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Chapter 1

Introduction

Let f € C[x1, x2, x3] be a weighted homogeneous polynomial representing the germ of a simple singularity of type A,
D,orE. Let fT € C[x1, X2, x3] be the corresponding Berglund—Hiibsch dual of f (see Section 4.1.1). Fan-Jarvis—Ruan
proved in [16], using also results of Givental-Milanov [22] and Frenkel-Givental-Milanov [18], that the generating
function of Fan—Jarvis—Ruan—Witten (FJRW) invariants of fT can be identified with a tau-function of a specific Kac—
Wakimoto hierarchy. The identification however involves rescaling the dynamical variables of the Kac—Wakimoto
hierarchy and the precise values of the rescaling constants were left unknown. One application of the results in this
thesis is to obtain explicit formulas for the rescaling constants. Such an explicit identification is needed if one is
interested in constructing a matrix model for the FIRW invariants of f T similar to the Kontsevich’s matrix model in
[30]. We are not going to compute the rescaling coefficients in this thesis. The computation is straightforward and it
should probably be done only when needed. Let us try to explain instead why this small technical detail leads to a very
interesting problem in singularity theory.

Let us recall that for any singularity f there is a natural way to construct a semi-simple Frobenius structure on the
space of miniversal deformations of f (see [24]). The construction depends on the choice of a primitive form in the
sense of Saito [43] and it essentially coincides with what Saito called flat structure. On the other hand, motivated by
Gromov—Witten theory, Givental introduced the notion of a total descendent potential for every semi-simple Frobenius
manifold (see [21, 20]). Givental conjectured [21] and Teleman proved [49] that if the Frobenius structure correspond-
ing to the quantum cohomology of a compact Kéhler manifold X is semi-simple, then his definition coincides with the
generating function of Gromov—Witten invariants of X. Let us return to our settings, i.e., the case of a simple weighted
homogeneous singularity f on 3 variables. The standard holomorphic volume form dxj A dx, A dx3 is primitive.
Therefore, following Givental, we can define total descendent potential. The latter will be called, the total descendent
potential of f. Fan—Jarvis—Ruan proved in [16] that the generating function of FJRW invariants of f T coincides with
the fotal descendant potential of f. Furthermore, Givental-Milanov [22] and Frenkel-Givental-Milanov [18] proved
that the total descendant potential of f is a tau-function of the principal Kac—Wakimoto hierarchy of the same type A,
D, or E as the singularity f. Finally, the outcome of the above work is that the generating function of FJRW invariants
of f T is a tau-function of an appropriate Kac—Wakimoto hierarchy. However, there is still a small gap in this statement.
Namely, while the state space of FJRW theory is identified explicitly with the Milnor ring of the singularity (see [16]),
the identification of the Milnor ring and the Cartan subalgebra of the corresponding simple Lie algebra is given by a
period map and it is not explicit. In order to obtain an explicit identification, we need to determine the image of the
root lattice in the Milnor ring of the singularity. This is exactly the problem that we want to solve in this thesis.
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It turns out that our answer can be stated quite elegantly via relative K-theory. The idea to look for such a descrip-
tion comes from the work of Iritani [27], Chiodo—Iritani—Ruan [11], and Chiodo—Nagel [12]. More precisely, Iritani
was able to prove in [27] that the Milnor lattice of the mirror of a Fano toric orbifold X can be identified with the
topological K-ring K(X). The identification uses a period map to embed the Milnor lattice in H*(X;C) and a certain
T'-class modification of the Chern character map to embed K°(X) in H*(X;C). The lattice in H*(X;C), obtained
either as the image of the Milnor lattice via the period map or as the image of KO(X ) via the T-class modification of
the Chern character map, is known as I'-integral structure in quantum cohomology. Isolated singularities are almost
never mirror models of a manifold. Nevertheless, Chiodo—Iritani-Ruan have proposed an analogue of the I'-integral
structure for singularities of Fermat type. The analogue of H*(X;C) is played by the Milnor ring Hy, while K (X)
is replaced with an appropriate category of equivariant matrix factorizations of f. Finally, Chiodo—Nagel were able to
find an isomorphism between H ¢ and an appropriate relative orbifold cohomology group. Since, the Chern character
gives an isomorphism between cohomology and K-theory and the Grothendieck group of the category of matrix fac-
torization also has the flavor of a topological K-ring, after expecting more carefully the constructions in [11] and [12],
we see that there is a natural candidate for a I'-integral structure for Fermat type singularities. After several trial and
errors we were able to find the correct topological K-ring and the correct modification of the Chern character map.

Consequently, the main theorem (Theorem 3.3) of this thesis the following

Theorem 1.1 There exists a linear isomorphism
mir : Hy —— H}, ([C?/G"], [V /GT];C),
such that, the map
mirochr : KO, ([C3/GT], [V /GT]) —= ¥ (Ha(f ' (1);Z))
is an isomorphism of Abelian groups.

where H is the Milnor ring of the singularity and ¥ is the period map. The theorem identifies the Milnor lattice
Y(Hy(f~'(1);Z)) Cc H £ with the image of relative K-group via the I'-class modification of the Chern character
map.

Moreover our proposal makes sense not only for Fermat type polynomials, but more generally for an arbitrary
invertible polynomial. Nevertheless, let us return to our current settings of simple singularities. We believe that our
results can be generalized to all invertible polynomials. In Chapter 4, we will give some progress that we have already

made, which is the Seifert form of the basis of middle homology group.

Yet another series of works are worth mentioning. They mainly focus on the conjecture that for an invertible
polynomial f € Clxy,...,x,] =: S, there is an equivalence of triangulated categories between triangulated cat-
egory HMFéf (f) of L f-graded matrix factorizations of f and derived directed Fukaya category of f T 1151, [48].
Futaki—Ueda proved homological mirror symmetry for Lefschetz fibrations obtained as Sebastiani—-Thom sums of
polynomials of types A or D in [19] and produced a more intricate formula for the group action on both sides of the
mirror correspondence. Based on this conjecture, it is natural to expect the existence of a full exceptional collection in
HMFéf (f). Hirano-Ouchi [25] prove this for f being of chain type by their semi-orthogonal decomposition theorem

and an induction on the number of variables in f. In the updated version, they further explicitly constructed a full
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strong exceptional collection. Aramaki—Takahashi [1] also gave a construction of a full exceptional collection and its
Euler matrix was given. Then a work which is highly related to the thesis is due to Otani—Takahashi [41]. In their
paper, the main theorem is that there is a mirror isomorphism between Gamma integral structure on the full exceptional
collection of Aramaki—Takahashi [1] and integral structure on the Milnor ring defined by the image of Il from middle
homology group. The result of Chapter 2 was considered as ADE cases of their result. Cycles of middle homology
group of Milnor fiber of a chain type polynomial were constructed inductively. We will calculate the Seifert form of

this basis of cycles in Chapter 3.

For the calculation of equivariant topological K-ring, one of the methods is to figure out the G-CW complex which
is a G-deformation retract of the Milnor fiber. Ruddat—Sibilla-Treumann—Zaslow [42] tell us that Log geometry can
be applied to find a deformation retract of smooth affine hypersurfaces. Some works are worth doing to get the equiv-

ariant case, i.e., combinatorial description for certain G-cellular decomposition of the Milnor fiber.

1.1 Organization of the thesis

In Chapter 2, we first give some preliminaries on equivariant topological K-theory, which is useful for Section 3.3.
Section 2.2 (Frobenius manifolds) and Section 2.3 (Calibration) is not used in the latter chapters; however, they are
helpful for explaining reflection vectors and integral structure. The section of integral structure also introduces the

motivation and application of the result of this thesis.

In Chapter 3, we compute the image of the Milnor lattice of an ADE singularity under a period map. We also prove
that the Milnor lattice can be identified with an appropriate relative K-group defined through the Berglund-Huebsch
dual of the corresponding singularity. In the last chapter, we figure out the image (Proposition 4.14) of the Milnor
lattice of the singularity of an invertible polynomial of chain type using the basis of middle homology constructed by
Otani-Takahashi [41]. We give the Seifert form of the basis as well. Some conjectures on equivariant K-theory are

raised.



Chapter 2

Background

In this chapter, we will introduce some general background for the purpose of narration of next several chapters in

which we will deal with more specific situation.

2.1 Equivariant K-theory

The purpose of this section is to set down the basic facts about equivariant K-theory. Ordinary K-theory was invented
by MLE. Atiyah, and most of the results are due to him — see [4], [7], [6], [5]. The equivariant version of K-theory was
introduced by G. Seagel [46] following ideas of Atiyah. Let us outline the main steps in the construction of equivariant

K-theory. Our exposition follows closely [46].

2.1.1 G-vector bundles

Let us fix a topological group G. A G-space is a topological space X together with a continuous map G x X — X
satisfying the associativity condition g1(g2x) = (g142)x for all g1,¢» € X and x € X and the condition ex = x for
all x € X and e is the identity element of G.

A G-map between two G-spaces is a continuous map which commutes with the action of G. More generally, if X
is a G-space and Y is an H-space and 0 : H — G is a continuous group homomorphism, we say that f : Y — X isa
6-equivariant map if it is continuous and if f(hy) = 0(h)f(y) forallh € H,y € Y

Definition 2.1 Let X be a G-space.
a) A G-space E together with a G-map p : E — X is said to be a G-equivariant vector bundle or simply a G-vector

bundle on X if the following two conditions hold:
(i) p: E — Xis a complex vector bundle on X.

(ii) forevery ¢ € G and x € X, the group action ¢ : Ex — Egy is a linear map, where Ey := p_l(x) denotes the
fiber of E at x.

b) If E and F are G-vector bundles on X, then a G-equivariant morphism or simply a G-homomorphism ¢ : E — F

is a map which is both a vector bundle homomorphism and a G-map.

Let us introduce the following notation. If M is a finite-dimensional complex representation of G and X is a given
G-space, then M := X X M has a natural structure of a G-vector bundle on X, that is, M is a trivial vector bundle

on X equipped with the diagonal action of G: ¢ - (x,A) = (gx,gA). If E and F are two G-vector bundles on X then
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the vector bundles E® F, E ® F, and Hom(E, F ) have a natural structure of G-vector bundles, that is, the G-action is

defined as follows:

§-(A+mu)=gA+gu, g (A@p) =N ®I(@gn), & f(A):=gf(g'A),

where A € Ey, u € Fy, and f € Hom(E,, Fy). Finally, if ¢ : Y — X is a G-map of G-spaces, and E is a vector
bundle on X, then the pullback vector bundle ¢*E has a natural structure of a G-vector bundle. More generally, if Y is
an H-space, X a G-space, « : H — G a homomorphism, and ¢ : Y — X such that ¢(hy) = a(h)¢(y), then ¢*E is
an H-vector bundle on Y. If i : Y — X is the inclusion of a subspace, i*E is often written E|y.

2.1.2 Partition of unity

Definition 2.2 A topological space X is said to be locally compact if for every x € X there exists an open subset
U C X, such that, x € U and the closure U of U in X is compact.

The proof of the following lemma can be found in [28].

Lemma 2.3 If X is locally compact topological space and K C U where K and U are respectively a compact and an

open subset of X, then there exists an open subset V of X, such that, the closure Vof Vin X is compact and
Kcvcvcl.

Suppose that f : X — R is a continuous function. Let us introduce the following notation: K < f stands for
(i) K is compact,
(ii) f has compact supportand 0 < f(x) < 1forallx € X
(iii) f(x) =1forallx € K,
and f < U stands for
(1) U is open,
(ii) f has compact supportand 0 < f(x) < 1forallx € X
(iii) supp(f) C U.
The following result, known also as Urysohn’s lemma, is well known.

Lemma 2.4 Suppose that X is a locally compact Hausdorff topological space, K is a compact subset of X, and U is
an open neighborhood of K, that is, U is open and K C U. Then, there exists a continuous function f : X — R with
compact support, such that, K < f < U.

Theorem 2.5 (Partition of Unity) Suppose that X is a locally compact Hausdorff space, K is a compact subset, and
{U;} is a finite open covering of K. Then, there exists /1; < U;, such that,

hi(x)4+ha(x) +---+hy(x) =1 VxeK.
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Proof The argument follows the exposition of Rudin. If x € K, then x € U; for some i. Recalling Lemma 2.3 we

get that there exists an open neighborhood W, of x, such that, W, C W, C U; where the closure W, is compact.
Since K is compact, we can find finitely many points x1, . . ., X5;;, such that, the open subsets W] = Wx/. (1< j< m)
form an open covering of K. Let H; be the union of all W;, such that, W; C U;. Note that H; is compact and that
H; C U;. By Urysohn’s lemma we get that there exists a continuous function g; : X — IR, such that, H; < g; < U;.

It is straightforward to check that the functions

have all required properties. O

The above theorem has the following corollary. If X is a compact Hausdorff space and {U; };c; is an arbitrary

open covering of X, then there exists a set of continuous functions f; : X — R, such that,
W fi < U,
(i) Vx € Xtheset {i € I| fi(x) # 0} is finite,
(iii) Yies fi(x) =1Vx € X.

A set of continuous functions { f; };c satisfying the above properties is said to be a partition of unity subordinate to
the open covering {U, }c;.

Finally, let us recall the Tietze extension theorem. Recall that a topological space X is said to be normal if every
two disjoint closed subsets A and B of X have open neighborhoods A C U and B C V, such that, UNV = @.

Theorem 2.6 (Tietze Extension Theorem) Suppose that X is a normal topological space, A C X is a closed subset,
and f : A — R is a continuous function. Then, f can be extended continuously on the entire space X, that is, there
exists a continuous function F : X — R, such that, F|4 = f. Moreover, if f is bounded on A, then there exists a

continuous extension F, such that,

[F() <sup{lf(y)l |y € A}, VxeX.

Using Lemma 2.3 it is easy to prove that every compact Hausdorff space is normal. In particular, Tietze extension

theorem applies to compact Hausdorff spaces.

2.1.3 Equivariant K-Theory

We now come to the definition of the ring K5 (X). The definition makes sense for arbitrary G-spaces X. However, the
resulting groups are known to have nice properties only if X is a compact Hausdorff space. Let us assume that G is a

compact Lie group and that X is a compact Hausdorff G-space.

Proposition 2.7 If E is a G-vector bundle on X and A C X is a closed G-subspace, then every continuous G-

equivariant section of E| 4 extends to a G-equivariant section of E.



Chapter 2. Background 7
Proof The standard argument from the non-equivariant case (see [7], Lemma 1.1) works in the equivariant settings

too. Let us outline the main steps. Suppose that s : A — E is a G-equivariant section. Let {U;}"; be an open
covering of A, such that, E|y, = U; x C" is trivial. Under the trivializations, we have s(a) = (a,s;(a)) for some
continuous functions s; : U; N A — C". Recalling the Tietze extension theorem, we get that 5|uln A extends to a
continuous section 5; € T'(Uj, E). Let h; (1 < i < m) be a partition of unity subordinate to the covering {U;}/" ,,
thatis, ; < Uj and 7" hj(x) = 1forall x € A. Put t(x) := Y/"; s;(x)h;(x). Note that t is a global section of
E because supp(h;) C U; and that £(x) = s(x) for all x € A, that is, ¢ is an extension of s. Finally, in order to
construct a G-equivariant extension, we need just to take the average

Hx):= [ g 't(gx)du(g),
g€G

where dji(g) is the Haar measure on G. Clearly, f is the required extension. O
Proposition 2.7 has two important corollaries.

Corollary 2.8 Suppose that E and F are G-vector bundles on X, A C X is a closed G-subspace of X, and f : E|4 —
F| 4 is a morphism of G-vector bundles. Then

a) The morphism f extends to a morphism of G-vector bundles f: E — F.

b) If f is an isomorphism, then for every extension fas in a), there exists a G-equivariant open neighborhood U
of Ain X, such that, f|;; : E|y = F|y is an isomorphism.

Definition 2.9 Suppose that X and Y are two G-spaces and @; : Y — X (i = 0, 1) are two G-equivariant continuous
maps. We say that ¢ and ¢ are G-homotopic if there exists a continuous map H : [0,1] x Y — X, such that,

(i) H(t,gy) = gH(t,y) forall (t,y) € [0,1] x Yand g € G,
(i) H(0,y) = ¢o(y) and H(1,y) = ¢1(y) forally € Y.

Corollary 2.10 If Y is a compact G-space and ¢; : Y — X (i = 0,1) are G-equivariant G-homotopic maps, then
¢oE = @] E for every G-vector bundle E on X.

The proofs of both Corollaries are straightforward generalizations of the well known proofs from the non-equivariant
case (see [7], Lemma 1.2 and Proposition 1.3).

The set of isomorphism classes of G-vector bundles on X forms an abelian semigroup under &. The associated
abelian group is called Kg(X): its elements are formal differences Eg — Eq of G-vector bundles on X, modulo the
equivalence relation Eg — Ey = Ej — E] & Eg @ E] ® F = E{® E; & F for some G-vector bundle F on X. The

tensor product of G-vector bundles induces the structure of a commutative ring in K¢ (X).

Definition 2.11 Suppose that X and Y are G-spaces. A continuous G-map f : X — Y is said to be a G-homotopy
equivalence if there exists a continuous G-map g : Y — X, such that, f o g is G-homotopy equivalent to the identity
map idy and g o f is G-homotopy equivalent to the identity map idx.

Recalling Corollary 2.10, we get that the isomorphism class of the ring K5 (X) depends only on the G-homotopy type
of X. Namely, note that if ¢ : Y — X is a G-map of compact G-spaces, then the pullback functor E — ¢*E induces
a morphism of rings ¢* : Kg(X) — Kg(Y). If ¢ is a homotopy equivalence, then ¢* is an isomorphism. Let us list
several cases in which the equivariant K-ring can be computed explicitly in terms of the representation ring R(G) of

the compact Lie group G and the non-equivariant K-ring K(X).
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1. If G is the trivial group, then K5 (X) = K(X).

2. If X is a point, then Kg(pt) = R(G). In particular, since we always have a contraction G-map X — pt, the
ring K (X) is a R(G)-module. The map R(G) — Kg(X) is induced by M — M.

3. Kg(G/H) = R(H) when H is a closed subgroup of G.

~

4. If G acts freely on X, then the pullback via the quotient map pr : X — X /G induces an isomorphism K¢ (X) =
K(X/G).

The following case will be quite useful for our purposes. Suppose thata : G — H is a surjective homomorphism of
compact Lie groups and that X is a compact Hausdorff H-space. Then we have a homomorphism Ky (X) — Kg(X)
which gives an H-vector bundle the G-action induced from the homomorphism «. Combining this with the natural
map R(G) — Kg(X) we have a morphism of rings yt : R(G) ®p(g) Ku(X) — Kg(X). The case when H = 1 was
considered by Segal — see [46], Proposition 2.2. He proved that y is an isomorphism. Unfortunately, Segal’s argument
is hard to generalize if H # 1, that is, we could not prove that y is an isomorphism for H # 1. However, if we make

an extra assumption that G is a finite abelian group, then we have the following result.

Proposition 2.12 If « : G — H is a surjective homomorphism of finite abelian groups and X is a compact Hausdorff
H-space, then the natural map
#: R(G) ®@g(p) Ku(X) = Kg(X)

is an isomorphism of rings.

Proof The idea is to construct an inverse to . In order to do this we have to prepare some notation and recall
some facts from the representation theory of finite abelian groups. Let A := Ker(«). Recall that the irreducible
representations of A are one dimensional and that they are parameterized by the elements of the character group
A= Hom(A,C*): A € A corresponds to the A-module C, := C where the action of 4 € A is given by
multiplication by A(a). Suppose that E is a G-vector bundle, then each fiber Ey of E is an A-module and by taking the
decomposition of each fiber into sum of irreducible A-modules we get the vector bundle decomposition E = &, _ 7E,,
where
Ey:={v€eE|a-v=Aa)vVae A}.

Since the group G is abelian, we get that E, is G-invariant, that is, E, is a G-vector sub-bundle of E.

By assumption, we have an exact sequence

1l— > A— s G—%sH 1,

where i is the inclusion map. Applying the functor Hom( ,C*) we get an exact sequence for the character groups

1—=A-%>G—"+ A 1.

Let us denote by Ly := C, € Kg(X) the G-line bundle on X corresponding to the character A € G. Note that for
every A € G the G-vector bundle L)Tl ® Ef( 2 has a trivial A-action. Therefore, the vector bundle has an induced
structure of G/ A = H-vector bundle. It is straightforward to check that the inverse of y is given by the following
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formula:

v(E) := Ci @rn) (L)' @ Egy),

\eG/H
where the sum is over a set of A € G whose coset classes A H exhaust the elements of the quotient G/H~ A. a

Our next goal is to construct the higher equivariant K-groups and the long exact sequence of a pair. To begin with,

we need the following proposition.

Proposition 2.13 If E is a G-vector bundle on X, then there is a G-module M and a G-vector bundle E-L such that
EQEL =M.

The proof of Proposition 2.13 is rather complicated (it relies on the Peter-Weyl theorem) — see [46], Proposition 2.4.
Two G-vector bundles E, E’ on X are called stably equivalent if there exist G-modules M, M’ such that E & M =
E’' @ M'. Proposition 2.13 implies that the stable equivalence classes of G-vector bundles on X form an abelian group
under @. This group is called K (X); it can be identified naturally with a quotient group of K¢ (X), that is, we have

an exact sequence of R(G)-modules
0 — R(G) = Kg(X) — Kg(X) — 0,

where the map R(G) — Kg(X) is M — M.
Suppose that X is a G-space with a base point 0, such that, g0 = O for all g € G. Let us denote by C X the reduced

cone on X, that is,
CX:=Xx[0,1]/(X x0)U (0 x [0,1]),

where [0, 1] is the unit interval in R. If iy : X — Y7, ip : X — Y; are two inclusions of compact G-spaces with base
point, then we denote by Y7 Ly Y> the topological space obtained from the topological sum Y7 U Y, by identifying
i1(x) with iy (x) for each x € X. There is an obvious embedding of X in C X, and C X Uy C X is called the reduced

suspension of X, and written S X.

