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Chapter 1

Background

In this chapter, we will introduce some general background for the purpose of narration of
next several chapters in which we will deal with more specific situation.

1.1 Frobenius manifolds

1.1.1 Definition

There are many ways to introduce Frobenius manifolds. Here, it is convenient to choose a
set of axioms. The general reference for more details is [Man99]. Our definition is equivalent
to (Definition 1.2 in [Dub96]). Let M be a complex manifold and denote by 7Ty the sheaf of
holomorphic vector fields on M. One may assume that M is equipped with the following
structures

1. Each tangent space T;M,t € M, is equipped with the structure of a Frobenius algebra
depending holomorphically on ¢. In other words, we have a commutative associative
multiplication e; and symmetric non-degenerate bi-linear pairing ( , ); satisfying
the Frobenius property

(v1 &t w,v2) = (v1, W & V), v, 0, w € TIM

The pointwise multiplication e; defines a multiplication e in 7, i.e., an Oy-bilinear
map
TM®@Tm — Tm, 1 Q02— vy 00

The pairing ( , )¢ determines a Oy;-bilinear pairing
(, ):Tmu®Tym — Opm.
2. There exists a global vector field e € Ty, called unit vector field, such that
VI;'C'e =0, cev =0, Yo € Ty,

where VIC is the Levi-Civita connection on Ty corresponding to the bi-linear pairing

(. )
3. There exists a global vector field E € Ty, called Euler vector field, such that
E(v1,v2) — ([E, v1),v2) — (01, [E, v2]) = (2— D)(v1,v2),
for all v1, v, € Ty and for some constant D € C.

The above data allows us to define the so-called structure connection V on the vector bundle
pry; TM — M x C*, where

pry:MxC"—= M, (t,z) —t



Chapter 1. Background 2

is the projection map. Namely,

V, = VLC _z71pe, veTm
]
Voo = = — 27104 272Ee,

ve and Ee are O)-linear maps Ty — Ty corresponding to the Frobenius multiplication by
respectively v and E. The Ops-linear map 0 : Tp; — Ty is defined by

0(v) := VLCE—(1-D/2)0.

The operator 6 is sometimes called Hodge grading operator. Let us point out that the term (1 —
D/2)v in the definition of 6(v) is inserted so that 8 becomes skew-symmetric with respect to
the Frobenius pairing

(0(v1),v2) + (v1,0(v2)) =0, 1,02 € Ty

Definition 1.1 Thedata (( , ), s, e, E) satisfying the conditions (1), (2) and (3) from above
is said to be a Frobenius structure on M of conformal dimension D if the structure connection V
is flat.

Let us state the following properties without proof. Actually, the proof is straightfor-
ward argument in Riemannian Geometry. And we will do the same to the propositions and
theorems in this chapter of Background.

Proposition 1.2 Suppose that (M, (, ), e, e, E) is a Frobenius structure. Then
1. The Levi-Civita connection V' is flat.

2. Lett = (t,...,tn) be VE-Cflat coordinates defined on a contractible open subset U C M.
There exists a holomorphic function F € Oy (U), such that

°F

(9/0t, ®d/0ty,d/t) = FT T T

and
EF = (3—-D)F+H,
where H is a polynomial in t,. .., tyx of degree at most 2.

3. The Hodge grading operator is covariantly constant: V-C-0 = 0. In particular, in flat coordi-
nates t = (ty,...,tn) the matrix (6,,), _, of 0 defined by

N
0(3/0ty) = Y 040/0t,
a=1

is constant.

4. The following identity holds

[E,vew]| — [E,v]ew—ve|E,w| =vew, v,we Ty

1.1.2 Semi-simple Frobenius manifolds

Definition 1.3 A Frobenius manifold (M, ( , ),e,e¢, E) is said to be semi-simple if there are
local coordinates u = (u1, ..., uy) defined in a neighborhood of some point on M such that

a/aMiOB/auj:§ija/au]’, 1<l,]<N
The coordinates u; are called canonical coordinates.

As we will see now, canonical coordinates are unique up to permutation and constant
shifts. To avoid cumbersome notation we put d,, := d/9du;.
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Proposition 1.4 Let u = (uy,...,uy) be canonical coordinates defined on some open subset U C
M. Then

1. The Frobenius pairing takes the form
(au,,au].) = §ij11j(u), 1<i,j<N,
where 17; € Op(U) and 1;(u) # 0 forall u € U.
2. The unit vector field takes the form e = YN | y,..
3. The 1-form Zfil n;(u)du; is closed.

4. There are constants ¢;(1 < i < N) such that

E = (Mi—l—Cl')aul..

M=

i=1

The last part of the above proposition shows that in every canonical coordinate system up to
some constant shifts the canonical coordinates coincide with the eigenvalues of the operator
Ee. Therefore, up to constant shifts and permutations the canonical coordinates are uniquely
determined. From now on we will work only with canonical coordinates such that

N
E= Z Ml'aui.
i=1

The question that we would like to answer now is the following. Let us assume that U is
an open subset of the universal cover T of Zy and Eilil i (u)du; is a closed 1-form on U.
The tangent bundle of T and hence of U as well is trivial, because T is a contractible Stein
manifold, so according to the Grauert-Oka principle every holomorphic vector bundle on T
is trivial. Alternatively, we can prove that 7t is a free Or-module by using that the vector
fields 9, of the configuration space Zy lift naturally to vector fields on T and provide a
global trivialization of 7r. Using the 1-form we define a pairing

(9u;, 9u;) = Bijnyj(u).

Let us also define multiplication
au,— ° au] - 51]814]

and vector fields

The problem then is to classify all 1-forms Y- | #;(1)du; such that the above data determines
a Frobenius structure on U. The answer is given by the following theorem.

Theorem 1.5 The closed 1-form YN | n;(u)du; determines a Frobenius structure on U of conformal
dimension D if and only if the following conditions are satisfied

1. yi(u) # 0 for all i and for all u € U.
eni(u) =0 forall i.

Eni(u) = —Dyi(u).

Forall k # i # j # k we have

L

Mij 1 (Ml L Mkt Ml )
dug 2\ 1] Mk i

where 1] (1) := Oy, 1p(11).
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1.1.3 The second structure connection
Let U be a contractible open subset of the configuration space
Zn = {uGCN:ui;&ujfori;éj}.

And we fix a point u° € Zy. Suppose that U is equipped with a semi-simple Frobenius
structure (( , ),e,¢ E). Put H = T,,oU and let us trivialize the tangent bundle

TU=Ux H=UxCN

using the Levi-Civita connection. In other words, we fix a basis { ¢, }2]:1 of Hand letoy, € Ty

be the flat vector field on U obtained by parallel transport with respect to the Levi-Civita
connection. Then the isomorphisms (1.1) are given by the maps

(u,v) € TU — (u,01¢1 + - +ondn) € U X H— (w,01,...,o5) €UXCN,  (1.1)

where v € T,U and v =: v19¢, + - - - + vnN9¢y. The isomorphism (1.1) identifies the structure
connection of the Frobenius structure with the flat connection on the trivial bundle

(UxC*)xCN - UxC*
defined by
Vo, = Ou — z7'P(u), 1<i<N,
Vo, = 09—z '0+272E(u),

where P; : U — gI(CYN) is a holomorphic map whose (a,b)-entry P,,;(u) is defined by the
identity

N
aui i atb = 2 Piab(u)afa/
a=1

& = YN, u;P(u), and 0 is a constant matrix whose (a, b)-entry 6, is defined by
N
Q(Btb) = [atb,E] - (1 - D/Z)E)tb =i Z Qabata.
a=1

In order to justify the definition of the second structure connection we make the following
heuristic argument. Suppose that the structure connection has a solution

J:uxcC*—cN
given by a Laplace transform

(-2)"

V2 r

along an appropriate contour I' C C of some CN-valued function 1" (1, A) holomorphic
for all (u,A) € UxT. Here n € C is an arbitrary number. Assuming that the Laplace
transform works, we would get that J(u, z) is a solution to the structure connection if and
only if ") (1, A) is a solution to the following connection

J(u,z) = M1 (1, A)dA

VW= 9, +(A—&) B0 —n—1/2), 1<i<N,

v = o - (A-&) Y 6-n-1/2).

This is a connection on
(UxC) xCN = (UxC),
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where
(UxC) ={(u,A) € UxC|det(A—&) #0}.

Proposition 1.6 The connection V") is flat for all n € C.
Lemma 1.7 Let ¥ be the matrix whose (a,i)-entry is given by ¥,; = dt,/0u;. Then

‘?71131"‘? =Ej, y-ley :diag(ul,...,uN),

where E;; is the matrix whose entry in position (i,1) is 1 and all other entries are 0.

Lemma 1.8 Let n € C be arbitrary. Then the matrix-valued functions
A" )= Pu)(0—-n—1/2), 1<i<N,

satisfy the Schlesinger equations.

Proof Using Lemma 1.7 we get

1 A(n)(u)
_eYlpg_,, 2y = 2
(A= &)7BE—n-3) =5
Therefore,
(n)
A
Vi = 9,4+ /\l—(:l»)’ 1<i<N, (1.2)
! 1
NoAM (u)
v = g -y S 13
N A 1:21 A —u (1.3)
It remains only to recall Proposition 1.6. O

1.2 Calibration

Let us fix any point t° € M. We will do something similar to the previous subsection.
We fix a basis {¢s}_; of H := TeM and let 9;, € Ty be the flat vector field obtained by
parallel transport with respect to the Levi-Civita connection. We will get a simply connected
flat coordinate (V,t), where V is a simply connected neighborhood of t° extended by the
parallel transport. Then the isomorphisms (1.4) are given by the maps

(t,v) € TV (L, o191+ - +oNPN) €V X H— (H01,...,08) €V X cV, (1.4)

where v € T}V and v =: v194, + - - - + UNOy. The isomorphism (1.4) identifies the structure
connection of the Frobenius structure with the flat connection on the trivial bundle

(VxC)xCN - vxcr
defined by

Vo, = 0, —z 'Ai(t), 1<i<N, (15)
Vo= 0,—2z '0+z2Ee(t), (1.6)

z

where A; : V — gl(CN) is a holomorphic map whose (a,b)-entry A;,(u) is defined by the
identity

N
O, 001, = Y, Ajap(t)3y,,
a=1

Ee : V — gl(CY) is derived from Frobenius multiplication by Euler vector field E, and 0 is
the constant matrix as before.
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1.2.1 Definition and existence of calibration

We are going to prove that (1.6) admits an isomonodromic family of weak Levelt’s solutions,
i.e., near z = oo the system (1.5)-(1.6) admits a fundamental solution of the form

®(t,z) = S(t,2)2°z"

where the matrices S(t,z) = Sg+ S1(t)z~! + Sy(t)z72... with Sy constant (independent of
t and z) invertible matrix, J is a diagonalizable constant matrix and v is a nilpotent constant
matrix. Moreover, we will prove that there exists a fundamental solution such that 5o = 1.

