(E")

For proof and further details we refer to Fulton’s book. We apply this theorem
to the universal curve. We are not going to justify why Theorem 8.1 can be
used in our settings.

Let us give the answer. Consider the diagram:
j i CVpt1

Z C = Mg,n+1<X, d) X

M = Mg,n(X, d)
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where Z is the locus of all singular points of the fibers of 7. Note that if
t=(3,p,f) € My,(X,d) then the fiber 7~1(¢) = ¥, so the singular points
correspond to the nodes of ¥ and we can identify Z with the total range of
the gluing maps:

|_| mg’,n’—i—o()(va d,) Xx MO,O+1+.(X7 O) Xx Mg”,o—f—n” (X, d”) _j' Mg,n—l—l(X, d)

g'+9"=g,
n/4+n" =n,
d'+d"=d

leg—l,n—i—o—f—o (X, d) ><X><X MO,O+.+1(X7 0)

where the maps from the moduli spaces to X necessary to define the fiber
products are given by the evaluation maps at the appropriate gluing points.

Theorem 8.2. Let 1, = ¢! and p_ = ). be the cotangent line classes on Z.
Then we have the following formula for ch(E, ,q) :

Z—B{" m. (evi41ch(E) ;H—E:(aiwz-wlj* ST (=1t
r 2
r=0 i=1 a+b=r—2

where 0;,1 < 1 < n are the sections of the universal curve corresponding to the
marked points.

The proof of the theorem amounts to computing the Tod class of the sheaf
of relative differentials 3¢ 57 of the universal curve.

8.1. Two exact sequences. According to Fin Knudsen, the sheaf €2, /i has
a two term vector bundles resolution: 0 — & — & — M 0. The
corresponding determinant sheaf we 7 = det(Qe 57) 1= A"PE @ A™PEY is the
relative dualizing sheaf. Tn particular, if we restrict we 54 to a fiber 771(t) = %
of the universal curve 7 then for any vector bundle £ on ¥ we have H (X%, £) =
Hlfi(E, wy & 5\/)\/.

Let us compare the sheaves ) and w locally. Outside of the singular locus 7,
the sheaf  is locally free which implies that the two sheaves are canonically
identified. Let C — S be a family of stable maps, and so each fiber C}
represents a point ¢ € M and it is also identified with the fiber 71(¢). Locally,
the singular locus of C' has the form zy = €, where x and y are local coordinates

on C' (near the node) and e is a local coordinate on S. Since Q¢ /s = (O¢ dr +
Oc dy)/d(zy)Oc we have:

weys = (Ocdx A dy) @ (d(zy)Oc)¥ =2 Home,. (d(zy)Oc, Ocdz A dy).

Let ( = dx/x for + # 0, or —dy/y for y # 0. Then we see that we/s =
Oc¢ (. Comparing the local expressions of Q¢/g and we/g we get that Q¢/g =
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Isingweys, where Iging is the ideal sheaf of the singular locus of the fibers of
C' — 5. Therefore we have Q¢ 57 = Izwe /7. From the exact sequence:
O > .[Z OC ]* OZ - 07

tensoring by we 7 we get

00— QC/H — Weim T J«(Oz ®j*wc/ﬂ) — 0.

On the other hand We/m = L,i1(—=Dy — ... = D,), where D; are the divisors
in C corresponding to the sections o; (for proof see Knudsen). Notice that the
divisors D; do not intersect Z and that j*IL,,;; is a trivial bundle. So the above
exact sequence turns into:

Finally, put D = Dy + ...+ D,. Then we have an exact sequence: 0 —
O(-D) - O — Op — 0, tensoring with L, (I am slightly abusing the no-
tations by not distinguishing between vector bundles and locally free sheaves)
we get:

(8.2) 0 — we/mg — Lns1 — EP(0:).0p, — 0.

i=1
8.2. The Tod class. Using the multiplicative property of the Tod class and
the exact sequences (8.1) and (8.2) we get:

6" (Qe 1) = (th(Ln+1) 1+ 1) ﬁ (m 1+ 1) (m 14 1).

i=1
As it will become clear from the computations below, the above product ac-
tually equals to:

g 1 1
89 W)+ Y (e 1)1
The first term is by definition
¢n+1 o Br r
(8.4) S 1 Z anﬂ-

r>0
For the second term we used the exact sequence:
0— O(-D;) — O — (0,).Op, — 0.
The multiplicative property of the Tod class gives us that the i-th summand

in the sum in (8.3) is:

td"(O(=D;)) — 1 = <—Dz)(Z %<—Di>”>’
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where slightly abusing the notations we identify the divisor D; with its Poincaré
dual cohomology class.