Proposition 2.14 If X is a compact G-space with base point, and A is a closed G-subspace (with the same base point),
then the sequence
Ko(XUaCA) = Kg(X) — Kg(A)

is exact, where both maps are induced by the natural restriction maps.

The proof is straightforward (see also [46], Proposition 2.6). Proposition 2.14 can be viewed as a formula for the
kernel of the restriction map K¢ (X) — Kg(A). Using this proposition we get that the kernel of the restriction map
Kg(X s CA) — Kg(X) is precisely Kg (X g CAUx CX) = Kg(CX Uy CA).

Proposition 2.15 The inclusion map SA — C X Li4 C A is a G-homotopy equivalence.

Proof We follow the ideas explained in [17], Sections 5.5 and 5.6. Let us introduce the notion of a G-Borsuk pair. A
pair (X, A) of a G-space X and a closed G-subspace A is called a G-Borsuk pair if for every other G-space Y, every
continuous G-map F : X — Y, and every G-homotopy fs : A — Y (0 < s < 1) such that fy = F|4, there exists a
G-homotopy F; : X — Y (0 < s < 1) such that Fy = F and Fs|4 = f. It can be checked that (C X LIy CA,CX) is
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a G-Borsuk pair. Indeed, in the notation of the definition of a G-Borsuk pair, given a G-homotopy f; : CX — Y and

aG-map F: CX U4 CA — Y such that F|c x = fo, the required homotopy Fs can be constructed as follows
Fi(x,t') = fs(x,t"), V[x,t'] €CX
and
: 1
Fa,(1+s)t") ift" < 35
fassm-a(a1) ift" > 1
S

where we denoted by [x, "] € C X the point obtained from (x, )
whenY =CXUCA, F =id, and

Fs(a,t") = , Vg, t'] € CA,

X % [0,1] via the quotient map. In particular,

fs(x,t)=[x,(1—-s)'] eCXCCXU,CA,

our construction yields a homotopy F; : CX U4 CA — CX Uy C A such that Fy = id while the image of F; is in
S A. It remains only to check that Fy|g 4 is G-homotopic to the identity map in S A which is obvious because F; maps

S A into S A so for a homotopy we can simply take Fs|s 4. O

Remark 2.16 Similarly, one can prove that (C A, A) is a G-Borsuk pair and deduce that the quotient map
XUyCA—-XUyCA/CA=X/A

is a G-homotopy equivalence.

We get the following sequence
Kg(SX) — Kg(SA) — Kg(X s CA) — Kg(X) — Kg(A) 2.1)
which is exact except possibly at the 2nd term. However S X is G-homotopy equivalent to
C(XUpCA)Uxu,ca (CXUACA).

Therefore, thanks to Proposition 2.14, the sequence 2.1 is exact.

Definition 2.17 If X is a compact G-space with base point, and A is a closed G-subspace, define (for any 4 € IN)

Ro7(X) = Re(S1X),
K;'(X,A) = Kg(ST(XUa CA)),
where S7 X is the g-fold suspension of X defined recursively by $7 X := S(S7~! X) forg > 0 and S° X := X.

Since we have S7T(X U4 C A) = S7 X Lgs 4 CS7 A, by iterating the sequence 2.1 we get an exact sequence infinite to
the left

Lo RGN(X,A) = RJI(X) = K1(A) - RSTH(X,A) — ...
— Ke(X, A) = Kg(X) = Kg(A).
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The standard way to extend K-theory to non-compact spaces is to consider the one-point compactification. The result-

ing theory is known as K-theory with compact support. In the G-equivariant settings this approach works too. If X
is a locally compact G-space which is not compact, let X denote its one-point compactification, a compact G-space

with base point. If X is already compact, define X = X LI {0}, the sum of X and a base point.

Definition 2.18 If X is a locally compact G-space, and A is a closed subspace, define Kgq(X)Cpt = IZE%X*) and
K:T(X, A)pt = KT (XH, A7),

Remark 2.19 We have K;7(X,@)pt = K"(X)ept and KGT(X)epr = K& (X x RT)p and K '(X, A)ept =
K%(X X RT, A x RY)cpt for any locally compact G-space X and closed G-subspace A.

We have the following excision theorem (see [46], Proposition 2.9).

Proposition 2.20 If A is a closed G-subspace of a locally compact G-space X, then the natural map
Kgq(X — A)cpt — Kgq(X/ A)Cpt
is an isomorphism.

Let us discuss the case when X is a compact Hausdorff G-space without a base point. In this case the G-equivariant

K-group can be defined vie the non-reduced suspension. The latter is defined by
XX := Con(X) Ux Con(X),

where Con(X) := X x [0,1]/X x {0} is the cone of X. To begin with, note that for any G-subset A C X we have
the following G-homotopy equivalence:

XUy CAT ~ XUy Con(A),

where if A = @, then we define Con(®) := pt. The RHS is a G-space with a base point the vertex of the cone

Con(A). For a contractible space the reduced and the non-reduced suspension are homotopy equivalent. Therefore,
S(XU4Con(A)) =2X sy SCon(A) ~EX Uyyg XCon(A) =X(XUsCon(A)) ~ E(X/A).
Note that since the operations Con and £ commute we also have that
S(XUsCon(A)) ~2X Usy Con(ZA).
Therefore,
KZ'(X,A) = KG(£(X/A)) = Kg(EX Uiz s Con(XA)) = Kg(EX,ZA).
Similarly, for all 4 > 0 we have the following formulas:

K:T(X, A) = Kg(Z1(X/A)) = Kg(Z1X,21A).
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2.1.4 Complexes of G-vector bundles

In order to complete the construction of G-equivariant K-theory, we still need to explain how to extend the long
exact sequence infinitely to the right. This is done by the Thom isomorphism theorem which in particular yields the
periodicity isomorphism KqGJrz(X, A)ept = KqG(X, A)cpt- In order to establish the Thom isomorphism, it is important
to obtain an equivalent description of the relative K-group in terms of complexes of vector bundles. We will do this
following the ideas of Segal (see [46]).

Suppose that X is a locally compact, paracompact, Hausdorff G-space, where G is a compact Lie group. A
complex of G-vector bundles on X is a sequence E! (i € Z) of G-vector bundles and a sequence d% : E — Eitl
of morphisms of G-vector bundles, such that, d?l o d% = 0 for all i. We usually denote the complex simply by
E*® and the differential by dg or simply by d if no confusion is likely to occur. The complex E*® is called finite (or
bounded) if E* # 0 only for finitely many i. A morphism f + E®* — F*® between two complexes of G-vector bundles
is a sequence f . E!' — F! of morphisms of G-vector bundles compatible with the differentials dr and dp of the
two complexes: dr o fi = f*1odp. Two morphisms fi, f» : E* — F* of complexes of G-vector bundles are
said to be G-homotopic, denoted by f; ~ f,, if there exists a sequence of morphisms W : E! — Fi=1 of G-vector
bundles, such that, fl’ — f21 = hitlo d% + d;‘l o ki, Two complexes E® and F*® of G-vector bundles are said to be
G-homotopy equivalent if there are morphisms, called homotopy equivalences, f : E®* — F® and g : F®* — E°®, such
that, go f ~idg and f o g >~ idf.

Definition 2.21 Suppose that E® is a complex of G-vector bundles. The set of points
supp(E®) := {x € X | H'(E}) # 0 for some i}
is called the support of E®.

A complex whose cohomology vanishes is also called exact or acyclic. The support consists of the points x at which
the complex fails to be exact. Note that the support of a bounded complex E* is a closed subset. Indeed, the dimension
of the subspace Im(di~1) of EL as a function of x can only increase if we vary x nearby, while the value of Ker(d")
can only decrease if we vary x nearby. In particular, if H(E,) = 0, then H'(E,/) = 0 for all x’ sufficiently close to
x. Therefore, the complement of the support is an open subset.

Suppose now that A C X is a closed subset. Let us denote by C (X, A) the category of bounded complexes of
G-vector bundles whose support is contained in X \ A and the morphisms are just morphisms of complexes of G-
vector bundles. Let Dg (X, A) be the homotopy category of C (X, A), that is, the objects are the same as the objects
of Cg(X, A) but the morphisms between two complexes E® and F® are given by the [E®, F*] := homotopy classes of
morphisms E®* — F*. In particular, two objects E® and F* in Dg (X, A) are isomorphic, denoted by E® ~ F*, if there
exists a homotopy equivalence f : E®* — F*. Following Segal (see [46]), let us define the equivalence relation ~ in
D¢ (X, A): we say that two complexes E§ and E} of D (X, A) are equivalent, and we write E§ ~ E3, if there is an
object E® of D (X x [0,1], A x [0,1]) and homotopy equivalences E§ ~ E®|x, 1o} and E] =~ E®[x, {1}-

Remark 2.22 Segal used the word "homotopic” for the equivalence relation ~. However, nowadays the notion of
homotopy equivalence between two complexes is quite standard. The homotopy equivalence relation is contained in
~, thatis, E® ~ F*® implies E®* ~ F*. In order to avoid confusion we would not give a special name to the equivalence

relation ~.
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Similarly, we define the categories Cg (X, A)cpt and its homotopy category D¢ (X, A)cpt in which the complexes are

required to have compact support contained in X \ A. Put
Qc(X,A):=Dg(X,A)/ ~ and  Qg(X,A)ept := D (X, A)ept/ ~ .

If X is compact, then Qg (X, A) = Qg (X, A)ept. Note that Qg (X, A) and Qg (X, A)cpt are abelian semi-groups
with respect to the operation @: direct sum of complexes. Recall that Dg(X, A) is a triangulated category (see
[28]). We would like to prove that every triangle in Dg (X, A) gives rise to a relation in Qg (X, A). In fact, it can
be proved that these are all relations and therefore the natural map which assigns to the homotopy class of a complex
E® € Dg(X, A) its equivalence class in Qg (X, A) induces an isomorphism between the Grothendieck group of the
triangulated category Dg(X, A) and Qg (X, A). Let us recall the notion of a triangle in Dg(X, A) (see [28]).

Definition 2.23 A sequence of complexes of G-vector bundles

a B

P- _ Qo T R.
is said to be splir exact if for every i there exists an isomorphism Q' 2 P’ @ R, such that, #(x) = (x,0) and
plxy) =y.

Given a split exact sequence the differential d, under the splitting, takes the form

di(x,y) = (a1 (x) + a1 (y), @5 (¥) +a% (), (v,y) €POR,

where aj; : P! — P+l gi, : Rl — PHl gl : R! — P*land al, : R' — R*1. The compatibility of dg
with @ and B implies that ail = dﬁ'a, “31 = 0 and aéz = d%. The condition sz = 0 implies that laiz deﬁne‘s a
morphism of complexes of G-vector bundles a1, : R — P[1] where P[n] denotes the complex with P![n] := P'*"
and dé’["] := (—1)"di;". The homotopy class h € [R,P[1]] of the map aj, is independent of the choice of the

splitting and it is called the homotopy invariant of the split exact sequence.

Definition 2.24 A sequence in Cg(X, A) of the form

ac L pe 8o U pep 2.2)

is said to be a rriangle if there exists a split exact sequence P — Q — R and a homotopy commutative diagram

11. f T 8 Ci. fl A,
P. Q. R. h P.[l]

in which the vertical arrows are homotopy equivalences and / is the homotopy invariant of the split exact sequence.

Suppose now that we have a triangle (2.2). We claim that [A®] — [B®] 4+ [C*®] = 0, where [ | denotes the equivalence
class of a complex in Qg (X, A). Let P*, Q°, and R* be as in Definition 2.24. By definition, we have: [A®] = [P°*],
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[B*] = [Q°], and [C®] = [R®]. Let us consider the family of complexes Qf (0 < t < 1) defined by

Qi:==Q 2P @R, dy(xy):= (dp(x)+th(y) dp(y)).

Note that Qf_; = Q® while Q}_, = P* @ R®. This proves that Q® ~ P* @ R*® and our claim follows. Let us check
that the semi-group Qg (X, A) is an abelian group. Let us recall the mapping cone complex Con®(f) of a morphism
f:E®*— F*:

Con'(f) := EM @ F,  d'(x,y) == (—d (x), —f (x) + di(y)).
It is a standard fact (see [28]) that the following sequence

E* Lo P Con®(f) —= E°[1]

is a triangle. We get the following relation in Qg (X, A):
[F*] = [E*] + [Con®(f)].

In particular, since for f = 0, Con®(f) = E®[1] & F*, we get that the shift functor E®* — E®[1] induces the inverse in
Qg (X, A) and hence Qg (X, A) is a group. Furthermore, if E® and F® are complexes on X one can form their tensor
product E®* ® F*, with (E* ® F*)k = @p+q—k EF @ F1. One has supp(E* ® F*) = supp(E*®) Nsupp(F*). The

tensor product of complexes induces a homomorphism

Q: (X, A)ept ® Q6 (X, A)ept = Q (X, A)cpt-

The above product is associative and it turns Qg (X, A)Cpt into a commutative ring.

Our next goal is to prove that the abelian group Qg (X, A) is generated by two term complexes of the form E — M
where E is a G-vector bundle and M is a finite-dimensional G-module. We need to recall two standard results. A
morphism f : E* — F* is said to be a quasi-isomorphism if the induced maps on cohomology H'(Ey) — H'(Fy)
are isomorphisms for all i and for all x € X. In that case we will also say that the complexes E® and F*® are quasi-

isomorphic. We have the following proposition.

Proposition 2.25 A morphism f : E®* — F*® between two complexes of G-vector bundles is a quasi-isomorphism if

and only if it is a homotopy equivalence.

The second result is that acyclic complexes split in the following sense.

Proposition 2.26 If a complex E® of G-vector bundles is acyclic, then there exists a complex Z*® of G-vector bundles
and isomorphisms E' 2 Z/*1 & Zi, such that, the differential d% (x,y) = (0,x) forx € Z" ! andy € Z'.

Suppose now that E® is an arbitrary complex in Cg(X, A). A complex is said to be elementary if it has only two
non-zero terms in degrees i and 7 4 1 for some 7 which are identical and the differential d' is the identity map (see [46],
Appendix). Adding an elementary complex to E® does not change the homotopy class of E® — thanks to Proposition
2.25. Using Proposition 2.13 we get that by adding elementary complexes to E® we can arrange that E® has the form

El =0fori < aand E! = M, for all i > g, that is, only E? is possibly a non-trivial bundle. Let Z' be the G-vector
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bundles on A that provide the splitting of E®|4 as in Proposition 2.26. It is easy to check by decreasing induction

on i that all Z' are stably trivial G-vector bundles on A. Therefore, by adding to E® elementary complexes of the
form N — N we may arrange that all Z/ = N; are trivial bundles. Let us look at the complex E®|4. We have
E'ls4 2 A x (Niy1 ® N;) and the differential d.(x,y) = (0,x) for (x,y) € Ni11 & N; is constant with respect to
A. Therefore, by replacing A with X we obtain a complex F' := X x (N @ N;).

Lemma 2.27 The isomorphism f : E®|4 — F*®| 4 extends to a morphism of complexes f : E® — F°.

Proof We have f' = (fi, f}) where fi : E'|4 — A x Niy1 and f§ : Ef|4 — A x N;. The compatibility with the
differentials of E® and F*® is equivalent to the identities

fi=fitlody and fitlodi=0.

Let 1 be the maximal non-trivial degree of E®, that is, E' = 0 for i > n. Since 0 = E"*!|4 = A x (Ny12 ® Nyiy1),
we get that N; = 0 for all i > n. Therefore, E"|4 & A X Ny, =0 fy: E"|4 = A X Ny is an isomorphism.
Let us extend f arbitrary to a morphism E" — F" = X x Ny, and keep fi' = 0. Suppose that we have determined
the extensions f{ 1Bl — X x Nj1 and fé — X x Njforalli < j < n. Note that the extension of fi = é“ o dt
is uniquely determined from fi+l and it automatically satisfies f{ o diE’l = 0. According to Corollary 2.8, the
isomorphism fé : Ei| 4 — A x N; can be extended to a morphism E! — X x Nj. Let us pick one of these extensions.
The constructed sequence of G-vector bundle morphisms f{ tEl — X x Niy1 and fé : E' = X x Nj give a sequence
of maps f' = (fi, f}) : E' = X x (Nj;1 & N;) = F' which by construction is compatible with the differentials of
E® and F*® and therefore it defines a morphism of complexes f : E® — F°. ]

Lemma 2.28 Suppose that f : E®* — F*® is a morphism in Cg (X, A), such that, f|4 : E*|4 — F*®|4 is an isomor-
phism, then

B = (P + D1 L p

where [ | denotes the equivalence class in Q¢ (X, A).

Proof We already know that [F®] — [E®] coincides with the equivalence class of the mapping cone complex Con®( f).
For simplicity, assume that E' = F' = 0 for i < 0. Let 7>1(E*) be the complex which in degree < 0 is 0 while in
degree i > 1 coincides with E'. Similarly, let T>1(f) : T>1(E®) — T>1(F*®) be the morphism which in degree i < 0
is 0 and in degree i > 11is f !, Note that we have a commutative diagram

f[)

B0~ -0

dg \L \L (Olfdp)

P PPl S BepF_ o ...

(7dE/7f1)

where the lower raw is the mapping cone complex of T>1(f). Let us interpret the above diagram as a morphism ¢
between the two term complex on the upper row and the complex on the lower raw. It is straightforward to check that

the mapping cone of ¢ is a translation of the mapping cone of f, that is,

Con®(¢) = Con®(f)[—1].
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The triangle corresponding to the mapping cone of ¢ yields the following relation in Qg (X, A):

0

[ E9 ——F%] = [Con*(T=1(f))] — [Con*(f)[-1]] = [Con®(=1(f))] + [Con®(f)]
The formula in the lemma follows easily by induction on the length of Con®(f). O

Let us apply Lemma 2.27 to construct an extension f : E* — F* in our settings. Note that by definition the com-
plex F* is a sum of elementary complexes = [F®] = 0. Therefore, the formula in Lemma 2.28 gives the required
decomposition of [E®] as a sum of two term complexes.

Finally, let us compare the abelian group Q¢ (X, A) with the relative K-ring K5 (X, A). Note that there is a natural
map

Kg(X, A)ept = Qc (X, A)cpt (2.3)

defined as follows. By definition Kg (X, A) = K(X U+ CA™). A G-vector bundle on Xt LI4+ C AT restricts to
a G-vector bundle E on X and to a trivial G-vector bundle M on C A* where M is a finite dimensional G-module.
Moreover, we have an isomorphism ¢ : E |4 — A x M. Using the Tietze extension theorem (see Corollary 2.8) we
can extend ¢ to a morphism cf : E — X x M. The map (2.3) is given by

(E,M,¢) > [E—"= X x M]

The following result is due to Segal (see [46], Proposition A.I).

Proposition 2.29 The map (2.3) is an isomorphism of abelian groups.

The group Qg (X, A) is a homotopy invariant in the sense explained below. In particular, even if X is non-compact
as long as the G-pair (X, A) has the G-homotopy type of a G-pair (Y, B) with Y compact, we can make use of the
properties of the K-rings established for compact spaces.

Definition 2.30 a) A G-pair is a pair (X, A) of a G-space X and a G-subspace A.

b) A G-map between two G-pairs, denoted by f : (X, A) — (Y, B) is a continuous G-map f : X — Y, such that,
f(A) C B.

¢) A G-homotopy between two G-maps fy, f1 : (X, A) — (Y, B) is a continuous G-map ¢ : (X x [0,1], A X
[0,1]) — (Y, B), such that, ¢|xx0 = fo and ¢|xx1 = f1. If a homotopy exists, then we say that fp and f; are
homotopic and write fy >~ fj.

d) A G-map f : (X,A) — (Y, B) between two G-pairs is said to be a homotopy equivalence if there exists a
G-map g : (Y, B) — (X, A), such that, go f ~ idx and f o g ~ idy.

Suppose that f : (X, A) — (Y, B) is a G-map between two G-pairs, where X and Y are locally compact, paracompact,
Hausdorff G-spaces, G is a compact Lie group and A C X and B C Y are closed subsets. The pullback operation
of vector bundles induces a homeomorphism of rings f* : Qg(Y,B) — Qg(X, A). Note that if two maps fo, fi :
(X,A) — (Y, B) are G-homotopic, then f§ = f;. Indeed, suppose that E® is a complex of G-vector bundles. We
have to prove that fE® ~ f{E®. Let ¢ : (X x [0,1], A x [0,1]) — (Y, B) be the homotopy between f; and f;. Note
that the support of ¢*E* is contained in X x [0,1]\ A x [0,1] and ¢*E®|x 0y = fgE® and ¢*E®|x, (1} = f{E*. In
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particular, if f : (X, A) — (Y, B) is a G-homotopy equivalence, then f* : Qg (Y, B) — Qg(X, A) is an isomorphism

of rings.

2.1.5 The Thom homomorphism and periodicity

Our next goal is to define the Thom homomorphism for K and to recall the Thom isomorphism theorem. First observe

that if E is a G-vector bundle on X and s is an equivariant section of E one can form the Koszul complex
d d d
0 C S AES AES L

where d is defined by d(¢) := & A s(x) for ¢ € A'Ey. This complex is acyclic at all points x at which s(x) # 0, so
its support is the set of zeros of s.