Substituting the fundamental series ®(t, z) in (1.5) and comparing the coefficients in front
of powers of z, we get that

atiSk = A;Sk_1, V1<i<N, k € Z~y. (1.7)

Since structure connection is flat, concretely, [Vat , Vat ] =0,V1<i,j<N,I1-form 21 1 A;Sk_qdt;

is closed. As V is simply connected, we can integrate the 1-form and find that

S(t) = Sp(#° / ZAiSk_ldti. (1.8)
=1

Therefore, it is sufficient to determine Sy (t) for a fixed t = t°. For neighborhood V, the values
of Si(t) are determined from the flatness of structure connection according to formula (1.8).

Next, let us solve (1.6) at ¢ = t°. It is convenient to introduce the following notation. Let
spec(d) be the set of eigenvalues of the operator

ads : gl(H) — gl(H), X — [4, X].

Let us denote by gl,(H) the eigensubspace of ads with eigenvalue a. Then we have a direct
sum decomposition of vector spaces

gl(H)= @ olL(H

aespec(d)

Let us denote by X, the projection of X on gl,(H). The matrices S, J, and v are identified

with elements of gl(H) via the basis {¢;}Y; C H that we fixed above.
Substituting the fundamental series ®(t,z) in (1.6) and comparing the coefficients in front
of powers of z, we get that vj_j; = 0if | ¢ Z>( and that

0=906+ Vi), (1.9)

k
kSk+[0,Sc) =EeSk_1+ ) Siv_y, k>0 (1.10)
=1

(1.9) uniquely determines J and vjg: J is diagonizable. vjg) is nilpotent and [5,1/[0}] =0.500
and v are uniquely determined by the Jordan-Chevalley decomposition.
For (1.10), the left hand side is

(k+ad;+adyy)Sp= Y, (k+a+adyy)(S)g
acspec(d)

where summation is finite since the matrix vector space has finite dimension. Note that adv[o]
preserves the eigenspace of ad; since [J, vjg)| = 0, we have

k
(k+a+adyg)(Sk)i = (E ®Sk-1) g + Y (Sk—1)jasq) Vi (1.11)
i=1
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If k4 a # 0, then

k1
(k+a+adyg ) (k)i = (E® Sk-1) (g + Y (Sk—1) sy Vi) T (S0) ja) V-4
1

k—1
=(E®Sk1)jg + 3 (Sk-1)jayn Vi)
I=1

and the operator (k +a + ady, ) is invertible.

1 = ady, i
k -1 _ o (0]
( +ﬂ+adv[0]) k"‘ﬂg( k-'—ﬂ ’

where the summation over i is actually finite since v|) is nilpotent and then operator ad,,

is nilpotent as well. Hence, (Sx) () CAN be determined by S, v[l],l =12,...,k—1.
Ifk+a=0,then

k—1
dugy ((Sk)1-x1) = (E ® Set) (g + Vi + Y (k1) jarps) V1)

There will be ambiguity in the choice of (Si)[_y since the operator ad,, is non-invertible
and v|_y) has not been determined. Actually, the situation is somewhat the other way round.
We may choose (Sx)[_i € gl_x(H) arbitrarily to determined v_;.

Proposition 1.9 Si(t),k = 1,2,... determined by (1.8) do satisfy (1.10) for all t € V and thus
Vo, ®(t,z) = 0 holds not only at t = t° but also on the neighborhood V.

Proof Let us prove it by induction. Since 6 is a constant matrix,
KSk(t) + [0, S ()] =KSx(£°) + (6, Sk(°)] + / Z (kAiSe_1 + adg(AiSe_1))dt;
k4 (t°) +16,5(°)] + [ Z (kA;S1 +adg(A)Sk 1 + Aiady(Si1))dy

Note that, by the flatness of structure connection, we have [V;, , V5 | =0,V1 < i < N which
yields relation A; + [0, A;| = 9¢,(Ee),V1 < i < N. Thus,

kSi(£) + 16, Sk(£)] =kS¢(£°) + [6, Sy (£° +/ 2 (3, (E®)Se_1 + Ai(k — 1 +adg)(Se_1))dt;
=kSi(t O) [0, Sk(t°)] + (E @ Skfl)()_(E Sk—1)(t°)

Z E 0;(Sk_1) + Aj(k — 1+ adg)(Sk—1))dt;

When k = 1, the integral vanishes. We have

S1(t) +[6,S1(5)] — (Ee)(t) = S1(¢°) + 6, S1.(¢°)] — (E@) (") = v[_q.

Our inductive hypothesis is

nSa(t) + 10,5, (0] = (EoSu0) () + Y2 S, iy, WEeV
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holds forn = k —1. Whenn =k,
kSk(t) + [0, Sk(t)] =kSk(t O) 0, Sk(t°)] + (E®Sk_1)(t) — (E®Sk_1)(t°)
Z —E @04, (Sk—1) + Ai(k — 1 +ady) (Sk_1))dt;

=k5k( ) [0, Sk(t)] + (E @ S 1)()—(E‘Sk 1)(t°)
k—

Z —E e Ai(Sk2) + Ai(E® S 2+25k 1-1V[)))dt;
/ i=1
Therefore,
kS (t) + [0, S(t)] — (E @ Sp_1)(t)
t N k—
kS, (1) +[0,5,(t")] = (E@ i) () + [ 22 (Se-1)viydt
=kSk(t°) + [0, Sk(t°)] — (E ® Sx_1) +Z Sk—1(t) = Sk—1(t°))viy
We finished the induction step. U

We will see that the arbitrariness of (Sx)[_x, —k € spec(d) will be reduced if the weak
Levelt solution satifies the symplectic condition S(t, —z)TS(t,z) = 1 in the following propo-
sition.

Proposition 1.10 There exists a weak Levelt solution such that
S(t,—z)TS(t,z) =1,

where T is transposition with respect to the Frobenius pairing on H = Ty U.

Proposition 1.10 is known if 0 is diagonalizable (see [Dub99]). In fact, the polynomiality of
the primitive form might be sufficient to prove that 8 is daigonalizable. However, at this
point this is unknown. Let us modify the argument from [Dub99] in order to cover the case
of 6 non-diagonalizable.

Proof Let us first point out that the projection X — X;; commutes with transposition, i.e.,

(XM)T = (XT)M forall X € GL(H) and a € spec(6). This follows from the skew-symmetry
of & = 6 + v|g and uniqueness of the Jordan-Chevalley decomposition. Namely, é and v
are skew-symmetric as well, and thus (ads(X))” = ads(XT). So T : gl,(H) — gl,(H) is a
linear automorphism for all a € spec(d). Our claim follows easily. In the rest of the proof we
put X[E] = (X[a])T = (XT)[H]. And we shall also use (adv[o] (XN = ady (xT).
In order to prove the proposition, we will show that one can choose (Si)[_j (and thus
V[_y)) for —k € spec(d) in such a way that
k ‘
Y (~1)'Sf_;Si=0,  VkeZ.,.
i=0

Let us show the above equation by induction. When k = 1,
(T+a+adyy)(S1) g = (E®S0) 5 + (S0) jag1) V1) = (E®) g + (dH)[ar1v-1)-

If1+a #0, then
(I+a+ adv[o] )(Sl)[a] = (E.)[a]

By taking transposition,
(1 +a+ ady[o])(S{)[a] = (EO)[];] .
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Since the matrix for the operator Ee is symmetric with respect to the Frobenius transposition
T

7

(1+a+adyy)(S] = S1)j = (E®)fy — (Ee);y =0

Note that (1 +a + adv[o]) is invertible in the case 1 4 a # 0, we obtain

(S{ =S =0, Va#-1

If a = —1, then
Vi-1) = aduy, (S1) (-1 — (E®) [y},
where we fix (51)[_1) € gl[_1(H) to be arbltrary solution to (ST — $1)(-1) = 0.
Our inductive hypothesis is that (X ,(—1)'SI_.S; )[ | = 0,¥a # —n holds for all n =

1,2,...,k—1.
Foralla # —k,

k .
(k+a+ady,) (Z(—l)’SkTiSz)
[a]

-1
=(k+a+ady) ((Sz)m + (=D S+ LD L (Slzi)[l](si)[al])
_|_

i=1 lespec()
k—1 T k—1
T k
= <(E ° Sk—l)[g] ]; Vij] (Sk—j> [lH-j]) +(-1) ((E ° Sk—l)[u] + ]; (Sk—j) o] V[—j])
k—1 ‘
+Y.(- ) (((k*l+l+adv[o])(5k D) (S ja—n + (S (i+a— l+adu[0])(5i)[a71]>
i=1 lespec(d)

k-1

k—1 T
= <(E ° Sk*l)[jl,;] + ]; V[T_]] (Sk7]> [a+j]> + (_1)k ((E b Sk*l)[ﬂ] + ]; (Skff) [a+] 1/[_]]>
k-1 .
LY (( ) <<<k—z‘+l+adv[o]><s£_i>m><si>[au) + ( ) <SZ_Z->m<i+a—l+ade><5f>[au))

a—lespec(d) lespec(d)
k—1

k=1 .
(sl Bt () ¢ 0 (st B ()
=l , k—i T
+ 1; VDY <(E . Sk—i—1)[T” + ; vﬁj] (Sk—i—j) U+l]> (S)ja—1]

a—lespec(d)

-1 i
+;(—1)1 Y, (Si)y ((E Si—1)[a—1] Z la—14]] [—1])

lespec(d) j=1
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Let us check that the terms involving Ee cancel out

k-1
(E°5k—1)[Ta]+;(—1)l Y. (EeSii1)(S)pa

a—lespec(d)
' k—1 ) T
+(=DYEeSi_) + Y (-1 Y (S )p(EeSi—1)ay
i=1 Iespec(d)
k-1 , .
=Y. (-1" Y (EeSi)f(Si)p- l]+2 Y. Sedm(EeSi1)py
i=0 a—lespec(d) lespec(é)
k-1 , , k-1 ' ,
=Y. (1" ), (EeSi)y(S)-n— (1" Y (Simim)m(E®Si)uy
i=0 a—lespec(d) i=0 lespec(d)
k-1 , . k-1 -
— —_ 1)\ . . — —1)* . :
= L ((BeSein)'s) | = LD (SEia(Ees))
k—1

(<1) ((EwSii1)"Si=S{;1(Ews))) =0.