On the other hand the divisor D; can be identified with the image of the
gluing map o; : M, ,(X,d) 2 M, (X,d) xx Moes2(X,0) = M, n1(X,d),
where the domains of the corresponding stable maps are glued respectively at
the i-th marked point and the e marked point. Therefore the pullback via o;
of the normal bundle to D; is L; ® LY. In particular o} D; = —t; — 1he = —1;,
where we used that L, is a trivial bundle. Since the Poincaré dual to D; is the
same as (0;),1 we find (using also the projection formula: af.f = f.(f*ap))
that the above formula transforsm into

(X )

It remains only to compute the last term in (8.3). We will use that Z is the
intersection of two divisors D, and D_ which can be identified respectively
with the images of the gluing maps:

o | My e (X, d) xx Mgy g (X, d") —— My ia (X, d)
and

My o (X d) X Mg e (X, d") — My nia(X, d)
Notice that the map j, which consists of gluing two pairs of points, factors
through both j, and j_, namely: 7 = j, 0, = j_o_, where the maps o, and
o_ are the gluing maps respectively at the first and the second pairs of points.

So we can identify Z = D, N D_ as the zero locus of a transversal section of
the rank 2 bundle O(D,) & O(D-). Using the Koszul resoltuion we find:

0—O(-Dy —D_)— O(-D;)aO(—-D_) - O 7«0z -0
Again using the multiplicity of the Tod class we get:
1 _ D.D_ ( eP++D- 1 1 1 )
( :

td"(j,0;) = Dy+D_\(eP+ —1)(eP- —1) D, D_
On the other hand the epression in the brackets could be written as
1 1
1— — — — — DT 1 Drfl
(3D+—1+6D*—1Jr D+ Z =)

r>2

Notice that j,1 = 2D, D_. The factor of two here comes from the fact that
each irreducible component of Z is covered by two gluing maps of the type

M x X M and M x X M/, or in case that M = M’ then the fiber product
M x M has an additional Zy symmetry, so the corresponding irreducible
component of Z instead of being isomorphic to M xx M is in fact isomorphic

to (M xx M)/ Z.
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Just like above we can see that ji D, = —, — ¢7 and since (o1)*¢, = 0
we get that j*D, = —,. Similarly, j*D_ = —t_. From here Theorem 8.2
follows easily. O

8.3. The virtual bundles E,, ;. SincX is a projective manifold we can find
a positive line bundle L, such that £ ® L®Y is generated by global sections
(for some N sufficeintly large). In particular, we have an exact sequence of the
following type:

0 Ker HY (X, E® L) — E® L*N — 0,

tensoring with (LY)®" and then pulling back to ¥ we get:
0 — f"A—— f*B—— f*E —0,

where f*B is a direct sum of negative line bundles. In particular H(Z, f*B) =
0, so by taking a long exact cohomology sequence we get:

0 —— HS, f*E) — H'(S, f*A) — H'(S, f*B) — H'(S, f*E) — 0

From here we get that as an element in K-theory Ey, ¢ = Bgnd — Agna is a
difference of two vector bundles.

Lemma 8.3. We have the following relations:

-k * *
J Eg,nJrl,d = ngl,nJrOJrO,d —ev B+ § (Eg/,n/Jro,d/ + Eg”,oJrn”,d” — €V E)
and By pq = Egni1.4-

To prove this lemma, one may assume that H°(Z, f*E) = 0 for every holo-
morphic map f : ¥ — X and that E,, 4 is a bundle with fiber H'(X, f*E).
The later due to Serre duality is H(X,ws ® f*EV)Y. Recall that the dualizing
sheaf wy, for a nodal curve coincides with the sheaf of differentials holomorphic
away from the nodes and such that near a node the sections could have simple
(logarithmic) poles at such that the residues at the two branches add up to
0. Now the lemma follows easily by comparing the fibers of the corresponding
bundles.

8.4. The quantum Riemann-Roch theorem. Let X be a projective man-
ifold of complex dimension D. We fix a basis ¢,,0 < a < N —1in H*(X). We
recall the quntization formalism from before: symplectic vector space H, the
Lie algebra correspondence A — h, between infintesimal symplectic transfor-
mations and quadratic functions on H. Also, we define Darboux coordinates
on H by f =32 Pralf)o*(=2)7" "+ gi(f)gaz".