Now, if p : E — X is the projection, the bundle p*E on E has a natural section which is the diagonal map
6 : E —- EXxxE = p*E. This section § vanishes precisely on the zero-section of E. Following Segal, let us
denote by A} the Koszul complex on E formed from p*E and 6. If F® is a complex with compact support on X
then p*F*® is a complex on E with support p~!(supp(F*®)), and A% ® p*F*® is a complex with compact support
on E. The assignment F* — A} ® p*F* induces an additive homomorphism ¢, : Kg(X)ept — Kg(E)cpt Which
is called the Thom homomorphism. If X is compact, then A} has compact support and it defines the Thom class
¢«(1) = Ap in KG(E)cpt. Finally, replacing X and E by X x IR? and E x RY we get a Thom homomorphism
Ox Kaq(X) — Kgq(E ) for each g € IN. We have the following important isomorphism (see [46], Proposition 3.2).

Proposition 2.31 The Thom homomorphism ¢ : K (X)cpt — K& (E)cpt is an isomorphism for any G-vector bundle
E on a locally compact G-space X.

Applying 2.31 to the trivial bundle C, since Kgq_z(X)Cpt = Kgq(X X C)cpt, We get

Proposition 2.32 The Thom homomorphism corresponding to the trivial G-vector bundle X x C — X defines an
isomorphism K_7(X) ept 2 K572 (X)ept-

Proposition 2.32 suggests that one should define K. (X)cpt for positive g as Kz;_zn (X)cpt, where n > q/2. Then one
has cohomological exact sequences extending infinitely in both directions. Equivalently, we have the following exact

cyclic sequence

Kal(X, A)cpt — Kal(X)cpt — K(El(A)Cpt

| |

K(()Z(A)Cpt K%(X)Cpt <~ K%(X, A)cpt

where the map Jy is the composition of the periodicity isomorphism K%(A)Cpt = KEZ(A)Cpt and the boundary
morphism KEZ(A)Cpt — Kg 1(x, A)cpt. The boundary morphism é_; can be described as follows. An element in
Kg 1(A)Cpt is represented by a G-vector bundle on X(A™). Such a vector bundle is obtained by gluing two copies
of a trivial bundle CA™ x M along A" where M is a finite-dimensional G-module. The gluing isomorphism ¢ :
AT x M — AT x M can be extended to a morphism X x M — X x M thaks to the Tietze extension theorem.
The resulting two term complex represents an element of Qg (X", A™T) = Kg(X*, AT) = Kg(X, A)cpt which
coincides with the image of §_1. Finally, if the G-pair (X, A) has the homotopy type of a G-pair (Y, B) with Y
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compact, then the above cyclic sequence remain exact after removing the index cpt from the K-groups. Note that in

general the groups Kai(X, A)Cpt and
KG'(X, A) = Ko (5(X/ A)) = Qo(EX, £iA)

are very different.

2.2 Frobenius manifolds

2.2.1 Definition

There are many ways to introduce Frobenius manifolds. Here, it is convenient to choose a set of axioms. The general
reference for more details is [13] and [33]. Our definition is equivalent to (Definition 1.2 in [13]). Let M be a complex
manifold and denote by 7T the sheaf of holomorphic vector fields on M. Let us assume that M is equipped with the

following structures

1. Each tangent space Tt M, t € M, is equipped with the structure of a Frobenius algebra depending holomorphi-
cally on ¢. In other words, we have a commutative associative multiplication e; and symmetric non-degenerate

bi-linear pairing ( , ); satisfying the Frobenius property
(v1 0 w,03) = (v, w e v7), 1,02, w € TiM
The pointwise multiplication e; defines a multiplication e in 7y, i.e., an Oys-bilinear map
Tm @ Tv — T, V1 Q@ Uy > V] @1y,
The pairing ( , ) determines a O ps-bilinear pairing

2. There exists a global vector field e € Ty, called unit vector field, such that
viCe =0, cev =10, Yo € Ty,

where V1€ is the Levi-Civita connection on Ty corresponding to the bi-linear pairing ( , ).

3. There exists a global vector field E € Ty, called Euler vector field, such that

E(v1,02) — ([E,v1],v2) — (v1, [E, v2]) = (2 — D)(v1,v2),

for all v1, v, € Tp; and for some constant D € C.

The above data allows us to define the so-called structure connection V on the vector bundle pry, TM — M x C*,
where
pry: M xC* — M, (t,z) — t
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is the projection map. Namely,

Vo = V%‘C‘ — 2z 10e, vETm
0
Voo = % 72_19+Z_2E0,

ve and Ee are Oy, -linear maps Tp; — T corresponding to the Frobenius multiplication by respectively v and E.
The Ops-linear map 6 : Ty — Ty is defined by

0(v) := VLCE— (1 - D/2)v.

The operator 6 is sometimes called Hodge grading operator. Let us point out that the term (1 — D /2)v in the definition

of 6(v) is inserted so that 6 becomes skew-symmetric with respect to the Frobenius pairing
(9(01)102) +(U],9('02)) = Or 01,02 € TM

Definition 2.33 The data (( , ), e, ¢, E) satisfying the conditions (1), (2) and (3) from above is said to be a Frobe-

nius structure on M of conformal dimension D if the structure connection V is flat.

Let us state the following properties without proof. Actually, the proof is straightforward argument in Riemannian

Geometry. And we will do the same to the propositions and theorems in this chapter of Background.
Proposition 2.34 Suppose that (M, (, ), e, ¢, E) is a Frobenius structure. Then
1. The Levi-Civita connection V€ is flat.

2. Lett = (f,...,tN) be VEC-_flat coordinates defined on a contractible open subset U C M. There exists a
holomorphic function F € Oy (U), such that

°F

(0/0t, #9/dty,d/0t.) = FT T

and
EF=(3-D)F+H,
where H is a polynomial in ¢1, ..., tj of degree at most 2.

3. The Hodge grading operator is covariantly constant: V-¢@ = 0. In particular, in flat coordinates t =
(t1,...,tN) the matrix (9ab)£\fb:1 of 0 defined by

N
6(9/9ty) = Y 6,40/ 9t,
a=1

is constant.

4. The following identity holds

[E,vew] — [E,v]ew —ve[E,w|=vew, v,w e Ty.
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2.2.2 Semi-simple Frobenius manifolds

Definition 2.35 A Frobenius manifold (M, ( ), e, ¢, E) is said to be semi-simple if there are local coordinates

u = (uq,...,uy) defined in a neighborhood of some point on M such that
8/8u,-oa/au]-:§ija/8uj, 1<i,j<N.
The coordinates u; are called canonical coordinates.

As we will see now, canonical coordinates are unique up to permutation and constant shifts. To avoid cumbersome

notation we put d,, := 9/du;.
Proposition 2.36 Let u = (uq,...,uy) be canonical coordinates defined on some open subset U C M. Then

1. The Frobenius pairing takes the form

N

(aui,au].) = (51]17](1/!), 1 i,j <N,
where 17; € Op(U) and 7j(u) # 0 forall u € U.
2. The unit vector field takes the form e = Zf\i 19u;.

3. The 1-form Y-, #7;(u)du; is closed.

4. There are constants ¢;(1 < i < N) such that

z

E=) (uj+ci)oy,.

1

Il
-

The last part of the above proposition shows that in every canonical coordinate system up to some constant shifts
the canonical coordinates coincide with the eigenvalues of the operator Ee. Therefore, up to constant shifts and
permutations the canonical coordinates are uniquely determined. From now on we will work only with canonical

coordinates such that
N
E - Z uiaui.
i=1

The question that we would like to answer now is the following. Let us assume that U is an open subset of the
universal cover T of Zy and ):il\i 1 1i(u)du; is a closed 1-form on U. The tangent bundle of T and hence of U as well
is trivial, because T is a contractible Stein manifold, so according to the Grauert-Oka principle every holomorphic
vector bundle on T is trivial. Alternatively, we can prove that Tt is a free Op-module by using that the vector fields
9y, of the configuration space Zy lift naturally to vector fields on T and provide a global trivialization of 77. Using

the 1-form we define a pairing
(Qu;, 0u;) = Bijng(u)-

Let us also define multiplication
au,— L4 au] - 51]814]
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and vector fields

N N
e = 2aui, E= Z%uiaui.
1=

The problem then is to classify all 1-forms Zfil #;(1)du; such that the above data determines a Frobenius structure

on U. The answer is given by the following theorem.

Theorem 2.37 The closed 1-form ):il\i 1 1i(u)du; determines a Frobenius structure on U of conformal dimension D

if and only if the following conditions are satisfied
1. n;(u) # 0 for all i and for all u € U.
2. eni(u) = 0 for all i.
3. Eni(u) = —Duni(u).

4. Forall k # i # j # k we have

a1 Tl | TRl Ml )
dug 2\ 1 Mk i

where 7745 (1) := 9u, 17y (1)

2.2.3 The second structure connection

In order to justify the definition of the second structure connection we make the following heuristic argument. Suppose
that the structure connection has a solution
J:MxC*—CN

given by a Laplace transform

T(t,2) = “2;2 r‘eA/Zﬂ”)(t,/\)d/\

along an appropriate contour I' C C of some CN-valued function I(") (¢, A) holomorphic for all (£, A) € M x I'. Here
n € C is an arbitrary number. Assuming that the Laplace transform works, we would get that J(,z) is a solution to

the structure connection if and only if I () (t,A) is a solution to the following connection

VI = 9+ (A—Ee) 1(@,e)(0—n—1/2), 1<i<N,
Uy = 9y~ (A—Ee) {0 —n—1/2).
This is a connection on the vector bundle
pr'TM — (M x C)’

where

(Mx C) = {(t,A) € M x C| det(A — Ee;) # 0}

and
pr: (M xC) - M, (x,A) = x
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Proposition 2.38 The connection V() is flat forall n € C.
Let U be a contractible open subset of the configuration space
={uecV .y # u; fori # j}.

And we fix a point u° € Zy. Suppose that U is equipped with a semi-simple Frobenius structure (( , ), e,¢,E).
Put H = T,,0U and let us trivialize the tangent bundle

TU=UxH=UxCN (2.4)

using the Levi-Civita connection. In other words, we fix a basis { 4)a ", of H and let d;, € Ty be the flat vector field
on U obtained by parallel transport with respect to the Levi-Civita connection. Then the isomorphisms (2.4) are given

by the maps
(u,v) € TU — (u,01¢1 + - +ondn) € U X H — (u,01,...,05) € Ux CV,

where v € T,U and v =: 010y, + - -+ + UNOIty. The isomorphism (2.4) identifies the structure connection of the

Frobenius structure with the flat connection on the trivial bundle
(UxC*)xCN - UxC*
defined by

Va, = 9y —2z 'Bi(u), 1<i<N,

1

Vo, = 0.—2z 0+2726(u),

z

where P; : U — gI(CN) is a holomorphic map whose (a, b)-entry P, (1) is defined by the identity
Oy, ® 0y, = 2 Py (14)04,,
&= Z iP; (1), and 0 is a constant matrix whose (a, b)-entry 6, is defined by
0(d,) = [0s,, E] — (1 — D/2)0y, = Z 0,401,

Lemma 2.39 Let ¥ be the matrix whose (a,1)-entry is given by ¥,,; = 9t,/9u;. Then

Y Ip¥ =E;, ¥ EY = diag(uy, ..., uyn),

where E;; is the matrix whose entry in position (7,7) is 1 and all other entries are 0.
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Lemma 2.40 Let n € C be arbitrary. Then the matrix-valued functions

A" )= P(u)(0—-n—1/2), 1<i<N,

1
satisfy the Schlesinger equations.

Proof Using Lemma 2.39 we get

1 A (u)
_eYlpg_,, 2y = 2l
(A 8) PZ(H n 2) /\ _ uz
Therefore,
A
v = 0+ N (5), 1<i<N, 2.5)
i — U
NoAM ()
v — 9, — i Y (2.6)
A A 1:21 A — U;
It remains only to recall Proposition 2.38. a

2.3 Calibration

Let us fix any point t° € M. We will do something similar to the previous subsection. We fix a basis {¢u}£\]:1 of
H := T M and let 9y, € T be the flat vector field obtained by parallel transport with respect to the Levi-Civita
connection. We will get a simply connected flat coordinate (V, t), where V is a simply connected neighborhood of ¢°

extended by the parallel transport. Then the isomorphisms (2.7) are given by the maps
(t,0) ETV = (t,o1¢1 + - +ondN) €V X H = (t,01,...,0n8) € V x CN, 2.7

where v € T}V and v =: 010y, + -+ + UNOIty,. The isomorphism (2.7) identifies the structure connection of the

Frobenius structure with the flat connection on the trivial bundle
(VxC)xCN - vxcr
defined by

Vi, = o, —z 'Ai(t), 1<i<N, (2.8)
Vo= 0,—2z '0+z2Ee(t), (2.9)

z

where A; : V — gl(CN) is a holomorphic map whose (a, b)-entry A;,; (1) is defined by the identity
N
ati ° atb = Z Aiab(t)atﬂ,
a=1

Ee : V — gI(CN) is derived from Frobenius multiplication by Euler vector field E, and 6 is the constant matrix as

before.
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2.3.1 Definition and existence of calibration

We are going to prove that (2.9) admits an isomonodromic family of weak Levelt’s solutions, i.e., near z = oo the

system (2.8)-(2.9) admits a fundamental solution of the form
®(t,z) = S(t,2)2°2",

where the matrices S(t,z) = So + S1(t)z~! + Sy(t)z~2... with Sy constant (independent of ¢ and z) invertible
matrix, J is a diagonalizable constant matrix and v is a nilpotent constant matrix. Moreover, we will prove that there
exists a fundamental solution such that Sg = 1.

Substituting the fundamental series ®(¢, z) in (2.8) and comparing the coefficients in front of powers of z, we get
that

atiSk = A;Sk_1, Vi1<i<N, keZ-y. (2.10)

Since structure connection is flat, concretely, [Vati, Vatj] =0,V1 <i,j <N, 1-form Zfil A;Sk_14dt; is closed. As

V is simply connected, we can integrate the 1-form and find that
t N
Sk(t) = Sp(t°) + /t Y AiSk_qdt;. (2.11)
i=1

Therefore, it is sufficient to determine Sy () for a fixed t = #°. For neighborhood V, the values of S (t) are determined
from the flatness of structure connection according to formula (2.11).
Next, let us solve (2.9) at + = £°. It is convenient to introduce the following notation. Let spec(d) be the set of
eigenvalues of the operator
ads : gl(H) — gl(H), X — [4, X].

Let us denote by gl,(H) the eigensubspace of ads with eigenvalue 4. Then we have a direct sum decomposition of
vector spaces
gl(H)= P olL(H).
aespec(d)

Let us denote by X[, the projection of X on gl,(H). The matrices S, 4, and v are identified with elements of gl(H)
via the basis {¢; }N; C H that we fixed above.

Substituting the fundamental series © (¢, z) in (2.9) and comparing the coefficients in front of powers of z, we get
that Vg = 0if [ ¢ Z>( and that

0=25 —|—1/[0], (2.12)
k

kS +10,Sy) = Ee S, + Z Sk—lv[—l]/ k> 0. (2.13)
I=1

(2.12) uniquely determines 6 and vio: J is diagonizable. v|g is nilpotent and [J, v[g)] = 0. So 6 and v|g are uniquely

determined by the Jordan-Chevalley decomposition.
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For (2.13), the left hand side is

(k+ads +adyy)Sc = Y (k+a+adyy)(Sk)
aespec(9)

where summation is finite since the matrix vector space has finite dimension. Note that adv[o] preserves the eigenspace

of ad; since [J, vjp)] = 0, we have

k
(k+a+ad1,[0])(5k)[u} = (E Sk 1 ; Sk 1 [a+l]v 1] (2.14)

If k +a # 0, then

k1
(k+a +adyy ) (k)i = (E® Sk-1) g + X (Sk—1) gy V-1 F (50) [aig V-
1=1

k-1
=(E®St1) g+ Y (Sk1) g V=)
i=1

and the operator (k +a + adv[o]) is invertible.

i

1 & ady,

k d -1 _ _ (0]
(k+a+ady) k+a§)( k+a)’

where the summation over i is actually finite since 40 is nilpotent and then operator adV[O] is nilpotent as well. Hence,
(Sk)[ﬂ] can be determined by Sk_l,v[,l],l =1,2,...,k—1.
Ifk+a = 0, then
k—1
adyy ((Sk)=k)) = (E® Sk—1)[—ig + V=i T 2 (Sk-1)jasr) Vii)- (2.15)
=1

There will be ambiguity in the choice of (Sk)[,k] since the operator adv[o] is non-invertible and v|_j) has not been
determined. Actually, the situation is somewhat the other way around. We choose (Sk) [k € gl_y(H) arbitrarily and

use equation (2.15) to determined Vg

Proposition 2.41 Sy (t),k = 1,2,... determined by (2.11) do satisfy (2.13) for all t € V and thus V5 ®(t,z) =0
holds not only at ¢ = t° but also on the neighborhood V.

Proof Let us prove it by induction. Since 0 is a constant matrix,
KSe(t) + 16, (1] =kS(1°) + [0,5¢()] + [ 2 (KAiSi1 + adg(AiSy_1))dt;

=kSi(t°) + [0, Sk(t° +/ Z (kA;Sk_1 +adg(A;)Sk_1 + Ajadg(Sk_1))dt;
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Note that, by the flatness of structure connection, we have [Vatv,Vaz] = 0,V1 < i < N which yields relation
Ai+ [0, Ai] = 9y,(Ee), V1 < i < N. Thus,

kSk(t) + [0, Sk (t)] =kSk(t°) + [0, S (t° +/ Z (01;(E®)Sg_1 + Aj(k — 1+ adg)(Sk—1))dt;
:ksk(fo) [0, Sk(t°)] + (E @ Sg_1)(t) — (E® Sx_1)(t°)

Z —E 004, (Sk—1) + Ai(k — 1+ adg) (Sk—1))dt;

When k = 1, the integral vanishes. We have

S1(8) + 10,51(5)] — (E@)(£) = $1(°) + [0, 51(#°)] — (Eo) () = v[_y.

Our inductive hypothesis is
n
nSu(t) +10,Su ()] = (E® S, 1)(t) + ) Suy(vy,  VtEV
1=1

holds forn = k — 1. When n = k,

kSic(t) + 16, S ()] =kSk(t°) + (6, Sk (£7)] + (E @ Sg_q) () — (E @ Sg—1)(£°)
t N

[ Y00, (Si) + Ailk = 1+ adg) (Sk1))d;
i=1

=kSi(£7) + [0, Sk (t7)] + (E @ Se—1)(t) — (E @ S—1)(¢°)

t N k-1
+ /t Y (—Ee®Ai(St o)+ Ai(EeSk o+ ) Sk1-1v_y))dt;
i=1 =1
Therefore,
kSk(t) + [0, Sk(t)] — (E ® Sx—1)(t)
t N k—
=kSy(t°) + [0, S(t°)] — (E ® Sx—1) / )y Zat Sk-1)vj—yd
i=11=1
=kSi(t°) + [0, Sk(t°)] — (E ® Sx_1) +Z Sk1(t) = Sk (£2))v—p
We finished the induction step. O

We will see that the arbitrariness of (Sy)[_x), —k € spec(d) will be reduced if the weak Levelt solution satifies the
symplectic condition S(t, —z)TS(t,z) = 1 in the following proposition.

Proposition 2.42 There exists a weak Levelt solution such that

S(t,—z)TS(t,z) =1,
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where T is transposition with respect to the Frobenius pairing on H = T U.

Proposition 2.42 is known if 6 is diagonalizable (see [14]). Let us modify the argument from [14] in order to cover the

case of 6 non-diagonalizable.

Proof The proof is in my master thesis. O

Let us denote .4 := @, gl_,,(H). Then, it is the time to show the definition of calibrations (see [20])

Definition 2.43 An operator series of the form S(t,z) = 1+ S;(t)z~! + ... is said to be a calibration if there is
v € A such that

1. S(t,z)z°z" is a solution to V. And
2. S(t,—2z)TS(t,z) = 1.
Note that v is unique.

Let us discuss the analytic property of S(t,z). Let us first fix t € M. Since V5, has a regular singularity at z = oo,
irregular singularity at z = 0, and no other singularity, we get that S(¢,z) is analytic for all z € P!\ {0}, where
P! = C U {oo} is the extended complex plane. (see [26])

The connection operators V5, (1 < i < N) depend analytically on (t,z) € M x (P'\ {0}). Then we
obtain that S(t,z) can be extended analytically along any path in M x (P1\ {0}) (see [2]), that is, S(t,z) is a
multivalued analytic function on M x (P \ {0}).

In particular, following Givental (see [20]), let us introduce the holomorphic twisted loop group 2GL2) (H) :=
{A(z) € Hol(C*,GL(H))|AT(—z)A(z) = 1} then the calibration S(t,z) € £GL® (H) forall t € M.

2.3.2 Uniqueness of calibration

Lemma 2.44 Letfy,...,Bn € R\ {0} where they are pairwise distictand Cy, ..., Gy, € gl(H). If limit limy 4 oo (37" 4 CiePitV=T)
exists, then C;y = --- = C,, = 0.

Proof Denote )" CiePitV=1py L(t). Pick an arbitrary number At from R \ Ui<jcj<m 52%/3@ Then
< < i i
m .
Y CiePiHISOV=T — (k4 jAE),  j=0,1,...,m—1,
i=1
which can be written in the form of a Vandermonde matrix acting on the vector

(Cleﬁltﬁ,. .., Cmeﬁ"’tﬁ)T.

The way of choosing At make sure that the determinant of Vandermonde matrix does not vanish. Thus, for any
ie{l,2,..., m}, C;ePitV=1 s the linear combination of L(t), L(t + At), L(t + (m — 1)At) given by the inverse of
the Vandermonde matrix. Since lim;_ 4o L() exists, lim;_ oo Cieﬁitﬁ exists as well. The only possibility is that
Ci=CG=---=C;,=0 O
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We need to define a group G and its action on 2GL@ (H) x .# which will facilitate the narration of the next

theorem.

m=1

G:= {C(z) =1+ i Cnz ™|Cp € gl_,(H),C(—2)TC(z) = 1}
and its action is
(C(2); A(z),v) = (A(2)C(2),C(1)"'vC(1)).