[a]

Il
o

Again, in the last step, we use that the matrix Ee is symmetric with respect to the Frobenius
transposition T,
Next, let us see the term involving vT

:]; Yy (S" /)[a+ﬂ+]¥{ (& g(_l)lalegec(()) - ]);”]( Yo
B (H, B o]
_1: e (f__:(_l) (k- JS‘)W]) -

In the last step, we use the induction hypothesis taking n = k — j and the condition that
a+j# —n = j— kis also satisfied for the hypothesis.
The calculation for the term with v is the same. Therefore,

k

(k+a+ady,) (Z(_Uisg_isi) =0
la]

i=0

Since operator (k + a + ad,,[o]) is invertible for all 2 # —k, we have

k
(Z Sk i ) - 0, Vﬂ # _k
[a]

Setting (Sx)[—x = -3 zf;}(—1)k*i(s,{_isi)[,k] + By, where By € gl_i(H) is arbitrary satis-
fying

B{ = —(-1)*B, (1.12)
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as we mentioned, the arbitrariness of (Sx)_y € gl ((H) is reduced. Combining the cases
a # —kand a = —k, we get
k

Y (-1)'s{;S; =0.
i=0

Namely, we finished the induction step.
Since the symplectic condition S(t, —z)TS(t,z) = 1 is equivalent to

k .
Y (-1)'sf_;Si =0, Vk € Z-y,
i=0

the proposition is proved. g

Then, it is the time to show the definition of calibrations (see [Giv01])

Definition 1.11 The operator series S(t,z) satisfying the conditions of Proposition 1.10 are
called calibrations, i.e., these are operator series of the form 1+ S;(t)z~! + ... such that
S(t,—z)TS(t,z) = 1.

Remark 1.12 The series S(t,z) is convergent and it defines an analytic function for all (¢, z)
sufficiently close to (£°, 00). Indeed, the series S(t°,z) is a solution to a differential equation
that has regular singularity at z = co. Therefore, it is convergent and it defines an analytic
function near z = oo (see [Ince, Section ???][Inc44]). The series S(t, z) is a solution to a system
of holomorphic differential equations in ¢t depending holomorphically on the parameter z
near z = co and the initial condition at t = #° is also holomorphic at z = co. Therefore, S(t, z)
must be holomorphic as a function in (t,z) (see [Arnold, Theorem ???][Arn89]). Moreover,
since S(t,z) for (t,z) € M x C* is a solution to a system of linear holomorphic differential
equations, the calibration S(t,z) can be extended analytically along any path in M x C* that
starts at the point (£°, 00).

1.2.2 Uniqueness of calibration

Lemma 1.13 Let B1,..., Bm € R\ {0} where they are pairwise distict and Cy, ...,Cy € gl(H). If
limit limy s 1 oo (21, CiePitV=1) exists, then C; = - - - = Cpy = 0.

Proof Denote Y/ CefitV—1 by L(t). Pick an arbitrary number At from R\ Ui <icj<m 751,2,”/5], Q.
Then m

Zcieﬂi(fﬂm)\/jl = L(t+ jAt), j=01,...,m—-1,

i=1

which can be written in the form of a Vandermonde matrix acting on the vector
(CLePVT, . CpebntVT)T.

The way of choosing At make sure that the determinant of Vandermonde matrix does not
vanish. Thus, for any i € {1,2,...,m}, CiePitV=1 is the linear combination of L(t),L(t +
At), L(t + (m — 1)At) given by the inverse of the Vandermonde matrix. Since lim;_, 1 L(t)

exists, lim;_ ;o Cieﬁitﬁ exists as well. The only possibility is that C; = C; = -+ = Cy;, =
0 O

Theorem 1.14 Let us fix a calibration S(t,z) which determines v and let . be the set of all calibra-
tions and A" be the set of the nilpotent constant matrices determined by calibrations. Define a map
in the following way
G—=SxN
C(z) = (S(t,2)C(z), C(1)"'vC(1)) =: (§'(t,2),v")

where G := {C(z) =1+ Y5%_1 Cuz ™|Cp € gl_,,,(H),C(—2)TC(z) = 1}.
Then the map is one to one correspondence.
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Proof First, let us check the well-definedness. The fundamental solution
S(t,2)2°2'C(1) = S(t,2)2°C(1)zCM VD) = §(¢,2)C(2)z°zCM vC)

where 5(t,z)C(z) satisfies the symplectic condition if S(¢,z) and C(z) do.
Comparing the coefficient of z=1,z72,.. ., it is clear that the map is injective.
Next, our goal is to show the map is surjective.
Assume that there are two fundamental solutions and a constant invertible matrix C,
such that
S'(t,2)2°z" = S(t,2)2°2"C, S'(t,z),S(t,z) e s V,ivenNs

We have ) )

S(t,z) 718/ (t,z) = 222VCz V270 = 2N C(z)z~N'(®)
where N(z) := zovz ™0 = Vo] + X2y V[,l]z_l,N’(z) = 20'z7% = Vo) + L2 vfil]z_l and
C(z) := 2°Cz7°. Then

S(t,z)718'(t,2) = eND10BZC(z)eN' (1082 — C(z) + (N(2)C(z) — C(z)N'(z)) logz + ...

Since N(z) and N’(z) are nilpotent matrices, the right hand side is a polynomial of log z,
denoting the degree of the polynomial by 1. We claim that C(z) € 1+ gl(H)[z" ']z~ . Let us
move z around oo for one loop. Since S(t,z),S'(t,z), N(z), N'(z) and C(z) are series of z 1

they remain the value after moving around the loop. We have

Pi(z)((logz + 21v/—1) — (logz)’) =0, (1.13)

M-

I
—

1

where Pj(z) = N(z)C(z) — C(z)N'(z),.... One may prove that given (1.13) holds for arbi-
trary P;(z) € gl(H)[z"!], then P;(z) = Py(z) = --- = P,(z) = 0 by induction. Therefore,
we have that C(z) = S(t,z) ~15/(t,z) is symplectic and that N(z)C(z) = C(z)N’(z) and thus
v/ = C(1)~'wC(1). And that the map is surjective is proved.

Finally, We will prove the claim that C(z) € 1+ gl(H)[z" ']z~ L.

C(z) :=2°Cz7% = Cpoj+ 2 Cla)2", it := max{Re(a)|a € spec(d) \ {0}, C, # 0}
acspec(6)\{0}

While lim, ;oo C(z) = lim, oo e N(@1082G(¢, 7)1/ (1, 2)eN (D) l082 — 1, Then if i1 > 0,

lim; ;00 Ygespec(s) Claz* ™ = 0, which leads that Cj5) = 0,Va € {a € spec(d) \ {0}|Cy) #
0,Re(a) = 7t} via Lemma 1.13. If i1 = 0,

Jim (G + ) Cu'+ ) Cuzf)=1
a:Re(a)=0,a£0 a:Re(a)<0
Similarly, Cz = 0,Va € {a € spec(d) \ {0}|C|;) # 0,Re(a) = 7t} via Lemma 1.13. These two
contradictions give us 11 < 0 and that Cjp) = 1.
Let us move z around oo for one loop for the formula S(t,z) 15/ (t,z) = eN(©®) IOgZC(z)e_N/(Z) logz

as we did. After multiplying e~ N(2)108% and N "(2)1082 from left and right, respectively, we

get
EZH\/le(z)C[a]zaEZH\/jlaeon\/le’(z) _ Z CMZ”.

acspec(d) acspec(d)
If {a € spec(d) \ Z|C|;) # 0} is not empty, denote m’ := max{Re(a)|a € spec(d) \ Z,C, #
0}.

eZnﬁN(z) (Z CMZ“ + Z C[Q]ZueZH\/ju + Z CMZHEZH\/TM) 6_27-[\/?1]\]/(2)
aeZ a¢Z Re(a)=m’ a¢Z Re(a)<m’

= Z C[a]z” + Z C[a]Z‘Z + Z C[a]Za.

acZ a¢Z Re(a)=m’ a¢Z Re(a)<m’
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Comparing the coefficient of a € spec(d) \ Z,Re(a) = m’, we have

eZnJ?lv[O]C[a]EZHJTIae—Zanlv[U] _ C[a]'
Due to the fact that v is constant nilpotent matrix, we obtain e?™V=12 — 1, which contra-

dicts to a ¢ Z. Therefore {a € spec(d) \ Z|C, # 0} is empty. Combining the previous
argument, the claim is proved. g

1.3 Period vectors

The definition of the period map depends on the choice of a calibration of M. So we will
use the notation of the previous section. Let us fix a reference point (t°,A°) € (M x C)' :=
{(t,A)| det(A — Ee;) # 0} such that A° is a sufficiently large real number.

Proposition 1.15 The following functions provide a fundamental solution to the 2nd structure con-
nection

10 (1,2) = Y (1S (DT (),

k=0
where )
Fm(A) = o Eav (o (A2 )
T(0—m+3)
Proof First, let us show that Vg;)l (n) = (.
(A~ E®)V5V 10 =(A — Ee), 1" — (0 —n — %)ﬂ”)
= Y (1S (HARTO(A) = Y (—1)FE e 9y (T ()
k=0 k=0
— L (DO = )SUOTTI ()
k=0 2
We may apply (1.10) to the last line and it will be
1, & 1 k <
0 n =T = S (ska)(a—n—k— 3 HEeSi(h)+ lzlsk,u)m) 1049 3)

Let us rearrange these two summation and shift indices of S such that, in the summation
over k, there is only Sy and we will get

— Z(—l)k <5k((5 n—k— %)f(ﬂ-ﬁ-k) — E oS JIntkt) 4 Z(—l)ZSkV[z]T(n+k+Z)> '
k=0 1=0

Note that 9, [("+%) = [(1+k+1) the two terms with Ee will cancel out each other. Similarly,
[kl — (9,)' T("+K) and then

(A — E.)ngmm - f (—1)%Se (1) <A8A —(6—n—k-— %) - i v (—aA)l> [0 ().
k=0 1=0

Next we will show that (/\8/\ —(0-m—3)— XL, Vi (—BA)1> 1™ (A) = 0. An observa-

w1
tion is that (A0, — (6 —m — %)) (r(/gmjl)) = 0. So we want to commute Ad) — (6 —m — )
—m+;
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with — % g vy (—9 1)!9m. The calculation process is the following

[e9)

v (—=00) 0m(Adx — 1) + Y v (5 = 1)(=0)) 0w
=0

(/\a/\*(é‘ Tlfl** 21/[ l] a/\ am)—*

[e)

1
v (=0p) (Qmm — 1) — 3 Y vip(—0a) 9m.
i=0

[ LD

I=0

The two term with —I will cancel out each other.

ad 1
(/\a/\—(é m—f ZV[ l] Z (AE)A—((S m—* +ZV[ l] )
And

(A — (6 —m— 3))e” FE0 000 — o B0 000 (43, — (5 == 2)) + Ty (—9p e Fooonl-a,
=0

which yields ()\E)A—(é—m—%)> M) = ©%°,v (= BA) I(m(A). Since A — Ee is in-
vertible on (M x C)’, we finished the proof of V(—SA) I (") =
Finally, let us show that V"' I") = 0 with the help of (A — E&)V"1() = 0. Let us

consider .
(A —E&)VI I = (A — Ee)a, I + g0 (6 —n — I,

In virtue of (A — Eo)Vg;)I(”) =0,ie, (0 —n— %)I(”) = (A — E®)d,I"), we have
(A—E&)VI I = (A — Ee)ay, I + g 0 (A — E0)OuI") = (A — Eo)(3y, + ¢; 0 0,)1™.

i

Again, we get V( )I(”) = (9, + ¢; #9)) ™). Then, recalling (1.7), we have

VIO = Y (— 1)k, S () IO (A) + Y (- )Se ()T (1)
' k=0 k=0
— z kat Sk (n+k) (A) _ Z(_l)kJrlatiSkJrl (t)f(n+k+1)()\) -0.
k=0
Hence we finished the proof. O

The 2nd structure connection has a Fuchsian singularity at infinity, therefore the series I(") (¢, )
is convergent for all (f,A) sufficiently close to (¢°,A°). Using the differential equations we
extend I to a multi-valued analytic function on (M x C)’. We define the following multi-
valued functions taking values in H:

(A :=IW(t N, aeH  neC

These functions will be called period vectors. Using analytic continuation we get a represen-
tation
m((M xC),(t°,A°)) — GL(H)

called the monodromy representation of the Frobenius manifold. The image W of the mon-
odromy representation is called the monodromy group.