Let si, &k > 0 be a sequence of formal variables. We define a multiplica-
tive characteristic class: c(E) = eX (£ By definition the twisted GW
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invariants are the following correlators:

<Cg,n,d; ta s at>g,n,d = / C(Eg,n,d) A t(¢1) s t(’g[)n),

[(Mg,n(X,d)]

where t(v;) = Y, thevi(d.)YF. The twisted total descendent potential is
defined by: 7
62gf2
Dy = exp Z o QUegmart -3 t) g

g,mn,d

Recall that the Fock space was defined as the space of formal series in qg, 1 +
1,qo,.... We identify Dy with an element of the Fock space by the twisted
dilaton shift: q(z) = y/c(E)(t(z) — 1), i.e.,

@ =Ve(E)te, k#L g =+/c(E)({t—1).

Theorem 8.4. The following formula holds:

B, T
Dy, = C(s)exp <Z%sl+2m_1 (chy(E)z*™1) ) X

m>0 <2m)
150
X exp (Z 50 (Chl+1(E)Zfl)A) Dy,
1>0
where
1
log C(s) = yr ;0 sk</X6(X)chk(E) +2 /X cthcD,l(TX)),

and the Bernouli numbers Bs,, are defined by:

r oz Bom  om
v —1 2+Z(2m)!x '

m>0

8.5. Differential equation for the RHS. According to our quantization
formalism, if A = Ajz+ Ay2* 4. .. and B = B,z ! are infinitesimal symplectic
transformations, then we have:

~ e 4 0? 4 0
A ST 1) (A6 o 1A )
5 D e ) g + (1 (A )
where the summation is over all 7,7 > 0 and 0 < a,b < N — 1, and
. 1 . 9
B =~ (Bigo. @) = )_(B19 ,¢b>q2+la—q2-

k>0

On the other hand if F' and G are quadratic Hamiltonians, then we have

[F,G] = ({F.G}) ™+ C(F,G),
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where the cocycle is non-zero only for the following pairs of Darboux quadratic
monomials: C(p?,¢>) = 2 and C(papy, @uqs) = 1, for a # b. In particular for
the infinitesimal symplectic transformations A and B we have:

. 1
[Av B] = [Aa B] - étr(AlBl)
This implies that eABe A = B = B %tr(AlBl). Keeping this remark in

mind it is easy to see that the RHS of the formula we want to prove satisfies
the following differential equations:

0 KB 1
_ D r=1y~ -
(8.5) 5o RS (;:()j —F (chi 1 (E)2) )RHS+ S L(s)RHS,
r#l

where the linear (with respect to s) term L(s) is given by the following formula:

/X (e(X)chk(E) + 2ep (T X )chysr (E) — 2¢(X) ( 3 smchl(E))cth(E)> .

>0

Let us remark that in order to derive the above differential equation one should
also use that tr(aU) = [, ae(X), where e(X) is the Euler class of the tangent
bundle.

So we need to check that D, satisfies the above differential equation. Let us
differentiate log D;:

o 62972Qd
—log D, =
0sy, 08 Z n!

g,n,d

ot
((Chk<Eg,n,d) A Cg,n,d; t7 cee 7t>g,n,d + <Cg,n+1,d; a—ska t, s 7t>g,n+1,d) .

According to Theorem 8.2 we have that chy(E,, 4) equals to:

k+1 n

Br * T T— 1 . a a
Z 777* (eVn+1Chk+1—r(E) ( n+1 Z(Uz)*d}@ ! + 5]* Z (_1) ,QZ)-F,QZ)E))
r=0 =1 a+b=r—2

Now, one has to consider three cases depending whether r is 0, 1, or > 2. Since
the ideas and the techniques in each of these three cases are the same, we
consider only the case when r > 2. More precisely we check that

29—2)d n
6 (° n,Q (= o0l 4 i 3 (1t ) A
g,n,d ) =1 a+b=r—2

T gndity ..t Chk+1,r(E)>g,n+Ld> D, = (chppr_,(E)2") Dy,
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where t = 7*t. Notice that
—k —k—1 —k—1 _ _
@/)i = ¢i (@/)z‘ - (Uz‘)*l) = @/)z‘@/)i - (%‘)ﬂ/’f == ?/}f - (Uz’)*@/}f L
Let us simplify

62972Qd —1)e o _ _
Z ’I’L' Z %@*dbﬂ/}b /\ Cg,n+1,d; t7 CRC 7t7 Chk+177‘<E>>g,n+1,sta

g,n,d ’ a+b=r—2

We may assume that @f = 1)¥ becaus the cohomology class (0;),1F ! is sup-
ported on the divisor D; = Im(o;) and the singular locus is disjoint from D;.
Notice that the above correlator could be written as a sum of correlators of
two types:

oy | dutty
Cg”,o—l—n”,d”vta"'ata )

<Cg’,n’+o,d’; t7 cee 7t7 Chk+1—7’(E)

where ¢ +¢" =g,n" +n" =n,d +d’" = d, and
<Cg—17n+o+o,d; t,...,t, Chk-i—l 7’ \/“7 \/QL>
g—1,n+o+ed

On the other hand we have 9,t(2) = 92° o if we put F = log D, then the

VB
sum from above turns into:
€2 " OF OF PF o
5 Z (_1) (Cthrl*T( )(b (b )< aq“ + aq aq“)

a+b=r—2
Notice that

OF OF O*F 0? F
(ab8a+ab8 ) 8baae
4, 04, 7,04, 4,04,
and that
€2 0?
- § _1\a w4
2 a+b:r2< 1) (CthrlfT(E)(b 7¢ ) 8qgaqz

coincides with the quntization of the p?-squares terms of the operator chyy;_,(E)z""1.