Theorem 2.45 Let us shrink the set on which the group G acts into the set of all pairs (S(£,z),v) consisting of a
calibration and a corresponding nilpotent operator v. Then the group G acts faithfully and transitively on the set after

shrinking.

Proof The proof is in my master thesis. O

2.4 Period vectors

The definition of the period map depends on the choice of a calibration of M. So we will use the notation of the
previous section. Let us fix a reference point (t°,A°) € (M x C)" := {(t,A)| det(A — Ee;) # 0} such that A° is a

sufficiently large real number.

Proposition 2.46 The following functions provide a fundamental solution to the 2nd structure connection
10(t,4) = Y (=) Se(H IO (),
k=0

where

S—m—1
Fm (1) = ¢~ Tovn(-0nan [ _ATT2 )
r(6—m+ %)
Proof First, let us show that Vg:)l (n) — .

(A— Eo)VSV 10 =(A — Ee), 1" — (0 —n — %)I(”)

= Y (C1ESOAR T () = Y (“1)FE 0 2,500 ()
k=0 k=0

We may apply (2.13) to the last line and it will be

—(—n- %ﬁ(’”m) —ﬁ(—l)" <Sk<t><6— n—k- %> +EeS1(t) + fs“(t)w—u) I+ (2).
=1 I=1

Let us rearrange these two summation and shift indices of S such that, in the summation over k, there is only Sy and

we will get

_ Z(—l)k <Sk(5 k- %)T(?’l“rk) — E e S Ilnth+l) 4 Z(_l)lskv[_l]f(n+k+l)> .

=0
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Note that 9, [("+5) = J(1+k+1) ‘the two terms with Ee will cancel out each other. Similarly, [tk = (9, )/ (n+k)
and then

(A= Eo)vg’zn(n) = i(_l)ksk(t) (Aa/\ —(6—n—k— %) - iu[_l](_aA)l> [0 ().

k=0

Next we will show that (Aa)\ —(0-m-L—xe oV (—9 )1) I(™)(A) = 0. An observation is that (A9, —

s—m—1
(6—m—1)) <1‘():50m+2§)> = 0. So we want to commute Ad) — (6 —m — 1) with —Y7°, v[_,](—aA)lam. The

calculation process is the following

1 [o 0] e8]
(Aa)\—((S—m—E))(—Z [~ }( 8)\ am = ZV[ l] a)\ am()\a)\—l —|—Z1/ l] )(—a)\)lam
=0 I=0
1 o0
*ZV[ l] a)\ ammfl *EZV[ 1] )am
=0

The two term with —I will cancel out each other.

[ee] 1 [ee]
(Ady — (6 — m** ZV[ 1(=9x) am)—*ZV[—I](*a/\)lam(/\aA*(5*m*§))+zv[—l](*a)\)l'
1=0 =0
And
()\aA_(J—m—%)) ~EE0 Y- ()0 — o= B0y (- aA)la”’(Aa)\—(é—m—%))-Fi vy (=9y)e” ot %)/,
=0

which yields (/\aA ——m— 7)) 1M (1) = £ g vp_(—02)' ™ (). Since A — Ee is invertible on (M x C)',
we finished the proof of V( M) = .
Finally, let us show that Vgt‘)l(”) = 0 with the help of (A — Eo)Vé’Z)I(”) = 0. Let us consider

(A~ Eo)VSV 10 = (A — Ee)ay I + 0 (0 — 1 — %)1(’“.

In virtue of (A — EO)ng)I(") =0,ie, (0 —n—3)I 1M = (A — Ee)a,1("), we have
(A— E.)vg’jh(”) — (A —E®)3, 1™ + ¢; 0 (A — Ee)a I = (A — Ee) (3, + ¢; @ 9, ) ).

i

Again, we get Vg:l_)l(”) = (ati + ;e 8,\)1("). Then, recalling (2.10), we have

Vg:)l(n) = Z(_l)katisk( In+k )+ Z (t)f<”+k+1)()\)
= Y (1), Sk (O (1) = Y (=119 Spea (HTHHD (1) = 0.
k=0 =

Hence we finished the proof. O
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The 2nd structure connection has a Fuchsian singularity at infinity, therefore the series I (1) (t,A) is convergent for all

(t,A) sufficiently close to (t°, A°). Using the differential equations we extend [ (") to a multi-valued analytic function

on (M x C)’. We define the following multi-valued functions taking values in H:
1§”>(t, A) =1 (1 A)a, a€H, necC
These functions will be called period vectors. Using analytic continuation we get a representation
m (M x C), (t°,A°)) — GL(H)

called the monodromy representation of the Frobenius manifold. The image W of the monodromy representation is
called the monodromy group.

Under the semi-simplicity assumption, we may choose a generic reference point £° on M, such that the Frobenius
multiplication e; is semi-simple and the operator Eeo has N pairwise different eigenvalues u?(1 < i < N). The

fundamental group 711 ((M x C)’, (+°, A°)) fits into the following exact sequence
T (F°,A°) 2 (M x €)Y, (£2,1°)) = m1 (M, °) — 1 (2.16)

where p : (M x C)' — M is the projection on M, F° = p~1(t°) = C{u3,...,u3} is the fiber over t°, and
i:F° — (Mx C)’ is the natural inclusion. For a proof we refer to [47], Proposition 5.6.4 or [40], Lemma 1.5 C.
Using the exact sequence (2.16) we get that the monodromy group W is generated by the monodromy transformations
representing the lifts of the generators of 711 (M, t°) in 711 (M x C)’, (+°,A°)) and the generators of 7t1(F°, A°).
The image of 7t1(F°, A°) under the monodromy representation is a reflection group that can be described as

follows. Using the differential equations of the 2nd structure connection it is easy to prove that the pairing
— (100 (0)
(alb) := (I "(t,A), (A — Ee) I,/ (t, 1))

is independent of t and A. This pairing is known as the intersection pairing. Suppose now that y is a simple loop in
F?, i.e., a loop that starts at A°, approaches one of the punctures u; along a path /' that ends at a point sufficiently
close to u;, goes around u;, and finally returns back to A° along +'. By analyzing the second structure connection
near A = u; it is easy to see that up to a sign there exists a unique 4 € H such that (a|a) = 2 and the monodromy
transformation of a along -y is —a. The monodromy transformation representing y € 711(F°, A°) is the reflection
defined by the following formula:

wy(x) = x — (a]x)a.

Let us denote by R the set of all 2 € H as above determined by all possible choices of simple loops in F°. We refer to
the elements of R as reflection vectors.

2.4.1 Reflection vectors (Vanishing cycles)

In this section, we shall assume that # € Z. In the definition of the set R of reflection vectors that we gave just now, we
fixed a semi-simple point t° € M and moved A in C — {uS,...,u};}. On a neighborhood of °, the semi-simplicity
assumption and that Ee; has N pairwise different eigenvalues u; still hold. Next we will find a fundamental solution
y(@) (u, A) to differential equation Vgij)’z)AY(i) (u,A) = O near A = u;.
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Proposition 2.47 1. Inaneighborhood of A = u;, the differential equation V g})a 1Y = Ohasa (N — 1)-dimensional

space of holomorphic solutions.

2. In a neighborhood of A = u;, the differential equation V g})a ¥ = 0 has a unique solution of the form

1

(i) . (/\7”)77177 1 0
00 = Va0 - )

Proof Let us denote by y/) the jth of column vectors of the matrix Y (1, 1),
g = A=)t ) + Ly (- )b,
k=1

0

where v, vy, are column vectors depending on u. Let us see the coefficient of (A — u;)*~! in the equation

\V4 E(;;)a /\y(f ) =0 recalling (2.6) and then we have,
AP )y =y

According to the definition of Ai(n) (u) and Lemma 2.39,

By direct calculation,

det (zx B (0—n— 2)‘?) N (g (\?—1(9 e ;)‘1’) ).

Lemma 2.48 Let 7 be diag{ny,...,yn}. Then (¥710%)Ty = —5(¥710¥), where T represents the standard
matrix transposition, and thus (‘T"l O-—n—H¥) =-n-1
11

Proof Note that 6 is skew symmetric with respect to the Frobenius pairing, i.e.,
(0(9u,), auj) = —(9u;, 6@%‘))/

where

ot ot
~6 ata = Z auaehuatb Z \Ijalgba ]bau]

Ui a,b=1 t a,b,j=1

Gau’ Z

Thus, (6(3y,), du;) = Y1 Faibpa (¥ 1) jp; = 7j(¥10F)j;. Similarly, (9u;,0(3w;)) = 1:(¥10%);;. Therefore,

77](1?716‘?)]1 = —171'(“}‘“}719‘?)1‘]‘,1 < l,] < N, and thus (‘?7191?)1'1‘ =0. a

Let us return to the proof of Proposition 2.47 have eigenvalue x = Oanda = —n — % of Afn) (u). Since (‘?71 0—n—3 )‘T’) =
ii

—n— % # 0, wehave E;¥71(0 —n — %)‘T’ and thus Al(n) (u) are diagonalizable, namely, the dimension of eigenspace



Chapter 2. Background 32
for eigenvalue « = 0 is N — 1 and that for eigenvalue & = —n — % is 1. Let y((]]) be the eigenvector of AI(”) (u) for

(i)

eigenvalue & = 0 if j # i and let yoi be that for eigenvalue &« = —n — % We will see that y(f ) is uniquely determined
by y(()]) forall1 < j < N. For the case j # i, let us see the coefficient of (A— u,‘)kJ""_1 in the equation Vg’})a)\y(f) =0

recalling (2.6) and then we have,

(n)

- Ag(u) i

(k - Az(n)(”)) WL ( )\s—(ul ym) =0,
’ (A=upk-1

s#i
1 1 1 _ oo (Afu,')’l . .
where 1=~ = = A = Yo o) 7T Then the above equation can be converted into
s s - - s U
Us—1u;
(n)
(n) () _ As (W) )
(k*Ai W))ye = — )3 (u _u.)l’+1yl”
V1 =k—1,54i1<s<N \Us — Ui

Since det (k - Ai(n)(u)> # 0,Vk € Z>q, we can determine y]({j) by yl(,j,),l” = 0,1,...,k— 1. The first part
of the proposition was proved. The same argument holds for the case j = i. Thus, we get that Y(i)(u,)\) =
[y (u,A),...,y™N)(u,A)] is a fundamental solution for Vg’})EMY(")(u,A) = O near A = u;. The first part of
the proposition was proved.

Note that y(()i) is proportional to d,,. This is because ¢; is an eigenvector with eigenvalue —n — % of E;¥-1(6 —
n—1)¥, ie., Ye; = 9y, is an eigenvector with eigenvalue —n —  of AN = FE 19 —n — 1). By choosing

the coefficient of 9, for the later purpose, we get the second part of the proposition. |

Definition 2.49 ¢ € H = Tjo M is called a reflection vector if there is a path from (¢°, A°) to (¢, u;(t)) avoiding the
discriminant, such that,

1

(n) _ oA mm) 2 19 o
1 (t,A) g = V2r ey (mauﬁo()‘ i)

where gamma function comes from 9, [ () = J(+1) and the rest part of the coefficient is due to the intersection
pairing (¢|¢@) = 2.

As I (1, 7) is also a fundamental solution to Vg’%/\l(”)(u,)\) = 0, there is a matrix C() (1) depending on u

such that I (u, A) = Y@ (1, A)C® (1), ¥1 <i < N.

Corollary 2.50 ¢; := (C() (1)) le; is the reflection vector. Therefore for every reference path from (°,A°) to

(t,u;(t)) avoiding the discriminant, there exists a corresponding reflection vector.

2.4.2 Integral structure

Suppose that M is a semi-simple Frobenius manifold and #° is a semi-simple point. We will be interested only in
a small open neighborhood of t° in which the tangent bundle TM can be trivialized by a frame of flat vector fields
¢a = 9/9t; (1 < a < N). The vector space H := T M is identified with the space of flat vector fields via the flat
Levi—Civita connection of the Frobenius pairing. We would like to introduce the Z-submodule A of H generated by

all reflection vectors. Let us make the following assumption about the Frobenius manifold:
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(i) The grading operator 6 is diagonalizable with rational eigenvalues.

(ii) There exists a calibration S(,z) with a corresponding nilpotent operator p, such that, [6, o] = —p.

All examples of Frobenius manifolds coming from quantum cohomology and singularity theory satisfy these condi-
tions. Let us fix a calibration S(t,z) = 1+ S1(t)z~ ! + Sp(£)z=2 + - - -, S¢(t) € End(H) for which condition (ii)

above holds.

Lemma 2.51 Let e be the unit vector field of the Frobenius manifold. Put S1(t)e = Y2 ; T,()¢,. Then the coeffi-
cients 7, (#) (1 < a < N) form a flat coordinate system in a neighborhood of £°.

Proof Suppose that (f1,...,t5) is a flat coordinate system such that ¢, = 0/0¢t, and ¢; = e is the unit vector
field. We have zd;,S(t,z) = ¢,  S(t,z). Comparing the coefficients in front of z0 we get d;,S1(t) = Q,(t), where
0, (t) € End(H) is the operator of Frobenius multiplication by ¢,. Since (),(t)e = ¢, we get % = Ogp =

T,(f) = ta + ¢, where ¢, are constants independent of £, that is, 7, (f) are also flat coordinates. O

Therefore, after fixing a basis {¢, } 5’:1 for the space H of flat vector fields and a calibration S(t, z), there is a canonical
choice of flat coordinates (1, ..., txN), such that, ¢, = 0/0t, (1 < a < N)and S1(t)e = t1¢1 + - - - + ENPN-
Let us introduce the following pairing:

(a,b) := % (a,e™%e™0D), a,b e H.

We will refer to it as the Euler pairing. The following proposition is proved in [37].
Proposition 2.52 The interesection pairing is a symmetrization of the Euler pairing, that is, (a|b) := (a,b) + (b, a).

Definition 2.53 We say that the Frobenius manifold has an integral structure if the Z-submodule A of H generated
by the reflection vectors is a free Z-module of rank N and the Euler pairing is integral on A, that is, (a,b) € Z for all
a,be A.

It is expected that the Frobenius manifold underlying the quantum cohomology of a smooth projective variety X
has an integral structure given by the image of the topological K-ring K(X) via an appropriate modification of the
Chern character map (see [27]). Under the identification of A =2 K%(X), the pairing (, ) coincides with the Euler
pairing in K-theory which explains the name of {, ) given above.

In singularity theory, the space of flat vector fields is naturally identified with the local algebra Hy of some singu-
larity f. Given a primitive form in the sense of K. Saito, we can construct a Frobenius manifold structure on the space
of miniversal deformations of f. Moreover, it is known that the Frobenius structure has an integral structure with the
lattice A isomorphic to the Milnor lattice of the singularity f and the set of reflection vectors is identified with the
set of vanishing cycles. The main motivation for this thesis is to find out if the embedding of the Milnor lattice in the
local algebra H has an explicit description similar to the one in quantum cohomology suggested by Iritani. Such a
description is important for the applications to integrable systems. Let us try to elaborate on this statement.

Suppose that our Frobenius manifold has an integral structure. Let us recall the notion of a lattice vertex algebra

V (see [29] for some background). As a vector space

Va :=Sym(H[s ]s™1) @ C[A],
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where C[A] is the twisted group algebra of the lattice A, that is, formal linear combinations of e* (« € A) with

multiplication
o o — 7i(ap) patp.

Puta, := as" fora € Hand n € Z. Let us recall that the vector space H|[s, s '] © CK has a structure of a Heisenberg
Lie algebra with Lie bracket defined by

[Am, bn| = My, —n(alb)K, a,b € H, m,neEZ.

The symmetric algebra Sym(H [sfl]sfl) is an irreducible highest weight representation for the Heisenberg Lie al-
gebra where the operators a,, with m < 0 act as multiplication operators, the action of a, with (n > 0) is uniquely
determined by the commutation relations in the Heisenberg Lie algebra and a,,1 := 0, and the central element K acts

by 1. The Fock space representation is extended to a representation on V,, such that,
aneP = 8,0(alp)eP, n >0, acH.

A key structure in the lattice vertex algebra V) is the state-field correspondence: it is a map which to each vector
v € V), also called state, associates a formal series Y (v,{) := Y. ,c7 v(n)g_”_l with coefficients v(,;) € End(Vj).
The series Y (v, {) is also called a field which means that for each w € Vj, the Laurent series Y (v, {)w € VA((0))
has a finite order pole at { = 0. The coefficients ¥ () are also known as the modes of v. It is known that the state-field

correspondence for V) is uniquely determined by the definitions

Y(a_1,0) =Y, a1, aeH (2.17)
nez
C—n g—n
Y(e*, ) = e* ™ ex Ay ex &y , (2.18)
p(Lan)exe (L)

where & € A and {%ef = ¢ (@B eP and the following Operator Product Expansion formula

Y (b, 0) = 2% (G- 0™ Y (0, 0)Y(0,0)) 2.19)

=g’

where k is chosen so big that the the product of the fields Y (a,{1) and Y (b, ) has a pole along {; = { of order at
most m + k + 1.

Remark 2.54 If the vertex algebra comes from a quantum field theory in the sense of Wightman, then the composition
of any two fields Y (a,{1)Y (b, {2)c is a symmetric (with respect to permutations of the pairs (4,{7) and (b,{2))
meromorphic function in (1,{2) € ID? with a finite order pole along the diagonal {; = . In the mathematical
reformulation of Wightman’s theory, the fields Y (a, {) are expanded into Laurent series at { = 0 and the finite order
pole condition is replaced with locality: that is there exists N > 0, such that, ({1 — 2)N[Y(a,Z1),Y(b,22)] = 0.

Let us recall yet another Fock space associated to the Frobenius manifold which is part of the so-called Givental’
quantization formalism (see [20]). Let H := H((z™!)) be the symplectic loop space of Givental, that is, the vector

space of formal Laurent series in z with coefficients in H equipped with the symplectic pairing

Q(f(2),8(2)) = Res.—o(f(~2),8(2))dz,
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where the residue is interpreted formally as the coefficient in front of dz/z. The symplectic vector space has a natural

polzarization H = H @ H_ where H, = H|z] and H_ = H[z ']z~! are Lagrangian vector subspaces. Let us

introduce the Fock space

@H+,—z = Ch[[ﬂo: q1 +e, q2,. - ]]r

where Cj, = C((1)) (1 is a formal variable), qx = (qk1,- - -, kN ) are formal vector variables, and q; +¢ = (q1,1 +
1,912, -..,91,n) is the so-called dilaton shift. We think secretly of the Fock space as the completion of the space of
germs of holomorphic functions on 7 at the point —ez. The Fock space is a representation of the Heisenberg Lie
algebra H[z,z 1] & C with Lie bracket

[f(2),8(2)] = Qf(2).8(2)),  f(2),8(2) € H[z,z™].

More precisely, let ¢ (1 < i < N) be the basis of H dual to {¢;} (1 < i < N). The representation of the Heisenberg
Lie algebra is given by the following quantization rules:

P2 o (@) = VR, g e () = VA .
1

Following Bakalov—Milanov (see [9]), we would like to define a representation of V5 on @H 2 that is, a state-field

correspondence YtM (v, &) which for each fixed v € V, is a multi-valued analytic function in (t,A) € M x C \ discr

with values End(Oy .,—z)- There is a subtlety in the construction however. The fields Y;(v, A) act only on a certain

subsapce of the Fock space consisting of the so-called rame series. To define the latter, let us introduce the notation

(q+e)" == (qa+1)™1 [ qpF
(ki)£(11)

where m = (my ;) is a sequence of non-negative integers, such that, only finitely many of them are non-zero. A

monomial 7871 (q + €)™ is said to be tame if

Y kmy; < 3g— 3+2mk,
k,i

The subspace of the Fock space @7-1, .,—z consisting of formal power series involving only tame monomials is denoted

by @%T‘iz. Note that the vertex operators

I*(t,7) _exp(ZE (%Y 4’1)%) eXp(ii Sins tA)cP)\/ﬁaqak,i)

act on elements of the tame Fock space (’)tame and produce formal power series in q + e whose coefficients are
formal Laurent series in v/71 whose coefﬁc1ents are multi-valued analytic functions on M x C \ discr. The state-field

correspondence for the representation of Vy is defined by Y;(1, 1) :=1,

oo

N
(a_1,A ZZ k+1 (k+1)(t A),

k=0i

- N \ ki

‘7 ki k=0i= 1

—_
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and

Yi(e®, A) = ba(t, )T (1, A),

where 1 = 1 ® ¢° is the vacuum of Va,a € H,and &« € A. The scalar-valued functions by (t, )\) should be chosen
appropriately so that certain locality and conformal invariance properties hold. Their precise value would not be
important to us. The remarkable fact discovered by Bakalov—Milanov (see [9], Proposition 3.2) is that the Operator
Product Expansion formula given in the form (2.19) remains the same for the representation. In other words, the states
of V) should be represented by fields such that

’ (2.20)

1 _aymAlik
ok ((A1 1) Yt(a,Al)Yt(b,A)) o

Yt(a(m)b,/\) = %

where again k should be chosen sufficiently large so that the pole of the composition of the two fields at Ay = A is
canceled. It is clear that the OPE formulas (2.20) determines uniquely the state field correspondence Y;(, A) from the
fields that we already defined. Moreover, the resulting fields Y;(a, A) act on tame elements and produce formal power
series in q + e whose coefficients are Laurent series in v/t whose coefficients are multi-valued analytic functions on
M x C \ discr.