Under the semi-simplicity assumption, we may choose a generic reference point t° on M,
such that the Frobenius multiplication e; is semi-simple and the operator Ee; has N pair-
wise different eigenvalues u?(1 < i < N). The fundamental group 71 ((M x C)’, (t°,A°))
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fits into the following exact sequence
T (F°,A°) 25 (M x €)Y, (£2,1°)) = m1 (M, °) — 1 (1.14)

where p : (M x C)’ — M is the projection on M, F® = p~1(t°) = C{u,...,u}/} is the
fiber over t°, and i : F° — (M x C)’ is the natural inclusion. For a proof we refer to [Shi],
Proposition 5.6.4 or [Nor83], Lemma 1.5 C. Using the exact sequence (1.14) we get that the
monodromy group W is generated by the monodromy transformations representing the lifts
of the generators of 711 (M, °) in 711 ((M x C)’, (+°,A°)) and the generators of 7ty (F°, A°).

The image of 711 (F°, A°) under the monodromy representation is a reflection group that
can be described as follows. Using the differential equations of the 2nd structure connection
it is easy to prove that the pairing

(alp) := (1I(t,A), (A — E&) I (1, 1))

is independent of t and A. This pairing is known as the intersection pairing. Suppose now
that v is a simple loop in F°, i.e., a loop that starts at A°, approaches one of the punctures
u? along a path 9/ that ends at a point sufficiently close to u?, goes around u, and finally
returns back to A° along 7. By analyzing the second structure connection near A = u; it is
easy to see that up to a sign there exists a unique 2 € H such that (a|a) = 2 and the mon-
odromy transformation of a along 7 is —a. The monodromy transformation representing
v € m(F°, A°) is the reflection defined by the following formula:

wy(x) = x — (a]x)a.
Let us denote by R the set of all 2 € H as above determined by all possible choices of simple

loops in F°. We refer to the elements of R as reflection vectors.

1.3.1 Reflection vectors (Vanishing cycles)

In this section, we shall assume that n € Z. In the definition of the set R of reflection
vectors that we gave just now, we fixed a semi-simple point t° € M and moved A in C —
{u3,...,u3}. On a neighborhood of t°, the semi-simplicity assumption and that Ee; has
N pairwise different eigenvalues u; still hold. Next we will find a fundamental solution

Y (u, A) to differential equation Vg%AY(") (u,A) = O near A = u;. Let us denote by y) the
jth of column vectors of the matrix Y (u, 1),

yi = A —u)* @ + Ly (A —w)k),
k=1

() 0

where y;”,y,” are column vectors depending on u. Let us see the coefficient of (A — u;)*1

in the equation Vgr})a Ay(j ) = 0 recalling (1.3) and then we have,

A ) =

According to the definition of Ag") (u) and Lemma 1.7,

By direct calculation,

det (zx B (0—n— ;)‘P) — N (g (@—1(9 e 1)‘?) ).
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Lemma 1.16 Let 1 be diag{n1,...,nn}. Then (¥710%)Ty = —n(¥10%F), where T represents
1
2

the standard matrix transposition, and thus (‘T’*l 6 —n— )‘?) =-n—3.

Proof Note that 0 is skew symmetric with respect to the Frobenius pairing, i.e.,

(9(814[ )/ au]-) = - (au,-/ 9(81,].)),

where

ot Noot
ﬂ a Z auaeb/zatb = Z Tazebu ]bau]
b=

ab=1""1 a,b,j=1

6(9¢,)

0o, =3 5

Thus, (Q(BMf)rauj) = Z{I;{b 1‘?{1191751( )]bﬂ] - 77](\1! )]1 SimﬂaﬂYf (auu (au])) = 771’(1?_191?)1']"
Therefore, 17;(¥10¥);; = —5:(¥10%);;,1 <i,j < N, and thus (¥16¥); = 0. O

We have eigenvalue « = O and &« = —n — § of Ai(n)(u). Since (‘?’1(9 —n— %)‘T’) =
n

—n— % #0, we have E;¥71(0 — n — 1)¥ and thus Afn) (u) are diagonalizable, namely, the

dimension of eigenspace for eigenvalue « = 0is N — 1 and that for eigenvalue « = —n — %

() be the eigenvector of Agn) (u) for eigenvalue &« = 0 if j # i and let y(()i) be that for

is1. Let y,
eigenvalue x = —n — 5. We will see that ) is uniquely determined by yé] ) forall 1 <j<N

For the case j # i, let us see the coefficient of (A — u;)**~1 in the equation Vg;)a Wi =0
recalling (1.3) and then we have,

: (n)
Ag (1)
(k=4 @)y -1 ( As—(u)y‘”> =0,
s (A—uj)k-1

S#i
where A_lus = uiius - L = — Yo 714 )2, — - Then the above equation can be converted
into o
| A (W) )
(k - A(”)(u)> T —_— Y AW G
k 7 1%
l I +1"=k—1,5%i,1<s<N (us — u;)'*1

Since det (k — Af’”(u)) # 0,Vk € Z>1, we can determine y,((j) by yl(,j,), I"=0,1,...,k—1. The
same argument holds for the case j = i. Thus, we get that Y (11, ) = [y (u,A),...,yN) (u,A)]
is a fundamental solution for Vé'})aAY(i) (u,A) = O near A = u;.

As I (”)(u,/\) is also a fundamental solution to Vg%AI (")(u,/\) = 0, there is a matrix
C(u) depending on u such that I (u,A) = Y (4, A)C(u),¥1 < i < N. Let us de-
note by ¢; the reflection vector with respect to eigenvalue u;. The equation I(E,'?)(u,)\) =

Y (1, A)C (1) g; will be transformed into the following equation via analytical continua-
tion around A = u;,

—17 (1, 1) = YO (u, \)diag{1,...,1,—1,1,...,1}CD (u) g,

where the —1 in the diagonal matrix is on the ith position. Then we have

—C(i)(u)(pi = diag{1,...,1,-1,1,.. .,1}C(i)(u)goi,

which means that ¢; = K,-C(i) (u)’lei, k; € C. Here ¢; is is the column vector of which

the ith entry is 1 and the rest are zeros. And one may solve «; via the equation (¢;|¢;) =
k7 (C (1) e CU (1) Tey) = 2.

Let us show that (C() (1)~ 1e;|C() (u)~1e;) # 0. Analytical continuation of the constant
(1§”>, (A — Eo)Ib(_")) around A = u;is (I (ré,)q)( y (A - E')Iz(uzly,))(b))/ wherea, b € Tio M and wl-(n)

i
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is monodromy of n around A = u;. As we discussed, IZ(;Z)(“) =100 (a — 2(C,(f) (u))’lEiiC,(f) (u)a).

,(A— Eo)l(?j) ) gives us
w.

Thus, (1§”>, (A — EO)I;S_n)) = (I(n)) ) ()

w; " (a) ;

—2(10(C () " ECY (w)a, (A — E&)I{ ") —2(1", (A — Ee) 1 (CY), () " E4CY), (1))

Takea = (CY (1)) le;and b = (CV), () "Lej, when j # i, ~2(10 (CY (u)) " E;CL (w)a, (A —

n
Eo)Ilgfn)) =0, ie, (Lgn),(/\ - Eo)léin)) = 0. Then, since (-,-) and (A — Ee) are non-
degenerate, when j = i,

(100 () "es, (A — Eo) I (CY) (u)) ) # 0.

Letting 1 = 0, (C\) (1) ;| C) (1) ~1e;) # 0.

1.3.2 The ring of modular functions

Our main interest is in the period map
Z:((MxC))~ — H*, (t,A) = Z(t,A)
where ((M x C)’)™ is the universal cover of (M x C)" and Z(t,A) € H* is defined by
(Z(t,A), &) := Za(t, M) = (1Y (8, 0),1).
The flow of the unit vector field 1 defines a free action of C on M
CxM—=M, (x,t) — t+x1.

Let us identify the orbit space B := M/C with the submanifold {t#; = 0} C M. Then we
have an isomorphism
CxB~M, (x,t) — t+x1.

The period map has the following translation symmetry
Z(t,A) = Z(t — A1,0).

Therefore, we will restrict our analysis to the case t; = 0, i.e., we will assume that t € B and
that the period map is defined on the universal cover of

X:=(BxC) = {(tA) € B x C|det(A — Ee) £ 0}.

Let us denote by (3 C H* the image of the period map Z. This is a W-invariant subset
which will be called the period domain. In general very little is known about such period
domains. For example it would be interesting to classify semi-simple Frobenius manifolds
such that the action of W on Q) is properly discontinuous and the quotient [()/W] is an orb-
ifold whose coarse moduli space is isomorphic to the Frobenius manifold M. Furthermore,
we would like to introduce the ring of modular functions

M(Q,W) = {f e T(Q,0u)"|foZ € OB x C)},

where I'(Q, Oy+)" is the ring of W-invariant holomorphic functions in Q. Note that in
general if f € T(Q,Opy+)" is an arbitrary function, then the composition f o Z defines a
holomorphic function on (B x C)’. The condition in the above definition requires that f o Z
extends analytically across the discriminant.

Definition 1.17 The period map Z is said to be invertible if there exists a set of modular
functions f; € M(Q, W)(1 < i < N) such that the set of holomorphic functions f; o Z(1 <
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i < N) is a coordinate system on B x C. A set of such modular functions {f;}Y | is called the
inverse of the period map.