The rest of the details are left to the reader. O

9. THE QUANTIZATION OPERATOR

Let M be a small ball centered at 0 in CV, equipped with a Frobenius
structure, i.e., a family of commutative associative multiplications e, : T, M ®
T,M — T,M, a flat, non-degenerate, complex bilinear pairing ( , ); : T,M ®
T;M — C, satisfying the integrability conditions listed in Definition 5.4, except
possibly for the absense of an Euler vector field.
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Definition 9.1. We say that a Frobenius structure is semi-simple if there are
local vector fields e;; 1 < i < N such that the multiplication and the pairing
assume a diagonal form:

A,

Theorem 9.2. If M is semi-simple then there are local coordinates ut, 1 < i <
N, called canonical, such that e; = 0/0u’.

¢; o€ = bijej, (e, €5) =

Proof. We need just to check that the vector fields e; pairwise commute. Let
V;Cej = ngeq (summation over repeating upper and lower indexes is assumed).
By definition the flatness of the connection V = V¢ —271 3™ (5, @) dt* means:
(veivej — VejVei) ek = Ve, e;6k- Comparing the coefficients in front of 271
we get:

Vel(ejoer) +e o Vite, —[i v j] = [ei ej] o ex,

where the term in the square brackets is obtained from the preceeding expres-
sion by swapping ¢ and j. The above identity transforms into:

Oiklieq + T10ieq — [i < j] = [ei, €] @ e

Notice that the RHS in the above equality is exactly the coefficient in front of
ex in [e;, e;]. On the other hand on the LHS the coefficient in front of ey, is

8kl + Dl — (0D + L) = 0.
0

Lemma 9.3. If the Frobenius structure on M is confromal with Euler vector
field E, then

[E,XeY]|—[E, X]eY —Xe[EY]|=XeY,
for every vector fields X and 'Y .

Proof. By definition the connection operators (acting on sections of the bundle
TM — M x C*) Vx = V5% — 271 Xe and Vyp, = 0/0z — (:>E e —z"'p1)
satisfy a flatness condition. In particular, we have

(9.1) VeVxY —VxVgY =V Y
and
(9.2) Va0:VxY —VxVy.Y = V. xY =0.

To prove the lemma, one has to extract two identities, obtained from (9.1) and
(9.2) by comparing the coefficients in front of 2~ and 272 respectively:

VIC(X o V) + E o (ViY) = (VE(E oY) + X o (VY)) = [E. X] o .

Ee(VEY)+ X oY + VY, E=XeVyE+Vi(EeY),
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where we used that by definition p(Z) = VE°E. Subtracting these two identi-
ties and then using that the Levi-Cevita connection is torsion free, i.e. VXY —
VICX = [X,Y] we get the identity we wanted to prove. O

Corollary 9.4. For a conformal, semisimple Frobenius structure, one can
choose canonical coordinates u® such that the Euler vector field assumes the

form: E =" u'-2..

Out
Proof. Let u = (u',...,u") be any canonical coordinate system. Let E =
> Ei(u)5%. Recalling Lemma 9.3 with X = 9/du’ and Y = 9/0u’ we get
0E, o OF; o O i i

From here it follows that OE;/ Ou? = 4, i.e., up to some constants ; = ul, 1<
1 < N. Replacing u' by appropriate translations of u* we obtained the desired

canonical coordinate system O
Let us assume that M has a semi-simple Frobenius structure. We denote
by u = (ul,...,u") a canonical coordinate system, by 7 = (7°,...,7¥71) a

flat coordinate system and by 0, = 9/97 the corresponding flat vector fields.
In case the Frobenius structure is conformal we require that the canonical
coordinates are chosen in such a way that £ = . v’ a?ﬁ"

Using the canonical coordinates we trivialize the tangent bundle T'M, by

the following family of linear operators, parametrized by 7 € M:

0
(9.3) v, CN = T.M, w@:\mng.
u’l
Put U = diag(u?, ..., u"). Our next goal is to describe the formal asymptotical

solutions, near z = 0 to the system

20, = (0,0)J, 0<a<N -1,
(20. + Lg)J = pJ,
J = \1’7—(1 + Rl(T)Z + RQ(T)ZQ + .. .)€U/Z,

where the second equation should be considered only if the Frobenius structure
is conformal, and Ry (7) are matrices which together with U are idenitfied with
linear operators on CV via the standard basis e;,1 < i < N. Also, we identify
U with a N x N matrix via the standard basis in CV and the flat basis 9, in
T.M.