The relation to integrable systems is the following. Suppose that we can find an element w € V ® Vj, such that,

(e’z‘o) R1+1® e’é‘o))w =0, VaeR (2.21)

where R C A denotes the set of reflection vectors and e?‘o) are the 0-modes of ¢*. Then we would like to consider
the set of all elements A(%,q) of the tame Fock space satisfying the condition that Y;(w, A).A(h, q')A(R,q") is
regular in A, that is, the expansion into a formal power series in q’ + e and q” + e yields a formal power series whose
coefficients are formal Laurent series in v//i whose coefficients are polynomials in A. The polynomiality condition
means that all coefficients in front of negative powers of A, in the Laurent series expansion near A = oo, must vanish.
This is equivalent to an infinite system of quadratic equations for the coefficients of A(%, q) which we expect to be
equivalent to an integrable hierarchy of Hirota Quadratic Equations. Moreover, the higher genus reconstruction of
Givental, yields the so-called total ancestor potential of the Frobenius manifold. One can prove that the total ancestor
potential is a solution to the Hirota Quadratic Equations.

The problem is whether a state w satisfying the equations (2.21) exists. The answer is known to be positive only
for the root lattices of type ADE. If A is a root lattice of type ADE and R is the corresponding root system, then the
Casimir operator

N
wi=) e+ % Y (as™h) @ (bs™h),
xER i=1
satisfies the equations (2.21), where {a;})¥ | and {b;} ¥, are bases of H dual with respect to the intersection pairing
('] )- The corresponding Hirota Quadratic Equations can be identified with a Kac—Wakimoto hierarchy — see [22, 18].

In order to motivate the problem in the current thesis. Let us suppose that we know how to find an element
w satisfying (2.21). The next step would be to investigate the Hirota Quadratic equations defined by the bi-linear
operator Y;(w, A). The question then is: are there explicit formulas for the period vectors I,,((n) (t,A) whenaw € A? In
fact, we have an obvious relation I{" ") (t,A) =0 )LI,,(CH) (t,A), so in some sense it is sufficient to find such formulas
for one of the periods. There is a further simplification which comes from the fact that the Hirota Quadratic Equations
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can be conjugated by the calibration S(#,z) which has the following effect

where S means the quantized action of the calibration on the Fock space in the sense of Givental (see [20]) and 17( JA)
is the state-field correspondence defined in the same way as Y;( , A) except that instead of the periods ngn) (t,A) we
use the calibrated periods ﬁn) (A) defined in Proposition 2.46. The calibrated periods are given by explicit formulas
as long as we know «, that is, for the applications to integrable systems we need to know how the reflection lattice
A is embedded into the space H of flat vector fields. In the case of quantum cohomology there is a nice conjectural
answer which can be worked out from the work of Iritani. Our expectation is that a similar answer should be available
in singularity theory as well. Form the results of this thesis one can easily formulate a conjecture for all weighted-
homogeneous singularities corresponding to the so-called invertible polynomials. It would be interesting to generalize

our work to all weighted-homogeneous singularities. This however seems to require new ideas.

2.5 Weighted Homogeneous Singularities

A polynomial f = f(xq,...,x,) € C[xq,..., Xy, is called a weighted homogeneous polynomial if there are positive
integers w1, ..., wy and d such that f(A¥1xq,..., A"x,) = Adf(xl, ..., Xxy) forall A € C*.

Definition 2.55 A polynomial f € C[xy,...,x,] is called invertible if the following conditions are satisfied.

* The number of variables coincides with the number of monomials in f:

n n

flxy,...,xy) = 2c Hx}Ei"

i
i=1 j
for some coefficients ¢; € C* and non-negative integers E;; fori,j =1,...,n.

 The weights g; of x; are uniquely determined by the condition that f has weighted degree 1. We can write the
q; as
w; .
q; = i with  ged(d, wy,...,w,) =1,

which is equivalent to the condition that the matrix [E := (lEij) is invertible over Q.

The fact that a polynomial f is invertible implies that f is weighted homogeneous.
A weighted homogeneous polynomial f is called non-degenerate if it has at most an isolated critical point at the
origin in C", i.e., the system of equations {% = 0} has a unique solution at the origin. Let f € C[xq,...,x,] be a

non-degenerated, weighted homogeneous polynomial. We define its maximal group of diagonal symmetries to be

G = {(A1, o An) € (C)|F(Mx1, oo Ann) = F(x1,. %)}

In such a polynomial the c; can be absorbed by rescaling the variables, so we will always assume from now on that
Ci = 1.
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The Jacobian ideal Jac(f) of a non-degenerate polynomial f € C[xy, ..., X,] is the ideal generated by the partial

VAN

derivatives:
of  9f
dx 1 ’

Jac(f) == ( o,

and the Milnor ring Hy (also called the local algebra) is Hy := Clxy, ..., x4/ Jac(f).
We also introduce the following complex vector space (). Let QP (C") be the complex vector space of holomor-

phic p-forms of C". Consider the complex vector space
Qp == Q"(C")/df AQ"H(CH).

Note that () is naturally a free Hy-module of rank one, namely, by using the standard volume form dx = dxq; A

dxy A -+ - A dx,, we have the following isomorphism

He 505 [p(x)] > [p(x)dx].
One can define the weighted degree of monomials x¥ := Ilcl . ﬁ” and monomial volume form xKdx :=
]1(1 ...xktdxy A -+ Adxy in the following way.
n n
k) = Zkiqir kdX = Z k +1
i=1 i=1

Proposition 2.56 (cf. [23]). Define a C-bilinear form K}O) : Qf x Q) = C by

(0) ._ P1(x)¢2(x)dx 1 ¢1(x) ¢ (x)dx
Kf ([¢p1(x)dx], [p2(x)dx]) := Resy—g %%% = PENESE Ag %% ;Tfl

where 7, is a sufficiently small cycle around the unique critical point x = 0 defined by | o | =

Then, the bilinear form K} Jon O ¢ is non-degenerate. We call it residue pairing on ().

Let us denote by (, ) the residue pairing on H ¢ corresponding to the standard volume form dx, that is,

(19151} [926)) = Resoco HCPCRX, gu, g € Cliy ol

0x1 0xp " Oxy

The Milnor ring is a finite-dimensional C-vector space, graded by the weighted degree of the monomials. The
subspaces of highest weighted degree is one-dimensional, spanned by the Hessian determinant hess(f), and has

weighted degree equal to the central charge

m:

D =) (1-2g).

I
—_

i

Let 6 : Q0f — Qf (resp. 6 : Hf — Hy) be a linear operator defined by

0(p(x)dx) := (g - wt((p(x)dx)) ¢(x)dx
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and

where ¢(x) is a weighted homogeneous polynomial.

The residue pairing ( , ) makes H fu into a Frobenius algebra; that is, for every a,b,¢c € H £, We have
(a-b,c) =(a,b-c).
The residue pairing in Hy, can be computed as

ab
(a,b) = Hhess(F)’ (2.22)

by which we mean

ab = ' hess(f)(a, b) 4 lower-degree terms,

where y is the dimension of the vector space Hy.

2.5.1 Opposite subspaces

Motivated by the miniversal deformation of the singularity, we introduce twisted de Rham cohomology and higher-

residue pairing. First, we define twisted de Rham complexes
(Q'(C”)ﬂw]]w‘k,df) ., kez
and

(@€ (@), dy),

where the differential d fi= wd + df A. One may prove that the cohomologies of these complexes are concentrated

in degree n + 1. Therefore, let us introduce the following twisted de Rham cohomology groups:

AP = 1 (00 [wlw ™, dy ) = Q"€ [/ (wd + dfm) Q" (€") o]

and

Ty = H" (Q°(C")(w)),df ) = Q"(C")((w))/ (wd +df A)Q"(C")((w)).

Let us introduce the following involution * on p € C((w)):

p=Y p* = p =Y pr(—w)h
keZ keZ

A C-bilinear pairing

is said to be a higher residue pairing if the following properties are satisfied:

1. Forall wy,wy € ﬁf,
Kf(a)l,CU2) = (*1)”Kf(w2rwl)*‘
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2. Forall p € C((w)) and for all wy, wy € Hy,

pKy(wr, w2) = Ky(pwr, wa) = k¢ (wr, p*ws).

3. If wy,wy € ﬁ}o), then

Kf(wy, wr) € Clw]w"

and the following diagram is commutative

R R K
H}O) X ”HJ((O) Bl Clw]w"

0) % ¢(0) mod C[w]w"*!
<)

f

o

where r(0) 7-7}0) — ﬁ}o) / wﬁ}o) = () is the natural quotient map.

4. The following version of the Leibnitz rule holds:

dwKy (w1, w2) = Kf(Va aw(wr), w2) — Ke(w1, Vasaw(w2)),

for all wy, wy € ﬁf.

A theorem says that such higher residue pairing exists. We have the following formal power series

Kf(wy,wy) = X‘E)Kj(rp) (w1, wp)wh ™™,
p:

for all wy, wy € ﬁ}o).

Definition 2.57 A subspace P C H £ 1s said to be a homogeneous opposite subspace if

1. Pis Lagrangian with respect to
Q(¢l/ 4)2) = ReSw:O Kf(¢1/ ¢2)w_ndw

7. _ 400
3.wlPCP
4. (homogeneity) wV /5, (P) C P

Proposition 2.58 If P is a homogeneous opposite subspace, then

1. The quotient map 7(0)
50) _, 70, 5(0) _
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induces an isomorphism

~

A nwr 5 qy.

f

Let

) 77(0) 77(0)
U.Qf—>’Hf ﬂwPC’Hf

be the corresponding inverse.
2. K (g1, ¢2) = Oforall p > 0,1, ¢2 € A NawP.

Proof 1. First, let us prove that the map is injective. Suppose that ¢ € ’}Q}O) N wP is mapped to 0 in () £, that is,

-~

¢ € w?—A[j([O). It follows that ¢ € w (’H}O) N P) = 0. For the surjectivity, we need to prove that for a given
¢ € ?—A[]((O) there exists ¢ € ’}-A[]((O), such that, ¢ +wp € ﬁ}o) N wP . Using condition (2) from the definition of

an opposite subspace (see Definition 2.57), we get that w~!¢p = 91 + (o, for some P; € 7?[}0) and ¢ € P.

Note that p = —1p; has the required property.

2. Suppose that ¢1, ¢, € ’;qj(fo) N wP. Note that

K]((p)(4)1,¢2) = — Resy—g K}p) (w"ggbl,w_lq)z)w_”dw = fQ(w_’”@,w_l(pz).

Since ¢y, ¢ € wP and w™'P C P, we get w~!¢y € P and w™'¢, € P. The vanishing claim follows from the

fact that P is a Lagrangian subspace. O
Remark 2.59 A basis of ﬁ}o) N wP is usually called a good basis of 7?[1([0), ie., if wy,... ;wu C ﬁ}o) NwP is a

basis, then
I

H
7-7]((0) =PClw]w;, P=PCw v w:.
i=1 i=1

2.5.2 Steenbrink’s Hodge filtration

Using the Hodge structure on H" ! (f -1 (1),C) we will prove the existence of a homogeneous opposite subspace.

Let us define the following complex vector bundle

U B (A),0) =€
AeC*

with fiber H"~1(f~1(A),C). The complex vector bundle is called vanishing cohomology bundle and denoted by
H 1

Put b := H" 1(f~1(1),C) for the fiber of H"~! at A = 1. Parallel transport along the unit circle |A| = 1 in
counter clockwise direction defines a linear operator M € End(h) which we called the classical monodromy operator.

A linear operator N with eigenvalues in (—1,0] can be defined by M = e 2N

Remark 2.60 (cf. Lemma 9.4 of [38])We have homoemorphism between fibers f~1(A) and f~1(A - €i?) given by

FYA) s x = (x1,..., %) — (€9%xq,...,e%x,).
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Recall that weighted homogeneity

eigf(xl,. cXp) = f(eieqlxl, .. .,eieq”xn).
We can define a global section of H" 1 which will be called elementary section. If A € b, then
MWAeH1(F1(7A);C) 2p,
is a global section. This is due to the fact that if we analytic continuate A around A = O:
WA = ANV p(A) = AV A,

Given a holomorphic form w € Q)" (C") let us recall the so-called geometric sections of the vanishing cohomology
bundle
s(w,A) := Y e H"™ 1 (f71(7);0),
af
where w/df denotes a holomorphic 7 — 1-form 7 defined in a tubular neighborhood of f~1(A), such that, w =
df A 1. The choice of 7 is not unique, but its restriction to f~!(A) is uniquely determined. Note that if w = x*dx,
then

s(w,A) = AU O 5(w,1), (2.23)

since

w xKdx _ y*dy
w o _ — /\wt(w) 1
/ f /xe F1a) df (x) /yef*(l) df(y)

where x; = Adiy;.

Let us recall the following defintion

Definition 2.61 Suppose that H is a complex vector space equipped with a real structure Hg. A Polarized Hodge
Structure on H of weight r is the data of a decreasing filtration F¥ (p € Z) of H

FF =0 forp>0, FPFFYCFP, FP=H forp<0

and a real (—1)"-symmetric form S, that is, S(x,y) = (—1)"S(y, x), such that,

l. H=FP o Fr—rtlforallp € Z,
2. S(FP,Fr—P+1) =0, for all p,
3. 712 2PS(x, %) > Oforall x € FP N EF—7\ {0}.

Proposition 2.62 We define the following vector subspace for p € Z

FPh:={A € bh|3w =) wj;, w;are weighted-homogeneous forms such that A = s(w, 1) and wt(w;) < n—p}.
i

Then
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1. FPh C FP~1p, je., itisa decreasing filtration.

2. The filtration FPh is M-invariant.
Proof 1. If A =s(w,1) for w weighted homogeneous, we define the form
&=df Nd lw,

where d~ 1w denotes any homogeneous form 7 such that dy = w. Then

s(@w,A) = /dflw.
Take partial derivative with respect to A,
~ -1 w
\s(w,A) = Va/a,\/d w = /E =s(w,A).
It is easy to see that J is homogeneous form of weight wt(w) + 1. According to (2.23),
s(@,A) = AV 1g(@,1) = AVH@Ws(o,1)

Then,
AW Tg (0 1) = s(w, A) = 9, (AWt(“’)s(cTJ,l)> = w(w) AW @15, 1).

To get A, we put A = 1:
A=5(w,1) =wt(w)s(w,1)

If A € FPh, then wt(w) < n — p. Therefore, wt(@) < n — (p — 1), which implies A € FP~1§.

2. Let A = s(w,1) and w = }; w; where w; are weighted homogeneous form of weight smaller or equal than

n — p. Denote A; := s(wj, 1) € FPh. Analytic continuation around A = 0 along |A| = 1 yields
M(Al‘) — e—27riwt(w,v)Ai.
According to the definition of A, A;, we have A =Y ; A;. Thus,

FPy = @ FPh N,

seS
where h; := Ker(M — sid) and S denotes the set o fcomplex numbers with absolute value 1. O

From the proof of 2. of 2.62, we define FFh; = FPh N bhs. We have
0=F'hs CF"'hs C -+ C Fs = b

where s € 5.
Furthermore, denote 21 := ;1 bs. For b, we have

b= H"1(f1(1),€) > H" (£ 1(1),R) = b,
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where by is real structure. Recall Definition 2.61, we can find that { F? b1 }pE 7 is a Hodge filtration of weight n — 1,
ie., by = FPhy @ F'"Ph,q. While, {FP1} ¢z is a Hodge filtration of weight 1, i.e., by = FPhy @ F'~PT1p,.

Let us define Polarizing form S as follows,

S:f’]zXf)Z_)Z

S(A,B) = LA, (M—id)71B) if A,B € by
)" LA B) if A,B € b

where L is the Seifert form.
For the above two filtrations (restricted to h) and Polarizing form we have the following conclusion, S(F”h 21, F"Ph 7&1) =
0 and S(FPhy, F"~P+1p;) = Ofor all p € Z, equivalently,

S(FPby1, Fib ) =0 ifp+gzn

and
S(FPh1, Flh) =0 ifp+g=2n+1

Remark 2.63 If w = x¥dx is homogeneous, then
S(w, 1) e pntl- [wt(w)] b
where [a] is the ceiling of 4, i.e., the smallest integer that is bigger or equal than a.

Definition 2.64 An increasing filtration {Uph} ez, (i.e. Uph C Uy 1h) is said to be an opposite filtration to {FF'h}
if

1. Upbh is M-invariant and we have similar decomposition:

uph = @ uphs,
seS
where Upbhs := Uy N bs.
2. The filtration is finite:
0 forp<kO
Uyh = .
h forp>0

3. Wehave h = @z FFo N Uyh.

4. S(Upbs1,Ughsy) =0ifp+g<n—1.
S(Uyby, Ughy) = 0if p+q < n.

Note that Uph 41 := F”_l_Ph#l and Uphy := F"~Ph; is an opposite filtration.
The idea to use opposite filtrations to construct opposite subspaces is due to M. Saito [44] (see also [24], Theorem
7.16).
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2.5.3 Opposite filtrations and opposite subspaces

Let us recall the twisted de Rham cohomology groups H fr ﬁ}o) equipped with the higher residue pairing K¢. We are

going to construct an embedding
¢ H'(F71(1),€) » AY.
If A € FPh, then there is w = }; w; such that A = s(w, 1), where wj is weighted homogeneous and wt(w;) < n — p.
Then ¢ is defined by
P(A) = Y (—w)" ).

i
Proposition 2.65 The higher residue pairing K(m)(i,b(Al),t,b(Az)) could be non-zero only if Ay, Ay € by and

f
m = n,or A1, Ay € b1 and m = n + 1. The following formula holds:

Kj((m) (p(A1), ¢(A2)) = Z;i)m

S(All AZ)/

—~

where m = n in the first case and m = n + 1 in the second case.

Proposition 2.66 If U,h(p € Z) is an opposite filtration, then the subspace
P := Spanc{(A)w P |p € Z,A € FPhn Uyh, k > 0}
is a homogeneous opposite subspace.

To construct a good basis Remark 2.59, let A; € FPih N Uyb, (1 < i < ) be abasis of h. One may assume
that A; are eigenvectors of M:

M(A;) = 6_27TiaiA[, -1 <a; <0.

Then the embedding 1 yields
P(Ai) = (—w)Pwi]

where w; is a homogeneous form of weight n — p; + «;. Thus, we can say that the cohomology classes [w;], (1 <
i < p) form a good basis of 7:2]((0) NwP.
We want to define the linear map

IT: H,_1(f '(1),C) — Qs = Hy

(0) 1 1 / w
KO  11(y),0] = “
7 <r<e+z+;> ™ "’) @) Jy af
where v € H, _1(f~1(1),C),¢ € QO and w € OO"(C") is a holomorphic form satisfying:
1. [w] € 7-71((0) NwP.

2. [w] = ¢.
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Chapter 3

ADE singularity

3.1 Introduction

3.1.1 Simple singularities

Let us give a precise statement of the problem that we want to solve. Let f(xq,x2, x3) = g(x1,x2) + x%, where g is
one of the polynomials listed in the following table:

Type | Aw Dy Es E; Es

N+1 4,2 ,2 N-1 .3, .,4 .3 3 434 45
g ‘xl +x5  xpx2+ X, X]+x5, xy+x1x5  x7+x

The polynomial f represents the germ of a simple singularity at x = 0. Let Hy := Clx1, X2, x3]/ (fx,, fx,, fx;) be the
Milnor ring of f, where fy, 1= %. Let us denote by ( , ) the residue pairing on H ¢ corresponding to the standard
volume form w = dxq A dxy A dxs, that is,

$1(x) 2 (V)w

(¢1(x), ¢2(x)) := Resy—o frifrafxs

The hypersurfaces V) = {x € C3 | f(x) = A} for A # 0 are non-singular and their union has a structure of a
smooth fibration on C \ {0} known as the Milnor fibration. Let us fix a reference point A = 1 and consider the middle
homology group Hy(Vy;Z), known also as the Milnor lattice. Our interest is in the period vectors I,,(fl) (A) e H b
defined by

000 = 5= [ 005

where & € Hy(Vy;C), ¢i(x) (1 < i < N)is a set of polynomials representing a basis of Hy, a) € Hp(V);C) is
obtained from « via a parallel transport along some reference path, and % is the so-called Gelfand—Leray form (see
[3]). Alternatively, we can view each period vector as a multivalued analytic function I,,(fl) :C\{0} - H f-

Let us assign degree ¢; € Qg to x; (1 < i < 3), such that, the polynomial f has degree 1. Then the Milnor ring
becomes a graded ring. The highest possible degree of a homogeneous element in Hy is D = Z?’:l (1—2¢)=1- %
where / is the Coxeter number of the corresponding root system. Put 6 := % — deg, where deg : Hf — Hy is the
linear operator uniquely determined by the following condition: if ¢ is a weighted homogeneous element of degree d,
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then deg(¢) = d¢. For homogeneity reasons, the period vectors have the form

0+1/2
{70) = g7 Y@, G

(0+3/2)

where ¥ : Hy(V1;C) — Hp is a linear isomorphism. Our goal is to compute the image of the Milnor lattice
H,(Vy;Z) via the map ¥. The solution to this problem is given in Section 4.2. Explicit formulas for the image of
the Milnor lattice via the map ¥ are given in Sections 3.2.3—-3.2.7. The main feature of our answer is that it involves
various I'-constants and roots of unity. The second goal of this thesis is to show that although the formulas look

cumbersome, in fact there is an interesting structure behind them.

3.1.2 K-theoretic interpretation of the Milnor lattice

The polynomials f corresponding to a simple singularity are invertible polynomials in the sense of [10] (see also [31]).
Each polynomial is uniquely determined by a 3 X 3 matrix A = (ai]-)l <ij<3 With non-negative integer coefficients,
such that,

3
f(x) — Z x;’ilxgizxgis'
i=1
Following Fan—Jarvis—Ruan (see [16]) we consider also the Berglund—Hiibsch dual polynomial
fT (x) — Z x‘lzlleZz x§3l'
i=1
Let GT be the group of diagonal symmetries of f T that is,
T._ 3 i42i 4A3i __ i
Gl = {t e (C*)° | 1]Vt2 5% = 1Vi}.
Let a’l (1 <1i,j < 3) be the entries of the inverse matrix A~1. The group GT is generated by the following elements

il
’

i2

- 627'[111 ,

p; = (

e2niu eZnia‘S) 1<i<3.