There are two reasons why we are interested in finding the inverse of the period map.
The first one is related to the discussion above. We expect that if the period map is invertible
then the corresponding modular functions f; will give a complete set of recursion relations,
which would allow us to determine the genus-0 total descendant potential in terms of the
monodromy data of the Frobenius manifold via an explicit recursion. The second reason is
related to the problem of uniformizing a semi-simple Frobenius manifold. We expect that
semi-simple Frobenius manifolds relevant in the study of mirror symmetry are quotients of
a simply connected domain by a discrete group. At this point we can only speculate, but
we believe that the problem of uniformizing the Frobenius manifold corresponding to the
quantum cohomology of some smooth projective variety X is related to the problem of con-
structing the manifold of stability conditions of the bounded derived category D?(CohX).
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Chapter 2

Classification of semi-simple
Frobenius manifold M

In this chapter, let M be a semi-simple Frobenius manifold in the form of C x B where B is a
Riemann surface. And we assume that x := (x1,x) € C x B=: M and % € Tv(M) is the
unit vector field of Frobenius manifold M. We shall first show that if we have a local biholo-
morphism from one complex manifold to a Frobenius manifold then we can get a Frobenius
structure on the complex manifold by taking the pullback of the Frobenius structure on the
image. Then we will give the definition of maximal Frobenius manifold based on the previous
statement. Finally, we shall classify M, in the sense that, for all M, its Frobenius structure is
a pullback of that of one of three types of maximal Frobenius manifolds. The main theorem of
this chapter is placed at the end.

Proposition 2.1 (Pullback of Frobenius structure by local biholomorphism) Let ¢ : X —
Y be a local biholomorphism, namely, a holomorphism with non-degenerate tangent map, where X
is a complex manifold and Y is a Frobenius manifold with Frobenius structure (¢y(-,-), ey, Ey,ey)
and dime (X) = dime(Y). Define Vo1, v, € TeX,

8x,x(01,02) =8y (x) (dxp(01), dxp(02)),
01 @x,x 02 :=(dxp) T (dxp(v1) @y () drp(v2)),
Ex 1= (dx9) ™! (Ey px)),
€X,x =(d 4’) 1(eY,(p x))
Then (gx(-,-), ®x, Ex,ex) is a Frobenius structure on X.

Proof Since ¢ is a local biholomorphism, for any x € X, there is an open neighborhood Uy
of x such that ¢[y, is a biholomorphism. Besides, dx¢: TxX — Ty(,)Y is an isomorphism.
Thus, we have a structure on each point of Uy, defined in the proposition and that ¢|,
is biholomorphism guarantees the structure on Uy is Frobenius structure. Thanks to the
arbitrariness of x € X, (¢x(-,-), ®x, Ex, ex) is a Frobenius structure on X. O

If ¢ is a surjective local biholomorphism and Y is a semi-simple Frobenius manifold, then
lety € Y be a semi-simple point and x € ¢~ 1(y), then ¢y, s being biholomorphism ensure
that x is a semisimple point as well.

Remark 2.2 The pullback of semi-simple Frobenius structure via a surjective local biholo-
morphism is also a semi-simple Frobenius structure.

Definition 2.3 (maximal Frobenius manifold) Frobenius manifold X is called maximal if its
Frobenius structure is not a pullback of that on another Frobenius manifold.

For any M := C x B that we assumed at the beginning of the chapter, Let us take its
universal cover
-~ ~ (idc,
Mi=Cx B, cyp
where B is the univeral cover of B and B = (B/T). Here I  is a discrete subgroup of Aut(B)
such that B is a Riemann surface. And we have 7t oy = 7,V € I'. Besides, the uniformiza-
tion theorem tells us that B is comformally equivalent to one of three Riemann surfaces: the
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upper half plane H, the complex plane C and the Riemann sphere CIP!. Meanwhile since
we can extend the flat coordinate on the simply connected M and C x CPP! has no trivial
tangent bundle. B must be H or C only.

Apparently, the univeral covering map (idc, ) is a surjective local biholomorphism.
Due to Remark 2.2, M is a semi-simple Frobenius manifold as well by the pullback of
(idg, 7r). Let us study its cannonical coordinates.

2.1 Canonical coordinates on M

Choose a simply connected open subset U of M that admits canonical coordiates u = (u1, uy).
There is a transform of coordinates, i.e. local biholomorphism (u1 (%1, %2), up(%1, ¥2)), where
%1 € Cand ¥ € B = Hor C and thus (&1, X2) are global coordinates. According to chain

rule, we have
0  duy d dupy 0

0% 0% 0u; 0% dup

Note that 3871 is the unit vector field and u is canonical coordinates. We have

Thus, we may assume

where g1, 8> € Oy (U), g1 — g2 nowhere vanishes and 3871(31 —g2) = 0. Since -2~ = aﬁaul +

X, ~ 9ip
d 9 [ag\? g \*
0%o ¢ d0%o o (afz) aul + <8i2 auz
d - d

_-9 _ - 7 (981 982
—aajl + baf2 = 4(0y; + Ouy) + b <83?2 Ou, + 9%, auz)

agz
350

fZ Usrs

where & and b are holomorphic function on M. By solving the following equation for b,
- 091

ag1 2
<8x2> 035

agz 2_~ ~8g2
<8x2> =a+bae

I
)

8??2 (g1 + g2) € O(M), which implies g1 + g» € O(M) as M is simply connected.

Taking the following biholomorphism from M to itself

we getE =

X1 :f1 -+ gil + gZ
2
Xp =X,
then canonical coordinates will be
. 82781
U =x 2
uz = xq 8224
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Setting g(x) := 2581 € O (U), finally, canonical coordinates is in the form

up =x1 — g(x2) (2.1)
up =x1 + g(x2). (22)

We will call it canonical choice of coordinate in Theorem 2.4
Recall the notation about semi-simple Frobenius manifolds in (1.1.2), we have canonical
cooridinates 3
(9u;, ;) = Gimi (), 0y = EY
And by Proposition 1.4 and Theorem 1.5, noting that N = 2, (4) of Theorem 1.5 is trivial, we
obtain

ij=1,2

(aul + 8112)771' =0 (2.3)
(ulau1 + uzauz)ﬂi - _D771 (24)

where D is conformal dimension. Then we get

a”;ﬁidu1 :uz__Duld(—ul)

1

auzﬂi du2 = _ d(uz)
i Up —Uq

Summing up the above equation, we get

dy;  -D -D
= d(up —uy) = ——dg(x
b (uz2 —uq) 20 g(x2)

Integrate the differential equation related to #; (Here we use the condition that U is sim-

ply connected). And since aa—;]i = (% + 8372)17[ = 0, we get

i = CiefDlng(xz) _ CigiD/ ¢; € C*

By Proposition 1.4, we have 9,172 = 9y, 11. Take this relation into (2.3), we have 9, (171 +

2) = 0w, (71 + 12) = 0. Thus, 1 + 772 is a complex constant.

Similarly, ax,, = %. Frobenius pairing is

X17¥YXq :7//1 ;72: Cl C2 g7
(3x,,9x,) =11 + (c1 +c2)g P
(0x,,9x,) =(c2 —c1)g's™ P
(axzzaxz) :(Cl +C2)(g/)2g7D

where ¢’ := a%. The determinant of the Frobenius pairing matrix is 4c1co(g'g~?)?. Thanks

to the non-degeneracy of Frobenius pairing, (¢'¢~)? € Op(B) has no zeros.
Euler vector field and Frobenius pairing are

E = x10x, + é%axZ

axz b axz = (g/)zaxl

2.2 D #0 case

Since D # 0, ¢1 + ¢ = 0 and denote 2¢; = ¢ # 0.

Theorem 2.4 Let ((-,-), ®,¢ = y,, E) semi-simple Frobenius structure on M. Then there is a non-
zero complex constant ¢ and a canonical choice of coordinates (x1,xy) such that
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1. If % € O(B) has no zero, then the Frobenius structure has the form

(axi/ ax]) - 5l'+]',3 "C Gle(liD)G/ (253)
Oy, ® 0y, = G’ 2269, , (2.5b)
2 2 1
- xlax] + G, ale (25C)

where G € O(B) and G’ has no zero.
2. If% € O(B) has at least one zero, then D = 1 — % for some g € Z»

(axilaxj) =0itj3-C- gH/(XZ)/ (2.6a)
2

dy, 00y, = %(H’(xz))%H(@))q—zaxl, (2.6b)

E = x5, + 2 H(x) (2.60)

qH'(x2) 7

where H € O(B) and H' has no zero.

Proof The existence of the canonical choice of coordinates (x1,xp) was shown in the previ-
ous section.

1. Due to the assumptlon = (logg)" € O(B). Since B is simply connected,

sr2) = (a5 exp [ (ogg(52)) 52 ) € O (B).

And then we have a holomorphic function G on B, such that ¢ = ¢© and G’ nowhere
vanishes. It is easy to calculate that the Frobenius structure can be rewritten in terms
of G in the way that we stated in the proposition.

2. First, D # 1, otherwise the assumption contradicts to (0x,, 9x, ) = g g P e O(M). We
have ¢'¢ P - & =g¢Pe (’)(~) and that (0y,,9x,) = T=p aXZ( Dy € O(B) has no

zeros. On the other hand, ¢ ra is a meromorphic function on B. Supposing £ 7 € O(B)

hasazeroatx, =a € B, let us take its Laurent series near x, = 4,

i O((x2 — a)?).

xz—a

Then

H(xy) i 17D v, _ (12 — a) 1= P)er ol U7 (=)' +0((2=a)) _ g1-D ¢ (B,

Therefore, c; = 0 for i > 1. And that H'(xp) = %(gl’D) € O(B) has no zeros yields

(1=D)c; =1.
/ g B B
Furthermore, (%)2~e2~f g2 (¢')?> € O(B), then ﬁ(xzfa)%l € O(B), ie,
2c1 € Zy>. Hence, D = 1— = for some g € Zy. Again, it is easy to calculate that

the Frobenius structure can be rewrltten in terms of G in the way that we stated in the
proposition. g

2.2.1 % € O(B) has no zero

An observation is that if we define ¢ : M — C? in the way that (x1,x7) = (£; = x1, % =
G(x)), then ¢ is a local biholomorphism due to G’(x;) # 0, Vx, € B.
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Consider the 2-dimensional configuration space Z, := {(#i1,#2) € C*|u; # uy} and the
Frobenius structure is that in Proposition 1.4, i.e., (il1,1) are canonical coordinates. Con-
sider the universal cover C2 = {(%; = ﬁl;ﬁz, %) € C?le™2 = %} of Z,, and the pullback
of Frobenius structure from Z, to C2 is

e :8,21,
N 1-D)%
(af,/af]) :5l+],3 <C 3( )X2/
9z, ® 0z, =203,

E :32183?1 + 8,22.

2.7)

Corollary 2.5 If ((-,-),®,e = 3y, ) is a semi-simple Frobenius structure on M, then 3G € O(B)
and G'(x3) #0, Vxo € B such that the Frobenius structure is a pullback of the Frobenius structure
on C? := {(%1,%,) € C?} via themap ¢ : M — C2, (x1,x2) — (%7 = x1, %2 = G(x2)).