Lemma 9.5. a) Let g be the matriz of the flat metric, i.e., g = (04, ).
Then the following formula holds: "W, .gW¥, = 1. In particular, ¥~'d¥ is an
anti-symmetric matriz.

b) Let A= (9,0)dr*. Then A= VdU¥ .
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Proof. a) It follows from

0ij = (Wey, Wey) = Wig W54 (Da, )
a,b

b) The identity follows easily becaus if we think of the matrix A as a linear
operator then since A = Y_.(9/0u’e)du’ we see that in the basis ¢; = v/A;0/0u’
the matrix of A becomes dU, so the formula is just the standard change of basis
in linear algebra. ]

Theorem 9.6. Existence: The formal asymptotical solution always exists.
Uniqueness: a) If we require that *R(—z)R(z) = 1, then R is uniquely deter-
mined up to multiplication from the right by exp (Zle AQm,lzzm_1> , where
Agm_1 are constant diagonal matrices.

b) If the Frobenius structure is semisimple then R is uniquely determined
and it automatically satisfies the symplectic condition: *R(—z)R(z) = 1.

Proof. Using Lemma 9.5, part b) we get that the system of differential equa-
tions for J is equivalent to:

(d+Q)R=z"dU,R], Q=V'dU.
Comapring the coefficients in front of z* we get:
(9.4) (d+ VU 'dU)R, = [dU, Riy1], k> 0.

The equation corresponding to k = 0 reads: (du’ — du/)RY = (Q)¥. From here
we find RY = (0~19,: )% for i # j. Now one has to check that if R; is defined
by the above formula then [dU, R;] = Q. This follows from the fact that dU A
Q+QAdU = d(dU) = 0, which implies that Q% A(du’—du’) = 0. From the case
k = 1, by comparing the diagonal entries we find that dRY = — EJ(Q)”R{’
Notice that in the above sum the RHS depends only on the offdiagonal entries
of Ry, so the diagonal entries are determined up to a constant.

Continuing in the same fashion we see that the the entries of Ry are uniquely
determined except for the diagonal ones which are determined up to a constant,

i.e., that R can be recovered uniquely up to a factor exp (Ek Akz"“).

Put P ="R(—2)R(z) = 1+ Py 2+. ... Then one checks that dP = 2~![dU, P},
i.e., dPy = [dU, Pyy1]. From k = 0 case we get P; is diagonal and then dP; =0
because [dU, P,] is off-diagonal. Continuing in the same way, we get that all
P,’s are constant diagonal matrices. Also, from

Po=(—D)"Ry+ ()" "Ry Ry + ...+ R,

we get ‘P, = (—1)% Py, 80 Pay1 = 0. Now the first existence statement follows
easily.
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For the second one, we use that LgRr = —kR;. By the Cartan’s magic
formula:

kR = pdRe = p( = SO QUR]) = 3wl - ') RV R
j ,

J

O

We trivialize the tangent bundle TM = M x H, H := TyM via the flat

metric. Put ¢, = 0,, basis of H. Using the flat metric instead of intersection

pairing, we addopt the same quantization formalism on H = H((z7!)) as
before.

Lemma 9.7. Let R = 1+ Riz + Ry2% + ... be a symplectic transformation,
i.e. "R(=2)R(z) = 1. Then

(RF)(@) = (7" F) (R™'q),
where the Laplacian V(0,,0,) = > (9% Vqusb)aqzaq? is defined by

‘R(2)R(w) — 1.
Z 4w

Y V(=) (—w) =

In the above lemma F is an element of the Fock space on the variables ¢,
k>0,0<a< N —1. However, this action does not always makes sense. For
example if F(q) = ¢ + ¢ + ... then F(R™'q) is a linear function in q whose
coefficient in front of (say) ¢4 is Y., “(Rr¢a, *)(—1)¥, and the later sum might
be diveregent.

We prove that the action of R is well defined on the class of the so called
tame asymptotical functions. By definition, an expression of the type

F = exp 2629_2.7:(9)(01),
g=0

is called an asymptotical function. Furthermore, such a function is called tame
if each F9) is a sum of monomials of the type Qs - - - Gy satisfying ki +.. . +k, <
3g — 3+ r. For the purposes of GW theory one has to incorporate everywhere
the dilation shift, however, we leave this to the reader.