4

Finally, let VI = {x € C®| fT(x) = 1}. Our main interest is in the topological relative K-theoretic orbifold group
Ko (IC°/GT], [V /GT]) == Kgr (€3, V).

In general, there is no satisfactory definition of K-theory for non-compact spaces. However, in our case the pair

(C3,V[I) is GT-equivariantly homotopic to a pair of finitt CW complexes, so we may think of (C3, V) as a G-

equivariant pair of finite CW-complexes. We refer to [46] for some background on equivariant topological K-theory.
Motivated by Iritani’s I'-integral structure in quantum cohomology (see [27]), we will now construct a linear map

Chr . KO

orb

(I€2/GT1, [V /GT]) © € —> Hon (IC%/GT], V] /GTJ;C), (32)
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which is a certain I'-class modification of the orbifold Chern character map. For a GT-equivariant space X and g€ GT,

let us denote by Fixg(X) := {x € X | gx = x} the set of fixed points. The elements in the relative K-group will be

identified with isomorphism classes [E — F| of two-term complexes E 4, F of GT-equivariant vector bundles,
such that, the differential d is a morphism of G -equivariant vector bundles and d |yr + Eyr — Fyr is an isomorphism.
1 1 1

Note that for ¢ € G, the restriction of a vector bundle E |Fixg (c3) decomposes as a direct sum of eigen-subbundles
E; and that the restriction to Fixg(C3) of every two term complex E Ao F decomposes as a direct sum of two

d
term subcomplexes E; . F; , where d; = d| E;- We have the following well known decomposition (e.g. see [8],
Theorem 2):

GT

Tr: KO (C3 V) ®C —> @yeqr [KO(Fixg(C3),Fixg(VlT)) ® C] ,

where []GT denotes the G”-invariant part and the morphism Tr is defined by

Tr([E—F)) = @ P C[E; — FI.

geGT feC*

Remark 3.1 The above decomposition is proved in [8] in the case of absolute K-theory. However, using the long
exact sequence of a pair, it is straightforward to extend the result to relative K-theory as well.

The standard Chern character map gives an isomorphism
ch: KO(Fixg(C3), Fixe (V) ® C —— H®(Fix(C?), Fixg (V] ); C) .

Finally, if G is a finite group acting on a smooth manifold M, such that the quotient groupoid [M/G] is an effective
orbifold, then H*(M/G;C) = [H*(M;C)]C. Indeed, for a finite group G the operation taking G-invariants is an

exact functor from the category of G-vector spaces to the category of vector spaces. Therefore
H'(M/G;C) = H'([T(M, A}y)]%) = [H'(M, Ajy)]® = [H'(M;C)]°,

where A}, is the sheaf of smooth differential forms on M with complex coefficients, the first isomorphism is Satake’s
de Rham theorem for orbifolds (see [45]), and the last one is the de Rham’s theorem for the manifold M. Using the long
exact sequence of a pair, we get also that H'(M/G,N/G;C) = [H!(M, N;C)]C for any G-invariant submanifold
N C M. On the other hand, by definition,

so(C3/GT], V] /G k) = €@ H*(Fixg(C?)/GT, Fixg (V) /GT;k), k=QR,C.
geGT

Therefore, the composition ch := cho Tr defines a ring homomorphism

ch: KO, (IC3/GT,[V]/GT]) ® C — HE, (IC/GT], [VI/GT];C)

which is the orbifold version of the Chern character map. Clearly chisan isomorphism over C.
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Remark 3.2 Orbifold cohomology H*

orb
the topological space underlying the orbit space and Chen—Ruan grading. In this thesis we work with the topological

has two natural gradings — standard topological degree grading coming from

grading and the topological cup product.

Let us recall also the definition of the T-class. If E € K2, ([C3/GT]) := K%T (C3) is an orbifold vector bundle and
Tr(E) = Y.¢ 2.z GE¢, then each eigenvalue { = ™% where 0 < & < 1 is a rational number and we define

R rk(Eg)
TE) =) T TITQ-a+d) € He(C/G6T),

g g:ezﬂ'ilx i=1

where 6;; (1 < i < rk(E;)) are the Chern roots of the vector bundle E;. If E = [TC?/GT] is the orbifold tangent
bundle, then the I'-class is denoted by f( [C3 / GT] ). The map (3.2) is defined by the following formula:

chr([E — F]) = %f([@/cﬂ) U (27i)%8c *ch([E — FJ),

where deg¢(¢) = i¢ for ¢ € H2, ([C3/GT],[V]/GT];C) and /* is an involution in orbifold cohomology that
exchanges the direct summands corresponding to ¢ and g’l. Note that the definition of (* makes sense because

Fixg = Fixg,l.
Theorem 3.3 There exists a linear isomorphism
mir : Hf — H}, ([C*/GT], [V /GT];C),
such that, the map
mir ' ochr : KO, ([C3/GT],[V/GT]) =¥ (H, (f1(1);2))
is an isomorphism of Abelian groups.

Unfortunately we do not have a conceptual definition of the map mir. Our definition is on a case by case basis. We
expect that H* , ([C3/GT], [Vl /GT]; C) has a natural identification with the state space of FIRW-theory under which
mir is identified with the mirror map of Fan—Jarvis—Ruan (see [16]). Let us point out also that in all cases the following

two properties are satisfied:

1. If le x? 2 9('311 % is a homogeneous monomial representing a vector in H #» then its image under mir is in the

twisted sector corresponding to § = p;" 1+1ﬁzm 2“@;”3“.

2. The map mir is defined over Q, that is, mir provides an isomorphism

Qlx1, x2, x3]/(fxler2ffX3) = Zrb([CS/GT]r [V1T/GT]PQ)-

3.2 Period map image of the Milnor lattice
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3.2.1 Suspension isomorphism in vanishing homology

We will reduce the problem of computing periods of the hypersurface V) to computing periods of the Riemann surfaces

My = {(x1,%2) € C* | g(x1,%2) = i}

Consider the map V), — C, (x1, x2, x3) — g(x1, x2). The fibers of this map are given by

Vi i= My X {—=y/A—p,\/A—u}.

Suppose now that A € Hy(M,; Z) is any cycle. The following two maps

P+ AX[0,1] = Vi, (xq1,x2,t) — (029, t2x0, £4/A(1 — 1))

have images that fit together and give a two-dimensional cycle « € V), that is, « = XA is the suspension of the
cycle A. Tt is known that the above suspension operation & : Hy(My;Z) — Hy(V);Z) is an isomorphism (see [3],
Theorem 2.9).

Note that we may choose the basis of H to be such that ¢; = ¢; (x1, x2) does not depend on x3. Then the integral

1 v w 1 Co1 _i " '
oy ./u/\ ¢7ZE = EaA '/a/\ d (¢71w) = 27_[3;\ /a}\ X3¢1(x1,x2)dx1 Adxy,

where in the first equality we used the Stoke’s theorem (see [3], Lemma 7.2). Using Fubini’s theorem (see [3], Lemma
7.2), we have

A " i(x1, x2)dx1dx; 0 © ¢i(xy, xp)dxydx;
. , d ANd :/ A — 1/2 ¢l 1,42 d _/ —(A— 1/2 i s d ,
/M x3¢i(x1, x2)dx1 A dx : (A—mn) Ja o dg = (A=) P r— iz

where the first integral represents integrating over ¢ (A x [0,1]), the second one over ¢_ (A x [0,1]), and A, €
Hy(M,,) for u = At is obtained from A via the rescaling (x1, xp) — (£1x1, t%2x;). We get

1 w 1 A 172 [ @i(x1, x2)dxidx;
5/ iy = —on [ =) B (3.3)

The image of the Milnor lattice Hy (V7; Z) will be computed with formula (3.3).

3.2.2 Simple singularities and root systems

Let us first recall several well known facts about simple singularities, which will be needed in our computation (see
[3], Theorem 3.14). The analytic continuation of Ip(fl)(/\) along a loop around A = 0 yields I((T(;l))()t), where
o : Hy(Vy;Z) — Hy(Vy;Z) is the so-called classical monodromy operator. Recalling the definition of ¥ (see

formula (3.1)), we get the following relation:

Y(o(n)) = —e¥ 0¥ (a), (3.4)
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where i := y/—1. In particular, knowing the image of one cycle « allows us to find the image of the entire o-orbit of

.
Let us define

(alp) = A1 (1), 1 (1)),

where L,(‘O) (A):=20 Alp(fl) (A). It is straightforward to check that

(al) = - (¥(a), cos(r6) ¥(B)). G5

It is known that («|f) = —a o B, where o is the intersection pairing (see [22, 43]). In particular, the form ( | ) takes
integer values on the Milnor lattice.

Finally, let us also recall that we have the following remarkable facts (see [3], Theorem 3.14):
1. The set of vanishing cycles of the singularity f coincides with the set of all &« € Hp(V;; Z) such that (a|a) = 2.

2. The triple (Milnor lattice, set of vanishing cycles, pairing ( | )) form a root system of the same type as the type
of the singularity £, that is, the set of vanishing cycles corresponds to the roots, the Milnor lattice corresponds

to the root lattice, and ( | ) corresponds to the invariant bilinear form.

3. The classical monodromy corresponds to a Coxeter transformation.

3.2.3 Ap-singularity

Let us fix the following basis of H Iz

The residue pairing takes the form

1 ..
(@i 4j) = g 0irj  1<LjSN,

where i = N + 1 is the Coxeter number. The Riemann surface M, for y # 0 is a non-singular curve in C? defined

by the equation xi\[ oy x% = u. The projection (x1,x) + x1 defines a degree 2 branched covering My — C, with

branching points xq j = yﬁn§+l (k € Zn1), where N1 := 2/ (N+1) and Zy 41 := Z/ (N +1)Z.

Let us construct a basis of Hy(M,;Z) = ZN. Cycles on M, can be visualized easily via their projections on
the xj-plane C. Let Ly (k € Zn1) be the line segment [0, x1 &) (in the x;-plane). Let A,’C be a loop in the x1-plane
that starts at x; = 0, it goes along the line segment Ly, just before hitting the branched point x; ; it makes a small

loop Ci counterclockwise around xj j, it returns back to the starting point along the line segment Ly, and then the
-1

loop continues to travel in a similar fashion along Ly except that this time we make a small loop C; 11 clockwise
around X1 k1. In other words A;{ = Lk_+11 o Ck_+11 oLgiq0 Lk_1 o Ci o L. Note that AI’C lifts to two loops Ay 5,4 € Z»

on M, where the starting point of Aﬁ( lifts to xp k., := ‘u% (—1)". The cycles Ay, satisfy the following relations
Aro = —Agq and Zli\]:o Aga = 0. Letus asume a € Zp \ {0} and k € Zy1 \ {0}, then we get N loops whose
homology classes, as we will see later on, represent a basis of Hy (M,,; Z).
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Let us compute the periods of the holomorphic forms

dxidxy xiﬁldxl
(Pl(x1/x2) dg - 2x2

along the cycles Ay ,. The paths Ly and Cj can be parametrized as follows:

N+1
k 11 €
Lk; xl:UN+1],[N+1tN+1, 0<t< <1_ T ) p

VW
. ok 1 0 2k—N-1 2k+N+1
Cr: x =Ny HNT + ee! W”<9<N7+17f
The integrals along the lifts of C; contribute to the period integral terms of order O(e% ). These terms vanish in the
limit € — 0. The periods that we want to compute are independent of € for homotopy reasons. Therefore, by passing

to the limit e — 0 we get

dxldxz / / —xi_ldxl / / xl 1dX1
i(xq,x =(1-(-1 — —_— =
/Ak,a (Pl( ! 2) dg ( ( ))( Lk,a Lk+1,a) 2x2 Lk+1a Lka X2

The integrals along Ly , can be expressed in terms of Euler’s Beta function B(a, b) := %,
xi_ldxl 1’]N 1]/1N+1tN+1 Lt 17;‘\; 1Vﬁ_% i 1
/ - (=1)° T (=1)° x B /5
Ly, X2 0 (N+1);42(1—t) N+1 N+1'2
Let ay , = XA, be the suspension. Recalling formula (3.3) and using that
A
| =02ty = A 2B(a +1,3/2), (3.6)
0
we get
dx1dxy dy

(1) =g [ 57 = 200 /' wh [, aiba )
_( 1)a17N+1(;7N+1 )

Recalling the formulas for the residue pairing we get

D(‘kﬂ 74]12 ’Xka *l)¢i'

By definition 6(¢;) = (3 — "7 )$i. Therefore, using (3.1), we get

i
¥(aga) = aZZWNH 71N+1 Hr( - m)@' (3.7)
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Let us point out that formula (3.4) yields the following formulas for the classical monodromy operator

ff(“k,a) = —Qki1,0+1 = Kk+1a kK € ZN41,a € Zy.

The intersection pairing takes the form

(e lory) == (¥ (ax,1), cos(70)¥ (ay1))

=N 8=

M=

1—k)i 2im
771(\I+1)1(1 - COS(T)) = 2051 — O1—k1 — 01—k N>

1

Il
—

where k,I € Zy 1 and the Kronecker delta is also on Zp ;1. Note that (a1 |ag1) = 2, so ay 1 is a vanishing cycle.
The determinant of the intersection pairing in the basis {ay 1 }, that is, the determinant of the matrix (ay1|a; 1) i\,’lzl is
N + 1, which coincides with the determinant of the Cartan matrix of the simple Lie algebra of type Apx. Therefore,
{ag1} is a Z-basis of the root lattice, that is, H>(V);Z) and hence their images ¥ (1) (see formula (3.7)) give a
basis for the image of the Milnor lattice in Hy.

3.2.4 Dy-singularity

Let us fix the following basis of Hy:

b if1<i<N-1,

¢i(x1,x2) = .
2x1 if i = N.

The residue pairing takes the form

1 .. .
(@i 9j) = 57 0isjn (1=ij<N=1), (¢i¢n) = —din (1=i=<N),

where i = 2N — 2 is the Coxeter number. The Riemann surface M, for y # 0 is a non-singular curve in C? defined

by the equation x%xz + xé\] 1= #. The projection (x1,x3) — xp defines a degree 2 branched covering My, — C*,

1 .

with branching points x, j = uN-1 r]Zk 1<k<N-1),wherey = 2/ 1 et A;< be a simple loop in C* around
the line segment Ly := [0, x|, that is, A;c is a loop starting at a point on the line segment L sufficiently close to 0,
it goes along the line segment Ly, just before hitting the branch point x; it makes a small loop Cy around it and it
returns back to the starting point along the line segment Ly, and finally it makes a small loop Cy around 0. Clearly, the
loop Al/< =CooL, Io Cy o Ly lifts to aloop Ay in M,. Let us compute the periods of the holomorphic forms

xi-1dx, . .
%xm ifl<i<N-1,

de e
72 lfl—N,

dxqdx
$i(x1,x2) ;lg 2 =
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along the cycle Ag. If i = N, then the period integral is just 27ti. Suppose that 1 < i < N — 1. Let us parametrize

A} as follows:
Co: xp= eel? (0<6<2m),
1
L xp=pN-Tp*t (e N-T<t<1—ep N-T),

Y 0
Cr: xp=uN-Ty“ +ee™ (0<60<2m).

The integrals along the lifts of Cy and Cj, contribute to the period integral terms of orders respectively O(ei_l/ 2) and
O(el/ 2). These terms vanish in the limit € — 0. The two lifts of Ly, before and after going around the branch point

X k» have parametrizations, such that,

VN 1172kt x1%y = Xé\] 1 x —qky1/2+1/h(1—tN_1)1/2t1/2

where t varies from 0 to 1, and

%y yixy = \/T gl /(] N=1)1/241/2

where t varies from 1 to 0. Now it is clear that the period integral, after passing to the limit € — 0, takes the form

dx1dxy m_1 mk/ —3 N—-1\-1/2
b; =yh 2 F2(1—t dt,

A
xp = puN=1y

where m; :=2i — 1 (1 <i < N — 1). The above integral can be computed as follows,

1. 1 1 1 m; 1
fi=3/2(1 _ N-1\=1/24; _ / (2i— —1 (1—s) 2ds=——B( =, ).
/O ( ) _1 s) 2ds =57 B{%2

We get the following formulas:

H
:\NS_
N\ —_

(deldxz ) e u R T ZgmEB(GE D), if1<i<N-1,
: —
271, ifi = N.

Let ap = XA} be the suspension. Recalling formula (3.3) and using (3.6), we get

/ . Lymik A2 e < < N —1,
27t Jo, VAf ) 2iA1/2, ifi = N.
Therefore,

_ -1 )\m /h
Io(ék 1)( _2 2 777”11 m/h (PN 1_21A1/2¢ °
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Note that 6(¢;) = (% — %)q‘)i for1 <i < N —1and60(¢yn) = 0. Therefore

N-1
Y(ar) =2 Y 4™k (m;/h)pn—; — i0(my /) n, (3.8)
i=1

where my = N — 1.

Remark 3.4 The numbers % = 21; 1 1<i<N-1, % = % are the Coxeter exponents.

Put

N-1
o =2Y g T(m;i/h)pn_;, 1<k<N-1,
i=1

and vy = il"(mN/h)ng.

Proposition 3.5 The image of the Milnor lattice under the map ¥ is the lattice in Hy with Z-basis

B1=v1—0y,...,BN-1 = UN-1—UN, BN = UN_1 + OUN.

Proof Using formula (3.5), it is straightforward to check that {v; }1 <j<x is an orthonormal basis of H  with respect to
the intersection pairing, that is, (v;|v;) = J; ;. We have ¥ (ay) = v — vy and ¥ (cag) — ¥ (a41) = 20N. Therefore,
B belongs to the image of the Milnor lattice. On the other hand, since (B;|B;) = 2, we get that B; is the image of a
vanishing cycle. Recalling the root system interpretation of the set of vanishing cycles, we get that ; (1 < i < N) are
simple roots and that the corresponding Dynkin diagram is the Dynkin diagram of type Dy. Since the Milnor lattice

is spanned by the set of vanishing cycles, the claim of the proposition follows.

3.2.5 Eg-singularity

Let us fix the following basis of H IE

The residue pairing takes the form
1 .
(¢i, 4’]’) = ﬂéiﬂj’ (1<i,j<6),

where i = 12 is the Coxeter number. The Riemann surface M, for u # 0 is a non-singular curve in C? defined by the
equation x{’ + x% = . The projection (x1, xp) + x; defines a degree 3 branched covering My, — C, with branching
points xp ; = ;uliik,k € Zy.

Let Ly (k € Z4) be the line segment [0, y%ik]. Let A;( be a loop in the x-plane C going around the branch points
Xy and Xy k1 in the following way: the loop starts at 0, it goes along the line segment Ly, just before hitting the

branch point x; ; it makes a small loop Cy counterclockwise around x; k, it returns back to the starting point along
-1
k+1

~1 -1 -1 :
i1 © Crpr © Ly o L™ o G o Ly lifts to three loops Ay 4,0 € Z3

in M, depending on how we choose the lift of the base point, i.e., the x1-coordinate of the lift of the base point of A;C

Ly; then the loop travels in a similar fashion along Ly, 1 except that this time we make a small loop C, ", in clockwise

direction around X ;1 1. Clearly, the loop Al/< =1L

could take the following values: x1 , = y%qg’, where 13 1= e
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Let us consider the loops Ag , witha € Z3\ {0} andk € Z4 \ {0}. Let us compute the periods of the holomorphic

forms

xéﬁldxz . .
dxldxz ? if 1 < 1 g 3,
¢i(xl/x2> d = xi—4;x
3 2t if4<i<6,

along the cycles Ay ;. As a byproduct of our computation we will get that the homology classes of these 6 loops form

a basis of Hy(My; Z). Let us parametrize A}, as follows:

O(e3) if1
O(e3) if4
terms vanish in the limit € — 0. Therefore, under this limit, the periods of the holomorphic forms

The integrals along the lifts of C; contribute to the period integral terms of orders . These

-2 pidxy i
/ 4} (x x )dxldxz (1 o 173 )(ka,a a ka+1,a) 3;12{2 lf 1 < ! < 3,
i\11,42 = _ d . .
Aka a3 (=), = S, )53 F4<i<e

2
3xq

27 .
where 773 1= e’5 and the integral

U i a g i 2n0i 1
=1 B(%, 5 if1<i<3,
$idx, 0 1243 (1-)3 20 23k G3)
2 K(i-3),, 172 3 -1 ; ; ‘
Lo 3X7 O1 ik( 3>;1¢ 7t 41 at _ lk(123) 2QVT_§B(%’%) if4<i<6
123 (1-t)3 75
Then,
ki i 2 ; .
/ i, 1) TF19%2 _ (1=n32)(1 = i) zn§us 3B(4, 3) if1<i<3,
i\A1, A2 dg 1— =1 (1 — i3 ik(i=3) o, %_%Bﬂg fa<i<6
(L= ) (A=) 53" (7%,3) if4<i<
Let a , = XAy, be the suspension. Recalling formula (3.3) and using (3.6)
()90 =5 | Lor [0 a0t [ e P02
Xk,a ¢l . 27_[ aka(Pldf T A ‘Z/l Ak/a(Pl 1,42 dg ;’l
‘ ir(ly ., .
e ~Fip §-3 TAGIG) Qgig@ikl(l — i) if1<i<3,
= i—3\(2 . .
\f;72ae61)\ +6l"( )T 37);(§>ik(1—3)(1 _ i1—3) if4<i<e.
r(F2+§)

Recalling the formulas for the residue pairing in the basis {¢;} we get

;M) =2k 2 D), 709
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G-9e if1<i<3
Recalling formula (3.1) and using that by definition 6(¢;) = ' , we get
(3-)g if4<i<e
3 & 1% P28 kiq i
Flaka) =/ 7 Lew T = PrEITHA =it (3.9)

i—=3 1 ke 3
Vo Ze S T ()R (1= )g;.
4 3
Let us also point out that by using formula (3.4), we get the following formulas for the classical monodromy operator:

U(ak,a) = —Q&kt1,a+1 k e Z4,a S Z3.