Proof We only need to choose ¢ = c. Calculating the tangent map of ¢ and comparing (2.5)
and (2.7), one can find the corollary. (|

Next, recall that M = C x (B/T) where B is C or H and T is a discrete subgroup of
Aut(B). 7 the universal covering map from B to B/T, and then Vy € I, t oy = 7. And we
pullbacked the semi-simple Frobenius structure on M to get that on M. Due to wo 7y = 7,
(id¢, y) gives us an automorphism of Frobenius structure on M. The tangent map of (id¢, y)
and (2.5¢) yield G'(x) = aaTzG('V(XZ))' And the tangent map and (2.5b) give us

G(y(x)) = G(x2) + krrv/—1, keZ.

If D = 1, we cannot get more equation with respect to G from (2.5a). we have following
commutative diagram of Frobenius structures, where the Frobenius structure on C x C* will
be explained afterwards

= (id¢, G
M::ngwcz
(idCr 7-[) (idC/ 62)22)
M:=CxB---------- »C xC*

And if D # 1, then the tangent map of (id¢, ) and (2.5a) lead to
/

_ /
1_Dm/ 1, kK e Z.

G(7(x2)) = G(x2) +

Hence, if D € C \ Q, we have G o ¥ = G,V € I'. Consequently, we have following commu-
tative diagram of Frobenius structures which gives us the first class of Semi-simple Frobe-
nius manifolds

B _¢:= (id¢, G
iimcxp P= 09 o

(ide, )
M:=CxB

If D e Q\{1}, thenk = %, ie, D=1-— 271‘/ =1- %p, where p and g > 0 are relatively
prime. And k' = p-m and k = q- m for m € Z, where m depends on -y while p and g only
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depend on D. Therefore, we have following commutative diagram of Frobenius structures

. = (id¢, G

M :CXBMCQ

(IdC/n)| {(idc,esfz)
M:=CxB---------- »Cx C*

When p = 0, set ¢ = 1. Then the case D = 1 is included. Let me point out that D is odd
number if and only if § = 1 and that D is even number if and only if g = 2.
Again, consider the 2-dimensional configuration space Z, := {(ii1, ;) € C?|i}; # 1}
and the Frobenius structure is that in Proposition 1.4, i.e., (11, 112) are canonical coordinates.
2
Consider a finite cover C x C* = { (3?1 = ”1;’”2,922 = (”25”1) q) € C?|\iy # ﬁz} of Z, and

the pullback of Frobenius structure from Z; to C x C* is

e :afll
(af,-/afj) =0iyj3-C" gfp_l,
2 2.8)
axz [ ] 8;2 :qug Zaxl,
2

E :flafl + 63?28,?2.

Remark 2.6 If p = 1 and q > 2, then the Frobenius structure extends to C2

2.2.2 5 € O(B) has at least one zero

Similarly, if we define ¢ : M — C? in the way that (x;,x2) — (%] = x1,% = H(x2)),
then ¢ is a local biholomorphism due to H'(x;) # 0,Vx, € B. Note that, in this case, the
condition of the previous remark holds, we will see that here the Frobenius structure on C?
was extended from that on C x C*. And that is why we use (%, %) instead of (%1, £,) for C?
here. According to the same reason stated in the previous case, the tangent map of (idc,y),
(2.6a) and (2.6¢) yield that H is I'-invariant. Furthermore, calculting the tangent map of ¢
and comparing (2.6) and (2.8) for p = 1 and g € Z>;, we have the pullback of the Frobenius
structure on C? via ¢ is that on M. Therefore, we have following commutative diagram of
Frobenius structures

M:=CxB
(ide 7'(>| W‘iCIH)
M:=CXB---------- 3 2

To conclude this section or chapter?, we state the following theorem.

Theorem 2.7 (Classification of M) Considering D # 0 and the setting of semi-simple Frobenius
manifold stated at the beginning of this chapter, there are three types of maximal semi-simple Frobe-
nius manifold.

1. If D € C\ Q, Frobenius manifold C> with Frobenius structure (2.7)
2.IfD=1- % for some q € Z=3, Frobenius manifold C? with Frobenius structure (2.8) with
p=1

3. Otherwise, i.e., D =1 — 27;:/ where p € Z and q € Z~q are relatively prime satisfying that
p # 1 or g =1, Frobenius manifold C x C* with Frobenius structure (2.8).
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Here, in the first and the third cases, every point is semi-simple, while in the second case, semi-simple
point set is C x C* C C2. And any semi-simple Frobenius structure that we consider in this chapter

is a pullback of one of the three types.
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Chapter 3

Computation of period map on
maximal semi-simple Frobenius
manifold

3.1 Flat coordinates (1, ;)

For both Frobenius structures (2.7) and (2.8), though the expression of t; in terms of £, and %,
are different, the expression of t in terms of #i; and #i; are the same since both of Frobenius
structures are derived from that on the 2-dimensional configuration space Z,. For the sim-
plicity of notation, in this chapter, we will use #; and u; instead of 71, and 7 in the previous
chapter. We may choose flat coordinates as the following,

¢ Uyt up
L)
1-D
o 1_1D<(”2;“1) —1) ifDeC\{0,1}
log(%) ifD=1

And under this setting, the expression of t; for D = 1 is the limit of that of t, for D — 1.
Then we consider ¥ which was introduced in Lemma 1.7

ot oh % %
o _ [ ou Juy | _ _ _
T_<atzl 9tz>_<_1 up—uq P up—ug D)
Juy;  dup 2 2 2

NI=

and

SN
vl 2 (152)"

D
_ ~ 1 1 _ (Hz;lll)
P =YE 9 1=2
1 11 2| (”2*”1)7D ) ,
2

According to Lemma 7.2,
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Let us find the constant matrix for 6 under the bases of d;,, d¢,. By direct calculation, the
Euler vector field E = 10y, + ((1 — D)t, + 1)9;, By definition and the flatness of d;,, 9t,,

D

D D
0(9,) = vg,.lc.E -(1- E)atl = [9, E] — (1 - E)atl = Eatl
where VL€ is Levi-Civita connection.
Similarly, 6(d:,) = [0, E] — (1 — %)atz =(1-D-1+ %)atz = —%atz. Therefore,
D
0 = <(2) OD) under the bases of 9;,, s, .
-7
Under the bases of 9;,, 9;,, denoting Lt .= % —-—n— %, L™= —% —-—n— %
D
1 _ Uy —uq +
D) —piiom Ly 1 (=)} (1 o
Ay ) =h@-n=3)=3 <u2—ul)_D ) 0 L
2
D
Uy —uq
P SO | 1 (72 ) Lt 0
Ay (u) =P,(0 —n 2) =5 (uz_ul)—o ) 0 -
2

3.2 Second structure connection

(n)
Recalling the proof of Lemma 1.8, the second structure connection Vg’l) =0, — A)Lib(:) -
(n)
"‘)\2_71(;’). For any fixed u = (uy,uy), we would like to find a vector field X = (;2%5:3\%)

(under the bases of 9;,, 9;,) such that Vg’;) X =0.

;‘2 —.-, we transform Vg’;)X = Ointo
5 (X)) _ A () . A w) (X, (%)
T\ X (u, x) x x—1 Xo(u, x)
X 2" +2  1-2x (L +2)7
Taking T <y1) = ( 1) where T = v\ D Tl = N,
Y2 Xz 0 — (%) 0 o (uzzul)
() (n)
5. <y1) _ <<A1 () , 45 <u>> - (am> <y1)
Y2 x x—1 Y2

After some calculation, we get

() (o () (4o o) ()

Then we have a second-order ODE, in particular, a hypergeometric equation

d? 1 d D-1)\°
x(l—x)ﬁyzl— (n—|—2> (2x—1)%— <n2—<2> >y1:0,

By x :=
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where the parameters of the hypergeometric equation as follows,

g=pn_DP—1
o 2
D-1
b= —_
n-+ 5
c—n+1
o 2

We will see later on that we are interested in the case A near co.
If a — bis not an integer, i,e. D is not an integer, then there are two independent solutions
to the hypergeometric equations near oo.

Y11 Y12\ _ x’”F(a,l—i—a—c;l—i—a—b;x’l) x’bF(b,l—l—b—c;l—i—b—a;x’l)
ya yn) \EGEF@al+a—cl+a—bx 1) L(xFb1+b-—cl+b—ax?))

- x‘“F(a,l+a—c;1+a—b;x‘1) x‘bF(b,1+b—c;1+b—a;x‘1)
T \—ax 'Fa4+L,14a-glya—bx ) —bx PN+ 1,1+b—cl4+b—ax))

If a — b is an integer, i,e. D is an integer, then there is logarithmic singularity at A = coc.
There are three cases.
Let us define

&(x):=F(a,1+a—cLx Hlogx™t) + Y AuBux",

m=1

where
i ()m(14+a—c)y

" (m!)?

Here (q), is the (rising) Pochhammer symbol, which is defined by:

1 1 1 1 1 1

a+a+1+”'+a—|—m—1+1+a—c+1+a—c+1+'”+1+a—c+m—1

1 1
—2(1++~~~+).
2 m

The convention for By is 0 for later purpose. The power series Y 5_; A, B, x ™™ converges in
|x~1| < 1. Here, we assumed that neither a nor 1 + a — c is an integer less than 1. If either a
or 1+ a — cis an integer less than 1 we set

B,=0m>N,
where N is the minimum of m such that
(a+m)(14+a—c+m)=0.

In this case Y-°_ A Byyx~™ is a polynomial of x 1.
The first caseisa = b, i.e., D = 1. The fundamental solution

oy _ () X Fla,1+a—cl+a—bx 1)

<V21 yzz) B ({fx(xﬂ(i)(x)) 4 (F(a1+ta—clta—b; xl)))
x*HCTD(x) xFla,1+a—cl4+a— b;xfl)

(;ﬂc(x—ﬂé(x)) —ax—a—lp(g+1,1+g_c;1+a_b;x_1)> .
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The second caseisa < b,i.e, D € Z~1. The fundamental solution

D-1 =
(yn ylz) B x‘bd(ilﬁcb(x) xPF(b,14+b—c;1+b—a;x ")
Y21 Y22 £ (x*bﬁé(x)) L (xPF(b,1+b—cl+b—axl))
B x‘b%Xx) X PFb,1+b—c;1+b—a;x 1)
% (x’b$cfb(x)) —bx PR+ 1,14 b—cl1+b—ax )|

And by the sufficient and necessary conditions on the page 11 of [Mat85], we have if D €
(2Z)-10rD € (2Z +1)>3,n = —1 then

abt o B2 (a)u(1+a—c)
B =x - Tx M= x . 1
e O = L ey, = R el b

The third caseisa > b, i.e., D € Z 1. The fundamental solution

1-D =~
(yll y12> _ xFla,1+a—cl+a—bx ") x (11— x’l)c’“’bd(f_ﬁ (1—x"1)2=cP(x))
Y21 Y2 L (xFa14+a—cl+a—bx) L (x*“(l —x ety (- xfl)Zch(x)))
B x"F(a,1+a—c1+a—b;x1) x (1 — x’l)c’”’bd(ﬂ% (1—x"1)2cP(x))
- b 3 :
—ax " 'Fla+11+a-cl+a—bxl) £ (x‘“(l — x‘l)c‘”_hid(xd,ll)l,f, (1- x‘l)Z“‘CCD(x)))

Via similar reference, we have if D € (2Z).10r D € (2Z +1)._1,n = —1then

dl—D 5
W ((1 _ xfl)Zafc(D(x))

b iD (a+D—1)m(1+a—c+D—1)mx_m
m! (D)m

x4 (1 _ xfl)cfafb

:x‘bF(b,1+b—c;1+b—a;x_l)

Thus we can merge the case D € C\Z, D € (2Z)~1 and D € (2Z).; into the case D €
C\ (2Z +1). And we will see the similar fusion in the next section. These two fusions will
simplify the later arguement and save calculation process of intersection pairing.