We are going to use the following combinatorial fact. Let V = {Vj;},4,5 > 0
be an infinite symmetric matrix. Given a graph I' whose flags (flag is a pair
of incident vertex and edge of I') are labeled by the integers i > 0. For each
edge e € E(I') put V., = €V;, where 4, j are the labels of the two flags incident
with e. Also, for each vertex v € V(I') we put 9, = 0;, ...0;, where iy, ..., 4,
are the labels of the flags incident with v.
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Lemma 9.8. a) The followz'ng formula holds:

A =S e I I 0

eGE () veV (T

where the sum s taken over all, possibly disconnected, gmphs.
b) The logarithm of the LHS is given by the same formula except that the
summation is over all connected graphs.

Lemma 9.9. The symplectic transformation R preserves the class of tame
asymptotical functions.

Proof. Assume that F is a tame asymptotical function. Let In F = >~ 29~ 2%1
The tameness of F is equivalent to k1 + ...+ k, <39 — 3+ .
We have
2
<. Vigi9; _ 29—2 a ar
In (e? 2y Vi J}") = Z Ty G
On the RHS we fix a monomial €29~ QQZI -qyr. Using Lemma 9.8, b) we write

the LHS as a sum over connected graphs I', for each vertex v of I' we choose
a monomial €9~ quvqu ... from the expansion of InF. Let us see what T’
and corresponding vertex contributions contribute to the monomial on the
RHS that we fixed. We use the following notations: e, — number of edges
incident with v € V(I'), the set of labels {(k},a}), (K%, a}), ...} splits into two
parts labels that correspond to the flags incident with v and labels (k;,a;)
associated with the the monomial €29~ 2qk . gy . Let 7, be the number of the
second type of labels (notice > r, =r) and denote by k, the sum of all k;s
of these labels. Finally, [, is the sum of ks from all labels (k,a) of the flags
incident with v.
From the tameness of F we have:

3Gy — 3+ ey + 1y > ky + L.

On the other hand, using the genus relation 29 — 2 = )", (29, — 2) + 2| E(I')],
we get

g=1=Y (9= 1)+ |ED) > ED) - V(D)= -1,

where we used that I' is connected. In particular, g > 0. Also, 3¢9 — 3 +r =
3, (3, = 3) + BB+ X, 70 > 3 (ky + 1y — ) + 3B = X, (k, +1,) +
B > X,k = X, ks

The fact that the transformation q — R~!q preserves the class of tame
functions is obvious. O

Assume that 7 € M is a semi-simple point. Then we have two Fock spaces:
one associated to H = T, M and the flat metric, and another one associated
to C and the standard complex bi-linear form. The two spaces are naturally

ar

-
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identified via W.. Explicitly, we have: q(z) = >, , qrdaz" € H[2] and Q(z) =
> ki Qieiz” € CV[z]. Then the identification W, which we also denote by U,
is given by the following substitution: ¢f = >, U, Qi.

Lemma 9.10. Let S, = 1+ S1(7)27 1 +. .. be a solution to the system of differ-
ential equations 20,5, = (0,,)S,0 < a < N —1. There exists a constant C(T)
such that the composition of differential operators, whenever their composition
makes sense,

eC(T)g;lﬁ\/Tﬁe(U/z)A

is independent of T. In fact the constant is given by: C(t) = [T SN Ritdu’.

10. EQUIVARIANT COHOMOLOGY AND FIXED-POINT LOCALIZATION

Let T = (S')"*! be the (n + 1)-dimensional torus acting on a compact
complex manifold X. We assume further that the fixed points set X7 = {z €
X | T-x =z} is a submanifold (possibly disconnected) of X.

10.1. Basic definitions. Let ET" — BT be the universal T-bundle. The
equivariant cohomology H7(X), of a topological space X equipped with a T-
action, is by definition the cohomology (we work only with coefficients in C)
of (ET x X)/T, where T acts diagonally, i.e., t - (v,z) = (t - v,t - x). Since
the above construction is functorial, every T-equivariant map X — Y induces
a ring homeomorphism H}(Y) — H;(X). In particular, the contraction map
X — pt turns every Hj.(X) into a Hj(pt)-module.

Lemma 10.1. a) The algebra H} := H5(pt) is naturally isomorphic to the
symmetric algebra S(t*), where t is the Lie algebra of T.

b) If T" C T then there is a natural map ¢ : Hy — Hj.,. Furthermore, there
is [ € Hj such that f # 0 and ¢(f) = 0.