Recalling formula (3.5), we get that the intersection pairing

(wkala1) %(Waka),cos(nemal,h»
_1 2 by(k—D)i cos((§ — 3)m) iy
8 ;1 +773 )sm(in) sin(%§) 2 )
3 2 cos((£ —2)m) | i
Z 5 b—a)m+ = (l—k) )Si‘;—(%;’sm(in)

Let us identify Z3 \ {0} = {1,2} and Z4 \ {0} = {1,2,3}. Every 1 < a’ < 6 can be written uniquely in the form
a =3(a—1)+k wherel <a <2and1 < k < 3. Let us define a, := ay,. The intersection pairings (a|a)

are straightforward to compute using the formula from above. We get that («,|a; ) coincides with the (a’,b’)-entry

of the following matrix:

o o -1 0 -1 2

The above matrix has determinant 3. Therefore, the set {zxk,g [1<a<2,1<k< 3} is a set of linearly independent
vanishing cycles. Since the set of all vanishing cycles is a root system of type Eg and the determinant of the Cartan
matrix of a root system of Eg is also 3, we get that the {ay ,} is a set of simple roots. In particular, it is a Z-basis of

the Milnor lattice.

3.2.6 Ey-singularity

Let us fix the following basis of Hy :



Chapter 3. ADE singularity 58
The residue pairing takes the form

((PU(P]): _% Z:]:7/

0 otherwise,

where h = 18 is the Coxeter number. The Riemann surface My, for u # 0 is a non-singular curve in C? defined by
the equation x% + xlxg = p. The projection (x1,x) — x; defines a degree 3 branched covering M;, — C*, with
branching points x7 j = ;4%77’3((0 < k < 2), where 73 = o3,

The method of constructing loops in M), is similar to that of Dy-singularity. Let A} be a simple loop in C*
around the line segment Ly := [0, ], that is, A;{ is a loop starting at a point €17§ (0 < € € 1) on the line
segment Lj sufficiently close to 0, it goes along the line segment Ly, just before hitting the branch point xq j it
makes a small loop C; counterclockwise around it, it returns back to the starting point along the line segment Ly,
and finally it makes a small loop Cy counterclockwise around 0. Clearly, the loop A;C = Cyo Lk_1 o Cy o Ly lifts
to a loop Ak,a, a=20,1,2in MH, where a indicates the lift of the base point, that is, the base point is lifted to

_a3 117%

1
(X1 a = 517’3‘, Xoka = (%) ’ 13 ) . We will compute the period integrals along Ay, for 0 < k,a < 2. As
a biproduct of our computation we will get that the following set of 7 loops { A1, A11, A1, Ao2, A12, Az, Aop}
represents a basis of Hy(My; Z).

Let us compute the periods of the holomorphic forms

xi’zdx1

-z ifl <i<3,
X
dxldxz - x,;52 . .
¢i(x1,x2) dg ) Fgdu if4<i<s,
- ifi=7.
along the cycle Ay ,. Let us parametrize A§< as follows:
; 2k 2k+6
C —z 19, Tar<e< s
0: X1 =E¢e 3 <
el e\’
11
Lk x1:U§V§t§/ 7<t< 1_71 7
M ‘ué
; 2k—3 2k+3
Cr: xlqugy%—i—ee‘e, Tné()g%n

The integrals along the lifts of Cy and C contribute to the period integral terms of orders respectively

O 13)and O(e!73) if1<i<3,
O(&*3)and O(e!73) if4<i<6,
0(&% and O(e!) ifi =7.

= WIN
[SSEENT N}
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In the limit €, e — 0 all integrals along the loops Cy and Cj, vanish except for the integral along Cy when i = 7. The

latter however is straightforward to compute. Therefore, after passing to the limit €, & — 0, we get

732) ) iy, —iln e << 3,

dxd 3x1x5
X14x2 —¢;dx . .
/Ak ¢i(x1rx2) dg - - 773 kaﬂ 32{;113(%1 if4 <i<e,
A
2mi e
-3 ifi = 7,
27ti .
where #3 := ¢ 3 and the integral
i-1)-2a 1i-7), 1i-10) k(i—%)fzu 1i-17)
—1 p37 3T 37dt 3 W33 i 11 .
- 75,73 ifl<<i<3,
/ —pidxy _ Jo 9(1-1)3 ? (5=93) ST
2 k(i—4+1)—a 1 a2y 14 8 k(i—4+1) 142
Lk,a 3x1x2 _ 3 .uS(] 3>t3(1 3)1;“ 3 ]/‘3(1 ) 4 1 2
Jo 9(1-1)5 B B3 To.5) ifasise

Let ay , = LA, be the suspension. Recalling formula (3.3) and using (3.6)

1 1 A ) dxud
(ngkal (). 9) ::E/a (Pi% - 78/\/ (A— ;”)7/ ¢i(x1, x2) xjigxzdﬂ

7T 0 Ak
_1y_ e i iyl
égn’;(l ) ”efgl)\gngr%r(z)ri(s79)3r(3) if1<i<3,
5 K6se G
S AT TG TASISS
1 .
—2iA2 ifi=7,
Recalling the formulas for the residue pairing in the basis {¢;} we get
6 1
akﬂ Z "‘ku 1’)4)1‘ +4i)\74)7

Recalling formula (3.1) and using that

we get

(3.10)
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Recalling formula (3.4), we get the following formulas for the classical monodromy operator:

o(arqs) = —t11041 koa € Zs.

Using formula (3.5), we get that the intersection pairing

1
(e alarp) =— (¥ (aka), cos(10) ¥ (a15))
2 1S, bar(-RG-Y) | a-brk-DG-1), cos((§—F)m)
=3+ 2.0 Ty V) :
3 6,; 3 3 sin((4 — 3)7r) sin(Z)
2 13 27 1 cos((£ —Z)m)
=24z Yy cos(H(a—b+(k=1(i—-3))—FF—"
3 3z; 3 37 sin((§ — g)7)sin(5)

Let us identify Z3 = {0,1,2}. Every 1 < a4’ < 7 can be written uniquely in the form a’ = 3(a — 1) + k+ 1,
1<a<3,0<k<2 Putay := agg, where 0 < @ < 2 is the remainder of 2 modulo 3. Using the above formula,
we get that the intersection pairing in the basis {a, }1<, <7 takes the form

2110110
1210011
1120001
0002110
1 001 210
1101120
011000 2

The above matrix has determinant 2. Since the determinant of the Cartan matrix of the root system of type E7 is also 2,
the conclusion is the same as in the case of Eg-singularity, that is, the cycles (a1, ..., a7) = (g1, 811, %21, X02, %12, X22, %0,0)
form a Z-basis of the Milnor lattice and hence their images under ¥, computed by formula (3.10), give a Z-basis for

the image of the Milnor lattice in H f-

3.2.7 Eg-singularity

Let us fix the following basis of Hy :

1
x1x575 if 5
The residue pairing takes the form

1 ..
(¢ ¢5) = 50ivj9, (1<i,j<8),

where i = 30 is the Coxeter number. The Riemann surface M, for u # 0 is a non-singular curve in C? defined by
equation x% + xg = . The projection (x1, x2) — X defines a degree 3 branched covering M, — C, with branching
points xp j = y%iyé‘,k € Zs, where 115 = o8,

The method for constructing loops in M, is almost the same as that for Eg-singularity. Let us omit the similar

narration, i.e., we define the loops Ay, in the same way, except that now a € Z3 \ {0} and k € Zs5\ {0}. We
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will see that the homology classes of these 8 loops form a Z-basis of Hy(M;Z). Let us compute the periods of the

holomorphic forms

x;’ldxz fl<i<a
dx1dx; 322 Tlsxisxsa
¢l(x1/x2) == i1
dg x5 Sdx, . .
3% if 5<i <8,

O(e3) if1
O(e3) if4
terms vanish in the limit € — 0. Therefore, under this limit, the periods of the holomorphic forms

The integrals along the lifts of Cj contribute to the period integral terms of orders

2 id . .
/ i (x1, x )dxldxz (1 =13 )(fL,m - kaH,a)(PB’x%CZ if1 <i<4,
i\ A1, A2 = B " . | ,
Ata dg (1—15 1)(ka/a - kaHra)th v 5<i<s

3xg

2mi .
where 773 1= e’5 and the integral

ki 1 .
5 P‘Btb‘ dt 15 a 57%3 i1 : ;
By =3 £, 3 ifl <i<4,
pidxy Jo 53 (1-nigge s (5:3) S
= i—4 i—4 i
Liga Sx% 1 r]5( 4>szt1771dt . ’715<(1 B 2, 41

I
3

Then,

_ i 2 i . .
dxydx; (171732)( 175)15773u5 3B(%,3) if1<i<
J,,, o) T = o

Aka g (1_ -1 i—4 ’75 2a 3

Let ay , = LAy, be the suspension. Recalling formula (3.3) and using (3.6)

(—1) ":1/ ‘w:l /A B 1/ ‘ dxqdxy
(Iﬂékﬂ (/\)/(Pl) ° 27T e (Pldf n_a/\ 0 (A ‘1,1)2 Aklﬂ (Pl(xllxz) dg d;’l
157177 e~ é,1/\577“ )(rz(i)S)(%)U’Sa(l 1,/%) if 1 <i < 4/
— 576
= i 3\ imd (2 B .
e A Y ) s <ics
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By definition,
0(¢:) (3L, if1<i<4,
1 - .
(5— 54, if5<i<8
Therefore, recalling formula (3.1), we get
20 . i
i) —[2661 AT - E)F(E)WS S5 3.11)

-% G A gt g,

\f

Recalling formula (3.4), we get that the following formulas for the classical monodromy operator:
0(Aka) = —Qks10+1 k € Zs,a € Zs.

Recalling formula (3.5), the intersection pairing

(k1) = (¥ (a50), cos(m6) ¥ (w1))
1 d (I=K)i . ap (k—D)iy cOS((£ —3)7) i
=19 2015 "5 s )mﬁ—% ~15)
4 & 2 cos((£ —2)m) | i
EZC 5 b—a 7'[—|— (l—k) )Wsm(gn)

i=1

Let us identify Z3 \ {0} = {1,2} and Zs \ {0} = {1,2,3,4}. Every 1 < a’ < 8 can be written uniquely in the form
' =4(a—1)+k wherel <a <2and1 < k < 4. Put wy := oy ,. Then the intersection matrix («,|a; ) takes the

following form:

The above matrix has determinant 1. Since the determinant of the Cartan matrix of the root system of type Eg is also

1, the conclusion is the same as in the previous cases.

3.3 K-theoretic interpretation

The goal of this section is to prove Theorem 3.3
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3.3.1 Fermat cases

Let us compute explicitly the map chr for f(x) = fT(x) = x{' 4+ x52 + x5 with a3 = 2. In fact, our computation
works for arbitrary a3 as well, except for one small technical detail, that is, we will prove that the group KE% (VlT) is
torsion free. This fact should be true for any positive integer a3, but the argument that we give works only if ag = 2.
The group

Gl ={g=(31,82.8) € (C") | &' =g =g’ = 1}.

If ¢ € GT issuch that I = {i | g; = 1} is a non-empty set, then it is easy to see that the map x = (x1,xp,x3) —
(x7")ie; induces isomorphisms Fixg(C3)/GT = C! and Fix¢(V{f)/GT = Hj, where H; C C! is the hyperplane
Yic1 yi = 1. Since the pair (C!, Hy) is contractible the groups

K°(Fixg (C?)/GT, Fixg (V1) /GT) = H*(Fixg(C?)/G”, Fixg (V{')/GT) = 0.

If g € G is such that g; # 1 for all i, then Fixg(C3) = {0} and Fixg(V][) = @. Note that the number of such g is
N = (a1 — 1)(ap — 1) (a3 — 1), that is, the multiplicity of the singularity corresponding to the polynomial f.

Lemma 3.6 The group KE% (V) is torsion free.

Let us postpone the proof of this lemma until Section 3.3.4. Note that KE% (VlT) ® C = 0. Therefore, according to the
above Lemma 3.6, we have KE} (VlT) = 0. The long exact sequence of the pair (C3, VlT) yields the following exact

sequence
0 — KL (C3, V) —= KL, (C®) — K. (V) .

On the other hand, KOGT (C3) coincides with the representation ring of G7, that is,
Kgr(C?) = Z[Ly, Ly, Ls) /(L7 — 1,152 = 1,1 — 1),

where L; = C3 x C is the trivial bundle with GT-action g - (x, A) := (gx, giA). Note that TC3 = L; + L, + L3 in
the category of G -equivariant bundles. We claim that

K2 (C3, V) = (L1 = 1)(Ly — 1)(Ls — 1)Z[Ly, Ly, Lg] / (L{* — 1,132 = 1,13 — 1). (3.12)

Indeed, note that s;(x) = (x, fx,) is a G-equivariant section of L;'. The Koszul complex corresponding to the
sequence (s, S2, 3) has the form

LiLoLs — @D1<icj<s Lilj — D1<ics Li —>C,

where C is the trivial bundle with trivial GT-action. The sequence (s1, sy, s3) is regular, so the corresponding Koszul
complex is a resolution of the structure sheaf of the zero locus {s; = s, = s3 = 0}. The zero locus is {0} and
since 0 ¢ VlT the restriction of the Koszul complex to VlT is exact, i.e., the Koszul complex represents an element of
K%T (C3, V). This proves that the RHS of (3.12) is a Z-submodule of the LHS. Note that both the LHS and the RHS
of (3.12) are free Z-modules of rank N. Therefore, the quotient of LHS by RHS is a finite Abelian group. In order
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to prove that the quotient is 0, it is sufficient to prove that if ¢ € K%T (C3) and mg belongs to the RHS of (3.12) for

some integer m, then g belongs to the RHS of (3.12) too. The proof is straightforward so we leave it as an exercise.
Let us fix the following basis of K%T (c3,vi):

Aml/mzf”@» = LTlLZZZL:Tg' (Ll — 1)(L2 — 1)(L3 — 1), 0 S m; S a; — 2.

Let ey, 4, 1, = 1 € HO(Fixg(C®)/G, Fixg(V)/G), where g = (e2k1/m ¢2mika/az o27iks/a3) e get

a)— 1{12 laz— 13

chr (A ;) = Z Z Z H( ( ) o 2mikim;/a; (efzmk,-/ai _1)) €k Ko ks

T f=1ky=1kz=1i=1

where the ingredients of the above formula are computed as follows. Since Fixg(C?’) = {0} and the action of ¢ on
L; \Fixg(cg) is given by multiplication by e21ki/%i we get
~ ki = _ ,2 .ki i
T(Li)[Fig (c3) /6T = 1‘(1 - aj) and  1"ch(L;) i, (c3) /6T = = ch(L; i (c3)/cr = €72,
where we used that ¢ i) = L. . e orbifold tangent bundle = L1+ Ly + L3 so 1ts l-class 1s
h d that *(L L;!. The orbifold tangent bundle [TC3/GT] = L; + Ly + L3 so its T-class i
H?:l f(Ll-), while t*EE|Fin(C3) ;T is a ring homomorphism, so the computation of its value on Ay m,,m; amounts
to the substitution L; —» e~ 27ki/ai
In the first case a1 = N + 1, a, = a3 = 2. The above formula takes the form

. Let us specialize the above formula to the cases of Ay, Eg, and Eg singularities.

N
chr(Amo0) =2 77" (7" - 1)F(1 N’i1)ek1 1
k=1
Comparing with (3.7), we get that if we define mir(¢;) = ;11 (1 < i < N), then the images of ¥ and chr will
coincide. The vanishing cycle &y , corresponds to (—1)% Ay g .
For the case of Eg we have a1 = 3, a, = 4, a3 = 2. The formula takes the form

1 2 3

k k —k —k —k —k
chr (A o) = == 3 3 T(1=5)r (1= 5" 0™ - 00" = Dty
1=lky=

where 773 = ¢2™/3 and 1, = ¢2™/4 = i. Note that 17;1 —1 = —+/3¢7/6 and 17;2 —1 = —+/3¢77/6, Comparing
with (3.9) we get that if we define

€1,i1, forl <i <3,

62/1',3’1, for 4 S i S 6,

mir(¢;) =

then the images of ¥ and chr will coincide. The vanishing cycle aj , corresponds to —A, k0.
Suppose now that the singularity is of type Eg, that is, a1 = 3, ap = 5, and a3 = 2. The formula takes the form

1 & & k ko —k —k —k —k
A = B 1800 ) 5%
1=1K2=
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27i/3

where 773 = ¢ and 175 = e2mi/5, Comparing with formula (3.11) we get that if we define

€11, forl <i <4,
mir(g) = ¢

ei—41, ford<i<8§,

then the images of ¥ and chr will coincide. The vanishing cycle aj , corresponds to —A, i 0.

3.3.2 Suspension isomorphism

Suppose that X is a finite CW-complex equipped with an action of a finite (or more generally compact Lie) group G.
Let up = {£1} and

2X = X x {-1NXx[-L1] /xx{1}

be the suspension of X, where the double quotient simply means that the quotient is taken in two steps: first by, say,
X x {—1} and then by X x {1}. Note that G x i acts naturally on XX via (g,€) - (x,t) = (gx, €t) and that the
0-dimensional sphere $° := X — X x (—1,1)isa G x M2-equivariant subcomplex of XX.

Let L = [—1,1] x C be the trivial pp-equivariant line bundle on the interval I := [—1, 1], where the representation

of ypy on C is given by € - A = €A. It is an easy and amusing exercise to check that ng (I,9I) = Z ¢, where { is

the relative K-theoretic class of the complex L s C , where C = I x C is the trivial yp-equivariant line bundle
corresponding to the trivial representation of s, on C and the map is induced by (f,A) — (,tA).

Lemma 3.7 The exterior tensor product by ¢ induces an isomorphism KZG (X) = Kéx i (=X, $9).
Proof By definition
Gy (EX,8°) = Ko,y (EX/8°) = K,y (X X I, X % 01) 2 KG(X) @ K, (1,01),

where we used that Kitz (1,9I) is isomorphic to Z for i even and 0 for i odd, so the last isomorphism is given by the
equivariant Kiinneth formula (see [39]).

Suppose now that Y C X is a G-invariant CW-subcomplex of X. Using the long exact sequence of the triple
$0 € LY C X and Lemma 3.7, it is straightforward to prove the following corollary.

Corollary 3.8 The exterior tensor product by ¢ induces an isomorphism
KG(X,Y) 2 Ky, (EX,2Y).

3.3.3 The relative K-ring for Dp-singularity

Let us return to the settings of Dy-singularity. We have f T(x) = x% + xlxé\[ 14 x%. The group of diagonal symme-
tries of 7 is

GT={te ()P |B=nt""1=8=1}.



Chapter 3. ADE singularity 66
Let L; = C3 x C be the G'-equivariant line bundle for which the action of GT on C is given by the character

GT — C*, (t1,t2,t3) ~ t;. Let us introduce the following N complexes of G -equivariant vector bundles on C3 :

. d . ; d i
Er: LiLi'Ly =Ll teli i =10, 1<i<N-1,

i -

where the differentials are defined by do(x, A) = (x, —x3A, x1A) and dq (x, A1, A3) = (%, x1A1 + x33),

d d
Ey: Ly—=Celz—=C,

where do(x,A) = (x, —x3A, x37) and d (x, A1, A3) = (x, X3\ + x3A3).

Proposition 3.9 The relative K-ring K%T (C3,VT) = ZN and the complexes E? (1 <i < N) represent a Z-basis.

Proof Note that the complex E? (1 <i< N —1)is atensor product of Lé‘l, L1 L C,and Lj =, C and

2
X
that the complex EY; is a tensor product of C s C and L3 B, C . On the other hand, we have GT = A x >,

where A = {t € (C*)? | 2 = t;t)~1 = 1}. Recalling Corollary 3.8 we get K%T(C3,VT) >~ K9 (C?, M), where
M={xeC?*x3+ xlxé\’ ~1 = 1}. Slightly abusing the notation we denote by L; and L, the restriction of the vector
bundles L; and L, to C2. Note that the operation tensor product by the complex L3 B C is precisely the exterior

tensor product by the complex £ in the suspension isomorphism from Corollary 3.8. Therefore, it is sufficient to prove

that the complexes L4 le_l _a, L’2_1 1<i<N-1and C—>C represent a Z-basis of K%(C% M).

The long exact sequence of the pair (C2, M) yields the following exact sequence:
0 — K (M) —2 K%(C?, M) —= K9 (€?) —= K9 (M),
where we used that Kgl (C?) = 0. We have
K%(C?) = Z[Ly, Ly) /(L] — 1, L LY 1 — 1),

where the RHS is the representation ring of A. Just like in the Fermat cases it is easy to prove that the image of p
coincides with the ideal (L; — 1)K (C?). Note that Im(p) = ZN~! and that p(E?) = L5 1(L1 —1) 1 < i <
N — 1) is a Z-basis. It remains only to prove that K;l (M) = Z and that Im(6) is generated as a Z-module by the
complex EY;.

Let us first prove that K;'(M) & Z. Let 7 : M — C* be the map (x1,x2) ~— x2. The map 7 is a branched
covering with only one branch point, thatis, 1 € C*. The corresponding ramification points are R = {(—1,0), (1,0)}.
Note that R is an A-invariant subset. The idea is to use the long exact sequence of the pair (M, M \ R). The action of
A on M\ R is free, so we have

Kiy(M\R) = K'((M\R)/A) = K'(C\{0,1}).