For all D € C, we set

Y11 Y2\ _. _.
T = (P D) = D,
(ym yzz) S

where (511) and (; 12) play the role of (‘Z 1), and &, and &, play the role of G({l) as
21 22 2 2

before.

3.3 Calibration

Let us recall the section about calibration in Chapter 1. Under the basis (dy,,9y,), since 6 =
D
((2) _0,:2) ) is a diagonal matrix, § = 6, vg = 0
IfD=0,thenf =56=0,v= Vg =0, kSy = E® S;_1,k € Z,, which gives us that all the
Si’s are uniquely determined.
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If D € C\ {0}, then spec(é) = {—D,0,D} and

0
{XEQ[ X: (0 x62>,X12€C}

alo(H X egl(H)|X = (xal x(iz) ,X11, X2 € C}

0 0
gl_p(H) = {X € gl(H)|X = <x21 0) ,X21 € C} )
which means v = v_p.
The recursion relation will be simplified as following, for D € Z \ {0}

(k+a) (S = (E®Se1+Sicpviipp) a=-|D},0,|D], (3.1)

[a)”
where S;_p| = 0if k < |D|. When k < |D|, S is uniquely determined by recursion. When
k = |D|, the ambiguity of choosing (Sx)_|p|] emerges. But v = (E  S|p|_1)|_|p| is deter-
mined uniquely

Note that under the basis (9, 9y, ), the transposition with respect to Frobenius pairing
(Xij)axa = (X3-j3-i)2x2, VX € gl(H).

If D is odd, the condition that (—1)~ ‘D‘C|TD| = (—1)_|D|C‘D‘ = —Cp, is satisfied, recall-

ing the notation and definition in Theorem 1.14 on page 11. And (1.12) holds automatically.
Here k = |D|. Essentially, these two fact are the same.

2ty
When D = 1, under the basis (atl,atz), Ee corresponds to the matrix <t11 et ) The
1

. . . t €2t2 . 0 0
recursion relation (1.11) yields 0 = + v, le v = .
Lot )y -1 0

When D is an odd number different from 1, under the basis (9, 9y,), E® corresponds to

%
the matrix 2 (1=D)ta +1)T0 | The recursion relation (1.11) gives us
(1-D)tp+1 tq
Viip] = — (E o(|D|—1+ads) 'oEe(|D|—2+ads) 'oFe...(1+ads) 'oEe 1)[*\DH .

Since v is a constant matrix, we may let t; = t, = 0, i.e. Ee = (1 0

1 . .
0 ) Direct calculation
yields the nonzero entry in v is

D|-1

N Vi
(2

And the expression with factorial the nonzero entry includes the case D = 1. Note that,
under the basis (d¢,,9t, ), the equation

uip+up Up—uq 1+D
2 2

Ee = B
Up—uq 1-D uptuy
2 2

(3.2)

holds for any D € (2Z +1).

If D is even, the condition that (—1)~ |D|C‘T p| = (— 1)_‘D|C‘D‘ = —Cp) gives us C|p| = 0.
Similarly, the condition that B} = —(—1)B yields By = 0, where k = |D|. That is to say, in
this case, calibration 5(t,z) is determined uniquely. With similar argument in the case that
D is odd, we have v = 0. And thus we may include the case D = 0 into this case.



Chapter 3. Computation of period map on maximal semi-simple Frobenius manifold 31

If D € C\ Z, then the fact that v_;) = 0,V] € C\ Z3¢ means v = v|_p] = 0. And the
recursion relation will be simplified further as following,

(k+a)(sk)[a] :(E.Skfl)[a]/ QI*D,O,D,

and thus calibration S(t,z) is uniquely determined by recursion.
The last two cases, i.e., that D is even and that D € C \ Z are very similar. We will deal
with these two cases together.

3.4 The period map

In the rest of this chapter, we will consider the case D € C \ (2Z + 1). Proposition 1.15 tells
us that, in this case,

A0—(n+k)—3

0(,2) = 3 (~1)F
) = L DS s e T

provides a fundamental solution to the 2nd structure connection. Thus, recalling ® at the
end of second structure connection, we have a C(t,n) € GL(C?) such that I(")(t,A) =
®(t,A)C(t,n). Taking a sufficiently large circle centered at zero on the complex plane of
A, let A move counterclockwise for one round, i.e. IV (t, Ae?™V=1) = ®(t, A2V~ 1)C(t,n).
The LHS is

0—(n+k)—1 2m(0—n—3)v/—1
Y (1S
k=0 [ —(n+k)+3)
e2m(Brt—m)v=1
2m(Prt-n)v=1 0
:(I)(t,A)C(t,n) 0 6271(7%*”)\/?1
e—2na\/jl 0
The RHS is ®(t, ) ampy=1 | C(t,n). Since ®(t,A) € GL(C?) and LHS=RHS,
e
we have
e—27Ta\/j 0 6271(%771)\/?1 0
(0T ) cam = (T L),
which leads to C(t, n) = (Col C02> . After calculation for the coefficient of the leading term
of A, we will find that
(g — uy) "5 3
1 —

Since the intersection pairing is indpendent of t and A, let t1 = A = 1,t, = 0, then
up —up = x 1 =2,—(¥21)"D = 1 Noting that (1+a—c): (1+a—b) = (1+b—c):
(14b—a) =1:2, we can use a formula for x *F(a,1+a—c;14+a—b;x~1),x F(b,1 +
b—cl+b—a; x_l) and their differential. By direct calculation, the matrix for intersection
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pairingis
<(at1 |af1) (atl |af2)>
(01 (0t,)  (9t,/0t,)
_ t (Y Yy tt Y y
= —c(ctm) (Y2 (U Y2) o)
_ c(vn v\ (4((352)2-n2) 0 (yn v
—-ctety (f 42) () 0 (v e
n 1=Dy(1

sin (7 (n+152))

= ( (= (—:+ 52)) :

|

where the lower index —n means replacing # in the matrix by —n.

For the period map,
-D
(Z(t,A),0,) ;:(1§;1>(t,;\),atl) =cI{V(t,A) = acey (”2 ”1> X Fa+L,1+a—clda—bix )
-D
t,A),01,) :=(Iy “'(t,A),0t,) = cly, '(t,A) = bccy x0T +1L,1+b—cl+b—ax”
Z(1,1),3) =15 (1,1),9,) = clyy Y (t,A) = beey (255 bUP(b+1,14+b—c1+Db L
2
Note that we have explicit functions for 1(71) t,A)and [ (1) t,A) as well. Then, by direct
p 21 22 y
calculation,
257 ¢ ( 1 1)D71 N
(Z(t,A),9,) = x2 4 (x—1)2 < 2 1)
1+D 2
(D-1)r (152)
2*%(: 1 iN1-D [y —uq =S
2 0),00) =< (s e-nt) 7 (221 T
r<—TD+1) 2

which satisfies the translation symmetry Z(t,A) = Z(t — A9dy,,0).

3.5 Reflection vectors (Vanishing cycle) and Monodromy group

Here we follow the notation and the idea of computation in 1.3.1. i.e. Reflection vectors ¢4
are equal to (C)(u))~le;(i = 1,2) up to x;(u) € C*, respectively. Note that C() () may
depend on n € Z, but in the following calculation, we will choose n = —1 and thus omit the
index for n. Since 1=V (1, A) = Y (1, A)C® (1) where Y (1, A) are fundamental solutions

for V51 near A = u;, we will compare the coefficients of order 0 and —n —

and subleading terms) of the lower rows of the matrices to get C(/) (1) :

b4

For i = 2, the coefficients are in the following matrix

1 1

1 0 2 2
(m+;r11>:<—;cgm)D 3 ()

1

7= % (leading

0 5)

_1 1
D) <_12 (1)) - <—% (uz;m)D %(uz;ul)D>

where the first column stands for the coefficients of (A — u5)? and the second column for

that of (A — up) 2. Moving x from a number >> 0 to 1 along real axis, we will take binomial
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expansion near x = 1

o 1 1\1-D 1
Similarly, (xz +(x—1)2> =1+(1-D)(x—1)2 +0(x—1)
According to IV (u,A) = Y@ (u,A)C) (1), we have an equation for the coefficient of
(x —1)%in I,V which is
-D

27 (M2M1>12_ 3(M2u1>_DC(2)
14D 2 ) 2 -
(D-1r (T)

21-D ( )1+2D
Uy —uq
11D
3(1—D)T (T)

Then, we have

2 _
=

And we have an equation for that of (x — 1)% in Iél_ 2 (note that at this time we have more

coefficient (1 — ul)% on the RHS to convert (A — uz)% into (x — 1)%)

(D-1)22" <u2—ul)12D _ (1 — u1)? (Mz—u1>_DCg).

2 2

Then we have

1-D
@ _ _2 —up)?
Cyy = F(@) (up —up)2?.
2
We do the same things for those in 12(2_ Y. So we have
1+D D
o (p—wm)r o) (1-D)(uz-u)?
SR T
and )
227D(u2 _ ul)D—«—g
det(C(z)(u)) = @2 _2)2) — )
11 22 7 L2 b ar (52 + 1)r(5R)
Then

@) (1)) ey — _
(€@ (w) e 220 (122) g )

11

_c2 3 D
det(cf%(”ﬂ (ZD T (52) (w2 = m) 2)
2

det(C@ (u))

And we have following equation on intersection pairing to solve x5,
_ 2.2
%12 (atl |at2)
(det(C)(u)))
222D (1 + D) r (1 = D) (12 — 1)~ (31, 101,)

(9+]9+) =2 =23

2 2
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2 2P —w)P ( c )1 _ 22 Pup —uy)®
T () r(52) \rErise) ¢

Therefore,

Denote vy := —¢32%T (%) o1y, Uy = c"2275T (%) 0t,. Then

oy =-v1+v,  (vilvj) = —birja,  1jE{1,2}

For i = 1, the coefficients are in the following matrix

where the first column stands for the coefficients of (A — u1)% and the second column for
that of (A — uy)°.