Proof. First, consider the case T = S!. Recall that ES' = S* is the set of
unitary vectors in C* and BS' = CP> is the set of all complex lines in
C*>. Notice that if we take the standard representation of S! on C, then the
corresponding line bundle (ES! x C)/S? is the tautological line bundle O(—1)
on CP™, so the standard generator of H*(CP>) is ¢;(O(1)) = ¢ ((ES" x
C*)/S"). For the genral case, let v;, 0 < i < n be a basis in t*, dual to the
standard basis of t =2 R"™! i.e., v;(e;) = d;;. The set of characters Hom(T', C*)
is naturally identified with the lattice t;, = Zvy + ... + Zv,, : if x € tz then
x(eX) := eX(X), Using the well known description of the cohomology of CP>,
it is easy to see that the map:

X €t — a(Ly) € H*(BT;Z), L,=(ET x, C*)/T,
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where the torus representation is the one dual to the representation corre-
sponding to x, induces the isomorphism S(t*) = H*(BT) = Hj. This proves
part a).

In other words we may think of H7 as the algebra of functions on t. More-
over, if 7" C T, then the map BT' = ET/T" — BT induces a ring homeomor-
phism S(t*) — S((t')*) which is in fact a restriction to the subvector space t'
of t. Part b) of the lemma follows. U

Theorem 10.2 (Borel’s localization). The inclusion map X* — X induces a
ring isomorphism:

H’;’(X) ®H§i C(”Ou SRR Vn) = H;"(XT) ®H§i C(”Ou SRR Vn)a
where we used that S(t*) = Hy = Cluy, ..., vy].

Proof. We follow the argument from Hsiang’s book. Since X is compact we
can find a covering of T-invariant open subsets U;, 1 < i < N, V such that V/
is a tubular neighborhood of X7, and U; are tubular neighborhoods of T-orbits
T.CL’Z', €T € X. Put U:U1UUUN

Step 1: there exists f € HZ such that f-HZ(U) = 0. Since U is a deformation
retract of T'x;, we have

Hp(Ui) = Hp(Tw;) = H*(ET/T,,) = H*(BT,),

where T,,, = {t € T'| tz; = x;}. So we can find f; € H} such that fl\tz =0, in
particular f; - H}(U;) = 0.

Put f = fi...fy. Then f- H3(U;) = 0 for all i. Using the functoriality of
the equivariant construction we get that the maps U; N U; — U; — X — pt,
gives us f - Hy(U; NU;) = 0. The equivaraint version of the Mayer-Vietories
sequence holds, so we have:

—— Hi(U;NU)) —— Hi(U; UU;) —2 HA(U) @ HA(U;) — ...

where all the maps are Hj-module homeomorphisms. If m € H;.(U; U Uj;) is
arbitrary, then we have B(fm) = (fm’/, fm”) =0, so fm = 6(m”) and we get
f*m = fé(m") = 6(fm”) = 0. In other words, f*- H;(U; UU;) = 0, for all
1 <i,5 < N. So inductively, we get f¥ . Hx(U) = 0.

Step 2. From the long exact sequence of the pair (X, X7)

e HR(XXT) e B (X) —— Hp(XT) — Hp(X,XT) — ...

we get that it is enough to prove that Hi(X, XT) ®mx Cro,...,vn) =0, ie,
that for every m € Hi(X, XT) there exists f € Hj such that fm = 0.
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In fact we prove that f, chosen as in Step 1 works. We have the following
commutative diagram:

Hr® H(X,V)

HA(X,U) ® Hy(X, V) - HA(X)® Hy(X,V) 2r HA(U) ® Hy(X,V)
U U U
HA(X,UUV) HA(X,V) HA(U,UNV)

Since B(f-1) = 0, we have f = a(m”), so fm = a(m”")Um = a(m”"Um) =0,
because m”" Um € Hi(X,UUV) =0. O

10.2. Equivariant integration. If « € H}(X) then we define [, o € H} to
be the pushforward of « via the projection of the fibration X — BT.

Theorem 10.3. Assume that X is a compact complex manifold equipped with
a T-action such that the fized points set is a submanifold of X. Then the
following formula holds:

o .
/)(QIL(TET<i)7 a€ Hi(X)®Qvo,...,v)

where i : XT < X is the embedding of the fived point locus and Er(i) is the
equivariant Euler class of the corresponding normal bundle.