Moving x from a number >> 0 to its opposite number counterclockwise along the upper
circumference centered at x = 0 and then to x = 0 along the negative half real axis, we will
take binomial expansion near x = 0

(o) 2 (g 0o t)

PriaV=T g o(2-DnVT(D — 1)x2 4 O(x),

where in the last equation we move from 0~ to 0" along the upper half circumference cen-
tered at x = 0 clockwise and thus we get the coefficient e(%_l)”m(D —1) for xt.
Similarly, (x% +(x— 1)%)1713 PVl 4 o= BnV=1(1 — D)xd +O(x).
Again, according to 1=V (u,A) = Y (1, 1)C (1), we have an equation for the coeffi-
cient of x2 in 12(; 2 (note that at this time we have more coefficient (1, — ul)% on the RHS to

1. 1 o
convert (A — u1)2 into x2) which is

(% )”F( 1227 (up—uy %__(Mz—ul)% Uz — U 7DC(1)
(D ( D) 2 N 2 2 e

(D -myry-1
Then, we have cﬁ) = _zrfD)le (2 —uq)?2.
2

(-1)

Mo

And we have an equation for that of x? in I

e’z I <M2 _u1)12 _3 <M2 —”1>DC(1)
14D 2 ) 2 2
(D-1)r (152)

1

_ 1 1 1
P ) a1y ) 63 iy 3o

D)
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1) e%ﬂ\/jZI—D 1+D

Then we have cél = m (up —up) 2.

We do the same things for those in 12(; Y S0 we have

7 1-D
6777,[\/?1 1—D eTTL’\/j]
Cg) T 1—D( )(”2 —u)?, Cg) = T(”Z —u)
F(T+1) 3r<T+1)
and .
—57 —1227D .
det(CM (u)) = Vel — Dl = - — £~ (12 — 13)PF3.
(R ()
Then
ey D4 o (14D o
() )ty — | Fecay | _ (e U202 () 1y — )
1 R A e/ I2r (%) (i — 1)~ 2
det(C™ (u))

And we have following equation on intersection pairing to solve 7,

(1), (1)

—_p2 1% e
(p—lp-) =2 =21 (det(c(l)(u)))z(allaz)

—T~D— 14+D 1-D _
:ZK%e”ﬁzD 4F( 5 )F( > ) (uz—ul) D(at1|at2)

K1:

) efn\/jl247D(u2 _ul)D ( c )‘1 B e*”ﬁ24*D(u2—u1)D
I( ) B

1+D 1-D 4Dy (=D c
Therefore,
1 D D
e 2™V 122" T (uy — )2 (LD 4y TaD-2p (1+ D D
¢ = N (el-Z MV lp F<2> (g —u1)” 20y

1-D
+e%”‘/j12’21” <2> (u2 — ul)fgatz)

1 7 1+D 7 1-D
-7 (e—[)zl”mzlz)r (Z) dy +e T ™I (2> atz)

R D1, /=1
=—e 7 Woly per WV,

And we have (¢4 |¢_) = _eHtnvT BT
Wy, ,wy_ € GL(H) are the generators of the monodromy group W,

where wy, («) = & — (a|@+)@+. The corresponding matrices under the basis of (vy,v;) are

0 e(%:‘:%)”\/jl
R R 0 ‘
Let us check the result for D = %, ie,
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0 o3Vl
We, OWp_ 0 Wy, = iVl 0

Hgnce Wy _ <? Wy, OWy_ :.w({,Jr OWy_ OWey., . Therefore, when D = %, the monodromy group
is isomorphic to permutation group Ss.
In general, wy, o wy, = wy,_ o w,_ is the identity element (matrix).

e(D-Dmv/~1 0 1
Wy, OWe_ = 0 e(lfD)n\/jl = (wfp— Ow(P+)

Therefore, every element in the free group generated by w,, and w,_ (i.e. the monodromy

group W) can be reduced to the form in which w,, and w,_ appear alternatively, which is

attributed to the power 4 on x and (x — 1). And we can see that the monodromy group is

generated by w,, ow,_ and wy, as well.

3.6 The image and inverse of the period map based on the
classification

Recalling the section of the period map, let

Nf—=

z1 :=(Z(t,A),v1) = (Z(t,A), —c~ 27T (1—;D> )

1-D

= (e o) ()

1-D

2
22 = (Z(t,A),02) = (Z(t,A),c 327 3T (1_2D> a,)
1-D
) 1-D _ 2
ﬂg (x+ = 1?) (uz 2 ul) ’

Then, recalling subsection 1.3.2 the orbit space B := M/C with the submanifold {t; =
0} € M which coincides with notation in Chapter 2, now let us consider the period map
on ((BxC))~.

As for the first case in Theroem 2.7,

_ ,1=D V2c EAY NP 1-D)g, *
71 =272 1_D((A e?)2 4+ (A +e )2) e eC
. D-1 \/276' e 1 2 1N+ *
22—221_D<(A e )2+()\+€ )2) e,
Then,
2ce(1-P)%2
A2 = D)2

On the other hand, when we scale A, u; and u; by a nonzero complex constant, we will find
that z; and z; will be scaled by the constant to the power of 152, which implies that the
image Q) C H* of the period map Z is the C*-fiber of a domain in IP!. Consider % (or %)

z (.1 1\2(1=D) 1 1\1-D
Z—<x2+(x—1)2) —(Zx—1+2x2(x—1)2)
Note that det(A — Ee) # 0 yields x # 0 and x # 1. The problem of figuring ) out is reduced
tothatof {2x — 1+ 2x? (x — 1)%|x € C\{0,1}} = C\ {0,+£1}. In conclusion,

. 2ce1-D)2
Q= {(21,22) €E(C)Ylnizm= =5, 0 €Cr— |J Vu

_ 27
(1 D) meZ
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where V,, := {(21,22) c (C*)Z % — e(l—D)mn/jl}.
As for the third case in Theroem 2.7, since1 — D € Q\ (2Z),q # 1,ie., q € Z>, and
then p € Z 4.

b /2 q g \P-1
2 :2¥1CCD ((Axg)%+(A+x§)%> # e
1 /2 q g 1\ 7P
2z :2%1\53 ((A—x§)5+(/\+x§)%> eC’,
Similar discussion yields
B w2 - 2cx§ B N
Q= 4(z1,22) € (CY) lez—m,xzec - U Vin
meZ

z

2
where Vr, := {(21122) € (C*)Z‘Zf = e;’mnﬁ}_

As for the second case in Theroem 2.7,

Z1 :2%1{% ((/\—xf)%+(/\+9222)%> el
— 2 q q 1-D
22 22%1\563 ((A—x;)% +(A+x2z)%> cc
Similar discussion yields
O =14(z1,22) € C xC"|z1z —ﬂx cCcl— U v
= 1,42 12_(1_D)2’2 -
mez
2
Where Vm = {(lezz> c C X C* % —_ eﬁmr[\/jl}'

The period map (under the basis (v, v;)) can be expressed as a row matrix (z1(t,A) z2(t,A))).

(z1(LA)  z2(tA))) wy, cwy = (216(13_1)”\m 226(1_1))”@)
(z1(K,A) z2(tA)) wy, = (22 21)

If1-D € Q\ (2ZU{1}) and, recalling the notation of the previous chapter,1 — D = 27;0
where g € Z-1,p € Z except g = 2p = 2 and ged(p,q) = 1, then (wy, ocwy )T = (wy_ ©
wy, )7 is the identity element of the monodromy group. Note that g is the smallest positive
integer to get the identity element. Thus, if 1 — D € Q \ 2Z, then the monodromy group
is isomorphic to dihedral group D,, and if 1 — D € C \ Q then the monodromy group is
isomorphic to infinite dihedral group Dihco.

Let us move on to the inverse of the period map and first deal with the third case in
Theroem 2.7 using the notation of subsection 1.3.2

((BxC))~ £ 9
p1 {Pz
1 ~ 7T<Z> 1 1-D)ymmy/—1
(P1\ {+1,00}) P!\ {0, 00, e(1=DImaV=1|yy; ¢ 7}

~o 4

E
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where
=2x—1, pa(z1,22) := 2

p1(%p,A) == Zl

Nerlzm‘ =

and D
)::@x—1+m%u—1ﬁ) .

lp| ifg=2

i -fold due to power 1 — D of
2lp| ifqe€Zsy

Furthermore, (E,d) is monodromy cover ({
1 2y =1 . . 1,1
n(Z)) of P* \ {0,00,¢7 |m € Z} And we can invert 71(Z) by j(z) := 5(z7-D +z D),
ie. (jom(Z))(2x —1) = 2x — 1. Obviously, j is invariant under monodromy. And I would
lpl ifg=2
2lpl ifq € Z>o
sheets of E and we set the sheet which z(2x — 1) is lifted into to be the sheet where 2x — 1 is

located.
Thus we have following

like to say that the power 15 in j(z) means j lifts z(2x — 1) to one of {

1-D)?
fl :%2122 S F(Q, OH*)W
1 1
1,(z2\TP [(z\ D  (1-D)>? o
f2 :E( Z?) _|_ (Zj) )(%2122)1—D (33)
1,(1-D)?* 1, 25 %, 1 (1-D)? o, 1 1
— GG e 4217 = 3 PR +2)

where f; € M(Q, W) since f; o Z extends analytically across the discriminant, i.e. fj 0 Z €
O(BxC),and f0Z € O(B x C) but f; is |p|-value function though f, is W-invariant. In
fact, floZ =xband froZ= A

The condition that |p| = 1 in the third case of Theroem 2.7 means p = —1, then f% €
r(Q,Oy)" and fll o Z = X. Then {J%l,fz} is the inverse of the period map Z.

In the second case of Theroem 2.7, p = 1. One can check that { f1, f»} defined as above is
the inverse of the period map Z.
In the first case of Theroem 2.7, the diagram is the same as that of the third case, but

e% =: 2x — 1 and (E,d) is monodromy cover of infinite fold. Then

plogfioZ = % and f,0 Z = A but 11 log f1 and f, are not holomorphic function on

where p;(%2,A) =

Theorem 3.1 Providing conformal dimension D € C\ ((2Z + 1) U {0}), the period map Z is
invertible if and only if D is in one of the following two cases

1. D=1- %for some q € Z>3, and in this case { f1, f2} is the inverse of the period map Z.

2.D=1+ % for some q € Z>», and in this case {]%1, f2} is the inverse of the period map Z.

where (3.3) gives the explicit formula by setting p = 1 and p = —1 for the first and the second cases,
respectively.
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