Proof. We may assume that X7 is connected. First notice that Fr(4) is in-
vertible in H(X) ® Q(vp, . ..,v,). Indeed, let N — X7 be the normal bun-
dle. Then each fiber N,, z € X7 is equipped with a T-action and so it
splits into a sum of T-invariant complex lines (L;), = C, i = 1,2,...,r,
r = codim(XT). Moreover, if we denote by x;. € t; the characters corre-
sponding to the T-action on (L;),, then since y;, depends continuously on x
and t; is a discrete set we get that ;. is independent of z, i.e., the bundle N
splits into a direct sum of T-equivariant line bundles L;. Now it is easy to see
that (BT x N)/T = @;_,(Li X L_y,), so Er(i) = J[;_;(c1(Li) = xi)-
Put f = i*a. Then we have i*i,5 = Er(i)5, i.e.,
g .

My—=—-=0=1"a.

Er(i)
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On the other hand, according to the Borel localization theorem, * is an iso-
morphism. Thus o = i.(8/Er(i)). Let 7 : X7 — BT, then [, o = m,(a) =

(w0 i)u(B/Er(i)) = [y, B/Er(i). U

10.3. The equivariant cohomology of the projective space. Assume
that X = CP". We equip X with the following T-action:

t (20,20 = [toz0, .- tnzn], where t=(tg,...,t,) €T.

It is not hard to see that Xr is the projectivization of the bundle @, L_,,.
In particular X7 has a tautological bundle O(—1), whose Chern class will be
denoted by —p, and the equivariant cohomology of X is given by:

Clp,vo, - vn]/(p—10) ... (p— vp).

We can also compute the equivariant intersection pairing. Notice that X7
consists of n + 1 points: p; = [0,...,1,...,0], where 1 is on the i-th place,
0 <i < n. It follows from the definitions that (ET x {p;})/T is the image of
the section of P(D;_, L_,,) — BT, determined by the i-th line. In particular,
the restriction of O(—1) to (ET x {p;})/T = BT is L_,, and so the restriction
of p € H3(X) to the fixed point p; is v;. Put

o= [[ =2, o<i<n
S VY
jig#i J

In order to compute the equivariant pairing we need also to know the equivari-

ant Euler class of the tangent spaces T, X. Since x; = 2;/2;, j # i are local co-

ordinates near p;, we have that the torus 7" acts on 7, X with characters v; —v;.

This implies that the equivariant Euler class of T, X is e; := [ iijniVi — V).
Using the equivariant integration formula we get

5ij
(¢, 05) = /X@'%’ =

11. FIXED-POINT LOCALIZATION IN GROMOV—WITTEN THEORY

From now on we assume that X = CP". The goal in this lecture is to prove
that the equivariant quantum cohomology of CP" is semi-simple and that the
corresponding system of quantum differential equations admits an asymptot-
ical solution, whose ingredients, U and R coincide with certain contributions
to the fixed point localization formula for the genus-0 GW theory of X.

11.1. The combinatorial model for the fixed-points locus. The moduli
space M, (X, d) admits a T-action: (¢- f)(x) = t(f(z)), where t € T and f
is a stable map. Moreover, the cotangent lines bundles IL; admit a T-action,
so we have the equivariant version of GW theory.

Let us describe the fixed-point locus. Assume that f: (3, z1,...,2,) = X
is a stable map. Let {3,} be the set of irreducible components of ¥. Recall
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that a special point on an irreducible component of ¥ is called special if it is
a marked point or a nodal point on . The following statements are easy to
verify:
(1) Each special point is mapped to a fixed point.
(2) If (X,,special points) is stable then f(3,) coincides with some of the
fixed points.
(3) If (X,, special points) is not stable, then ¥, is a copy of CP! with one
or two special points. The map fl|s,. has the following form: let w
be a local coordinate near a special point on ¥, and assume that this
special point is mapped to p;. Then the image of Y. is the complex
line passing through p; and some other fixed point p;, and the map is
given by 2z = w? where z = z;/2; and d > 1 is some integer.

It follows that to a generic point (X, f) in the fixed point locus we can natu-
rally associate the following graph I': the edges correspond to non-contracted
components, and the vertices correspond to parts of ¥ which are pre-images
of the fixed points. Also, each vertex is labeled, by a genus and an inte-
ger i € {0,1,...,n} which encodes to which fixed point p; the vertex is
mapped. Each flag, i.e., an incident edge-vertex pair is labeled by the charac-
ter x := (v; — v;)/d, where the vertex is mapped to the fixed point p; and j
and d are the same as above (see the 3-rd property of the fixed point locus).
We will refer to I' as the combinatorial model of the stable map.

We denote by Mr the fixed points in M, ,,(X, d) whose combinatorial model
is I'. The stable maps with different combinatorial models belong to different
connected components of the fixed point locus. Notice that for each flag (v, €)
the tangent lines to the edge at the corresponding special point (common for
the vertex and the edge) form a trivial bundle on Mr whose equivariant Euler
class is x.

11.2. Materialization.
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