Therefore K% (M \ R) & Z and K;' (M \ R) = Z2. The groups K'(M, M\ R) are also easy to compute. Let U C M
be a small A-invariant open neighborhood of R. Then by excision K% (M, M \ R) = K/, (U, U \ R). Note that the
open neighborhood U can be identified with an open neighborhood of R in the normal bundle v to R in M. Indeed,
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the normal bundle is trivial vg = R x C and a point in (x1, xp) € U satisfies x; = % 14 \/ 2N=2 4 4), s0 the
map U — vg, (x1,x2) — ((£1,0), x2) identifies U with an open neighborhood of the zero section R in vg. Clearly,
the pullback of vg to U is L, and the Thom class of vy is represented as an element of K9 (vg) = K4 (U, U \ R) by

the complex € —2> L, . According to Thom isomorphism KL (U, U\ R) = K (R). Note that R is an A-orbit,
that is, R = A/B, where B is the cyclic subgroup of A generated by (1,7?). Therefore, K;'(R) = 0 and K (R)
coincides with the representation ring of B. Since the Thom isomorphism is given by tensor product with the Thom

class, we get
N-1
KS(M,M\R) =P z[ Ly —=Li].
i=1

The long exact sequence of the pair (M, M \ R) takes the form
0 — K;' (M) —= K;"(M\ R) —2= K% (M, M\R) .

We already proved that K;;'(M \ R) = K~1(C?\ {0,1}) = Z2. We will make use of the following explicit inter-
pretation of the K-group Kgl( ). By definition, for any finite CW-complex X, we have Kgl (X) = K§(Z(X Upt)).
Since the complement of X in X(X LI pt) is contractible, we can think of an element of K ;' (X) as a representation
of A on some vector space C" and an A-equivariant isomorphism ¢ : X x C" — X x C, that is, an A-equivariant
morphism X — GL,(C). In our case the elements of K;'(M \ R) are obtained by pullback from K~1(C \ {0,1}).
The latter is generated by two elements that correspond, in the way described above, to the two maps C \ {0,1} — C*,
t — tand t — 1 — t. Therefore, the group Kgl (M \ R) is generated by the two elements that correspond to the two
maps M \ R — C* defined by (x1,x2) ~ x3 and (x1,x2) + 1 — x% = x;x)~!. The connecting morphism & can be
described as follows. Given an A-equivariant isomorphism ¢ : (M \ R) x C" — (M \ R) x C”, then let us pick an
extension to a vector bundle morphism (f : M x C" — M x C". The resulting complex clearly represents an element
of K% (M, M\ R) and that is what 6(¢) is. The extensions in our case are straightforward to construct. We get that

Note however, that x; 7# 0so x% defines an isomorphism, i.e., the first complex is 0 in K% (M, M\ R). In particular, the
kernel of the connecting homomorphism 4 is = Z and it is generated by the element in K, Z1(M\ R) corresponding
to the map M\ R — C*, (x1,x2) — x3. This map extends to M, so we get that K (M) 2 Z with generator

corresponding to the map M — C*, (x1,x2) + x3. Returning to the long exact sequence of the pair (C?, M), we get
2
X
that the connecting morphism Kgl (M) — K9 (C?, M) maps the generator of Kgl (M) to the complex C —— C .
This completes the proof of the proposition.

3.3.4 Proof of Lemma 3.6

We follow the same strategy as in the proof of Proposition 3.9. Let us denote by M C C? the Riemann surface defined
by x7' +x32 = 1. Let A = {t € (C*)? | ]! = t3> = 1}. Since K, V) =2 K;' (M), we get that it is sufficient to
prove that K ;' (M) is torsion free. Let 7t : M — C be the map (xl, x7) +— x1'. The map 7t is a branched covering
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with only one branching point, that is, 1 € C. The corresponding ramification points are R = {(&,0) | " = 1}.

The torsion freeness can be deduced easily from the long exact sequence of the pair (M, M \ R). The action of A on

M\ R is free, so we have
K31 (M\R) = K-I((M\R)/4) = K-}(C\ {1}) 2 Z.

Using the Thom isomorphism for the normal bundle to R in M, we get K;'(M, M \ R) = K, *(R). On the other
hand, note that R is the orbit of A through the point (1,0) € M, we get R = A/B, where B C A is the cyclic
subgroup generated by (1,74,), 2, = €2/%. Therefore, Klgl(R) = Kgl(A/B) = K7(B) = 0. Recalling the
long exact sequence of the pair (M, M \ R), we get

0 ——K;' (M) — K;'(M\ R) —*> K, (M, M\ R) (3.13)
We get that K;* (M) can be embedded as a subgroup of K;;*(M \ R) 2 Z. The latter is torsion free, so K;;' (M)

must be also torsion free.

Remark 3.10 The above argument can be continued to give a direct proof of the fact that K;l (M) = 0. Namely,
using the Thom isomorphism, we can prove that the group K% (M, M\ R) is a free Abelian group of rank a; and that
the complexes [Léfl I le] (1 <i < ay) represent a Z-basis. Moreover, the image of the connecting morphism
¢ in (3.13) can be computed explicitly as well, that is, it coincides with the sum of the above complexes. In particular,

we get that ¢ is an injective map, and hence Kgl (M) =0.

Remark 3.11 The long exact sequences of the pairs (M, M \ R) and (C?, M) can be computed explicitly, that is,
both the groups and the differentials can be determined. This allows us to give an alternative proof of formula (3.12).
We leave the details to the interested reader.

3.3.5 The relative K-ring for E;-singularity

The argument from the previous section works also for Ey-singularity. Let us only state the result. The proof is
completely analogous.
We have fT(x) = x3x, + x3 + x3 The group of diagonal symmetries of 7 is

Gl ={te (C*)?|Bh=8=15=1}.

Let L; = C3 x C be the GT-equivariant line bundle for which the action of GT on C is given by the character
GT — C*, (1,12, t3) — t;. Let us introduce the following 7 complexes of GT-equivariant vector bundles on C° :

. d . . d .
Er: Lt s Lileli Lt 1, 1<i<e,

where the differentials are defined by do(x,A) = (x, —x3A, xpA) and dy(x, Ay, A3) = (X, x2A2 + x3A3),

d d
E: L3—=CoLy——>C,

where do(x,A) = (x, —x3A, x3A) and dy (x, Az, A3) = (x, X3\ + x313).
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Proposition 3.12 Let VT = {x € C° | fT(x) = 1}. The relative K-ring KOGT(C3, VT) = Z7 and the complexes E?
(1 <i < 7) represent a Z-basis.

3.3.6 T'-integral structure for Dp-singularity

Let us compute chr(E?) for 1 < i < N. After a straightforward computation we get that the relative cohomology
group H(Fixg(C?), Fixg(VT))GT is not zero only in the following two cases: 1) ¢ = (¢1, 92, g3) with g; # 1 for all
iand2) ¢ = (1,1, —1). For the first case, there are N — 1 elements, that is, ¢ = (—1,7%71,-1) (1 <i < N —1)
and the fixed point subsets are Fixy(C?) = {0} and Fixg(VT) = @. Therefore, H(Fixg(C3),Fixg(VT);C)GT ~C
is non-trivial only in degree 0 and we denote by e; := 1 the unit of the cohomology group. For the second case,
Fixg(C3) = C? and Fixg(VT) = M = {x% + x1x)' "1 = 1}. The relative cohomology group H'(C?, M;C)GT =
H';l(M/GT;C) fori > 0 and = 0 for i = 0. As we already explained above M/GT = C*, so the relative
cohomology is non-zero only in degree 2, i.e., for i = 2. Since M is a Stein manifold, we can describe the relative
cohomology in terms of the holomorphic de Rham complexes on C? and M. Namely, consider the complex of Abelian

groups
(€% 08)% oT(M, Q5N d(w,a) = (dw,w|py — dw). (3.14)

A closed form (w, tx) in degree i, that is, d (w, zx) = 0, defines naturally a linear functional on the space of dimension
i relative chains y C C? with 9y C M, that is,

')/»—>/w—/ o.
v 9y

Using the de Rham theorem for C2 and M, it is easy to prove that the above map induces an isomorphism between the
i-th cohomology of the complex (3.14) and H!(C?, M; C)GT. Let us denote by ey € H?(C2, M;C) the cohomology
class corresponding to the form (0, — 5 dx1/x7).

Suppose now that ¢ = (—1, 772“71, —1),1 < a < N —1. Let us compute the component of chr(E?) for1 < i <
N — 1in HO(Fix¢(C?), Fixg (VT); C)GT. Note that in this case we have an isomorphism K (Fix, (C?), Fixg (V7)) =
K°(Fix¢(C?)). The image of * Tr(E?) is

W—(Zﬂ—l)(i—])Lé—l(LlLS _ (—L3 _ Ll) +C) — 417—(211—1)(i—1)C,

where again we abused the notation by denoting by L; the restriction of L; to Fixg (C3) = {0}. The component of the

I'-class is
[(Li+ Lo+ Ls) =T(1—1/2)(1 — (2a —1)/K)T(1 — 1/2)es,
where /1 := 2N — 2. Therefore, the component of chr (E?) is
2y~ 2= DENT(1 — iy /h)e,.

The component of chr(Ey) is clearly 0, because the image of the complex E}; in K (Fixg(C?)) is 0.
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Suppose that ¢ = (1,1, —1). Let us compute the component of chr(E?) in H? (Fixg(C3),Fixg(VT);C)GT —
H2(C?, M)GT = Cey. By definition the component of * Tr(E?) in K°(C?, M)GT is

LV Ll — 13— 0]+ L5 [0—= L —>C],
where the above complexes are concentrated in degrees 0, 1, and 2 and the vector bundles L; (1 < i < 3) are trivial line

bundles on C2. The second complex, as an element of KO(C2, M), is equivalent to the two-term complex C . C.
Therefore, the component of * Tr(E?) (1 <i < N — 1) takes the form

-[c—>cl+[c—~C].
In order to compute the Chern character of the above complexes, we use the following commutative diagram:

RO(=M) = K-1(M) ——= K(C2, M) ,

N o

H2(=M) = H' (M) —° = H2(C?, M)

where the horizontal arrows come from the long exact sequence of the pair (C2, M) and the vertical arrows are
isomorphisms. Under the isomorphism K°(£M) = K°(C2, M), the complex C .c corresponds to P — 1,
where P is a line bundle on XM obtained by gluing two trivial line bundles along M using the gluing function
M — C*, (x1,x2) — x1. The first Chern class of P is easy to compute. If y is a closed loop in M representing
a cohomology class in Hy(M), then X7 is a sphere in Hp(XM) and hence P|s. is a line bundle on the sphere

obtained from gluing two trivial line bundles on the two hemi-spheres along the equator -y using the map ¢ — C¥,

(x1,%2) — x1. By definition (c1(P), £) coincides with the degree of the map v — $!, (x1,x2) = x1/|x1], that is,
1 dx1
P),Xy)=— [ —.
@) = 5 [ 5

In other words, under the suspension isomorphism, ¢1(P) coincides with the de Rham cohomology class of the form

5=dx1/x1. Recalling the de Rham model for the relative cohomology group H?(C2, M), we get that 6(c1(P)) = en.

Note that ¢1(P) = ch(P — 1), so ch( C .c ) = en. The vector bundle corresponding to the other complex

C LQ is P71, so we get
ch(/* Tr(E?)) = —2en.

Hence

chr(E}) = %m/z) (271i)(—2en) = —2iT(1/2)en,

1
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where the index g is to remind us that this is the component corresponding to the fixed point set of g = (1,1, —1).

The computation of chr(Ey;) is the same, except that everywhere we have to replace the vector bundle P with P2, 50

chr(EY)g = %m /2)(27i) (—den) = —4T(1/2)en.

Combining our computations we get the following result:

N-1 4
chr(Ef) =2 Y 5~ V0DT(1 — my/h)e, — 2i0(1/2)en
a=1
and chr(Ey) = —4il'(1/2)ey. Comparing with formula (3.8) we get that if we define mir(¢;) = e; for1 < i <
N — 1 and mir(¢y) = 2ep, then the statement of Theorem 3.3 will hold. The vanishing cycle a (1 < k < N —1)

corresponds to the relative K-theoretic class of the complex E}.

3.3.7 T'-integral structure for E7-singularity

The computation in this case is similar to the case of Dy-singularity. Let us sketch only the main steps and leave
the details as an exercise. The goal is to compute Chr(El') for 1 <1 < 7. After a straightforward computation we
get that the relative cohomology group H (Fixg(C3),Fixg(VT))GT is not zero only in the following two cases: 1)
¢ = (g1,92,93) with g; # 1foralliand2) g = (1,1, —1). Put § = 2™/ and 3 = ¢>™/3. For the first case, there
are 6 elements, that is, ¢ = (7731’7’, 5, —1) (1 <i <3,1 <r < 2)and the fixed-point subsets are Fixg(C3) = {0}
and Fixg (V1) = @. Therefore, H(Fixy(C?), Fixg(VT); C)GT = C is non-trivial only in degree 0 and we denote by
e, € H(Fixg(C3),Fixg(VT);C)GT the unit of the cohomology group. For the second case, Fixg(C3) = C? and
Fixg(VT) = M = {x3x, +x3 = 1}. The relative cohomology group H'(C?, M;C)S" =~ Hi-1(M/GT;C) for
i > 0and = 0 for i = 0. Just like in the Dy-case, we have M/ GT = C*, so the relative cohomology is non-zero
only in degree 2, i.e., for i = 2. Let us denote by e; € H? (Cz, M)GT the cohomology class corresponding to the
1

differential form (0, —5—=dxs/x2).

Suppose that g = (7%, 115, —1). We have
FTr(ED)g = —2(1— 53 ")y~ G000 e KO(Fixg (CP))
and the component of the I'-class of [TC?/G"] in H(Fix¢(C?)/GT) is
T(1— (3i —r)/9)I(1 — r/3)[(1/2).
Therefore
. 1
chr(E})g = NV

Note that chr (E7)e = 0.
Suppose now that ¢ = (1,1, —1). Then we have

(1= 3"y 0D~ (3 - 1) /9T (L~ 1/3)esiy, 1<1<6.

X2 X2

FTr(E)y=—-[C—=C—=0]+[0—=C—>C]. (3.15)
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Under the isomorphism K* (M) = K°(C2, M), the complex [ C 2. c ] corresponds to P — 1, where P is a vector
bundle on £M obtained by gluing two trivial line bundles along M with gluing function M — C*, (x1,x3) — xp.
Under the suspension isomorphism H?(XM) = H' (M), we have that ch(P — 1) = c;(P) is the cohomology class
corresponding to the form 5= dx; /x. The latter, under the boundary isomorphism H'(M) — H?(C2, M) is mapped

precisely to ey, that is, ch([ C 2, C ]) = ey. The Chern character of the second complex in (3.15) is —ey, so we
getch(:* Tr(E}))y = —2e7. Hence

chr(Ef)g = =—T(1/2)(27i)(—2e7) = —2iy/7Tey.

27

The computation of chr(E3 ), is the same as above except that we have to replace the bundle P with P3, that is, we

get chr(Ey)g = —6iy/mey.
Collecting the results of our computations we get

1
7'[

2 3 ,
chr(Ep) Z Z 13 Ny~ CEIEEUT (1 — (3i — 1) /9T(1 —7/3)es;—, — 2iv/er

r=1i
for1 <1 < 6 and chr(E;) = —6iy/7te;. Let us compare the above formula with (3.10). Note that 1 — 77;1 =

V/3e™/6 and 1 — = /3¢ /6. We would like to find k,a € Zj, such that, mir o%¥ (ay ,) = chr(E}). Let us
write | — 1 = 3m —l— k for0 < k < 2,0 < m < 1. Then the above formula will hold if we choose 4 = —m and define

mir(¢;) = e (1<i<3), mir(Pj3) =esj2 (1<j7<3), mir(dy) = —e.

Note that mir o¥ (ay o + ag1 + a5 2) = chr(E;) Using these formulas, we get immediately that the maps mir oY
and chr identify the Milnor lattice Hp(f~!(1);Z) with the relative K-ring K°(C3, VT). This completes the proof of
Theorem 3.3.
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Chapter 4

Chain type singularity

4.1 Chain type singularity

Following the notions introduced at the beginning of Section 2.5, we would like to introduce the following proposition.

Proposition 4.1 (cf. [32]) Any non-degenerate, invertible polynomial can be written as a ThomSebastiani sum (or
decoupled sum) f = f; @ --- @ fp of invertible ones (in groups of different variables) f,, v = 1,...p of the
following types

1. chain type x{'xp + x52x3 + - - - + xﬁ”:ll Xm +xp, m > 1, whenm = 1, it is also Fermat type,

2. loop type x{'xp + x52x5 4« + - + X;" L x + X vy, m > 2
We also assume that 4; > 2, so that there are no terms of the form XiXj.

In this thesis, we will work with chain type polynomial or its modified version for even variables case. The
modification is due to the upper index of the period vectors being integer.
Let fu € Clx, ..., Xp| 3| 11] be the following,

aq an ap—1 a .
Xt +xptxg X x +x, n is odd,

n

fn= 4.1)

ay a2 An—1 a 2 .
Xy Xo+xtxz 4+ X0 xy 1" x5, 1o iseven.

The hypersurfaces Vy = {x € C2l2J#1 | £,(x) = A} for A # 0 are non-singular and their union has a structure of a
smooth fibration on C \ {0} known as the Milnor fibration. Let us fix a reference point A = 1 and consider the middle

homology group HZ[% | (V1;Z), known also as the Milnor lattice. One may refer to Section 2.5.3 and Section 2.4.2 to

find that our interest is in the period vectors I,,((_ L2]) (A) € Hy, defined by
W), = @0 W [ g3
XA df

where a € Hy 5| (V1;C), ¢i(x) (1 < i < N)isasetof polynomials representing a basis of Hy,, a) € Hy 5| (Vy;C)
is obtained from « via a parallel transport along some reference path, and % is the so-called Gelfand—Leray form (see

[3]). Alternatively, we can view each period vector as a multivalued analytic function Ii_ 2 :C\ {0} - H o
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For homogeneity reasons, the period vectors have the form

AB-1/2+ 3]
6+1/2+ 2])

Dy = - ¥(a), 4.2)

where ¥ : Hy u) (V1;C€) — Hy, is a linear isomorphism. Our goal is to compute the image of the Milnor lattice
H2L% [ (V1;Z) via the map Y. The solution to this problem is given in Section 4.2. Explicit formulas for the image
of the Milnor lattice via the map ¥ are given in Proposition 4.14. The main feature of our answer is that it involves
various I'-constants and roots of unity using the basis of middle homology constructed by Otani-Takahashi [41]. We

give the Seifert form of the basis as well.

4.1.1 K-theoretic interpretation of the Milnor lattice

The modified chain type polynomial f;; corresponds to a (2|5 | +1) x (2|5 | + 1) matrix A = (”ij)lgi,jgngJH
with non-negative integer coefficients, such that,

2[5]+12[5]+1

_ Aij

fal - g 40) = i,

=1 j=1
namely, when 7 is odd, A = (aij)lgi,jgn = (aiéi,j + 5i+1,j)1§i,j§n‘
when 7 is even,
a1 0 0 0
0 ar
A = (aij)1<ij<ni1 = 0

: . . .1
0 -+ -+ 0 a, O
0 -+ «ov ... 0 2

Following Fan—Jarvis—Ruan (see [16]) we consider also the Berglund—Hiibsch dual polynomial

(S

202 ]+12[8+1

ai:
f;(xll"'/xZL%J-‘rl) = / H x]‘]l/

~

Let G £ be the maximal group of diagonal symmetries of fnT , that is,

2(2]+1

Gy = te (Cr)2laH (=1 vi
j

N

I
—

Finally, let Vir_; = {x € €2l2]#1| £T(x) = 1}. Our main interest is in the topological relative K-theoretic orbifold
group

Ko (€241 /G ] (Vg /Gpgl) i= KE (@1, V).

T
n
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In general, there is no satisfactory definition of K-theory for non-compact spaces. However, in our case the pair
(([:2[%J +1 Vf{:l) isG i -equivariantly homotopic to a pair of finite CW complexes, so we may think of (‘[:2[’2’ZJ +, anle)
asa G £ -equivariant pair of finite CW-complexes. We refer to [46] for some background on equivariant topological
K-theory.

Motivated by Iritani’s I'-integral structure in quantum cohomology (see [27]), we will now construct a linear map
chr: Ko ([C2LIF1/Gprl, [Vir 4 /Gyg]) © € —— Hon ([C2171/Gg], [Vir 1 /G ;©) - (43)

which is a certain I'-class modification of the orbifold Chern character map. For a G fnT—equivariant space X and
8 € Gy, letus denote by Fix¢(X) := {x € X | gx = x} the set of fixed points. The elements in the relative K-group

will be identified with isomorphism classes [E — F] of two-term complexes E o FofG i -equivariant vector
bundles, such that, the differential d is a morphism of G T -equivariant vector bundles and d| Vi, E| Ver_y — F| Vir_y

is an isomorphism. Note thatfor g € G T the restriction of a vector bundle E \ - decomposes as a direct sum
n 1

Xg (CZL%HI)
of eigen-subbundles E; and that the restriction to Fixg ((CZL%J +1) of every two term complex E A F decomposes

d
as a direct sum of two term subcomplexes Eg _t F; , where d; = d|5g. We have the following well known

decomposition (e.g. see [8], Theorem 2):

n = . n . G
T Kg (CEL V) ©C—>Byeq, [KO(leg(C2L7J+1),F1xg(vf;:1))®C] i

G
where [] "/ + denotes the G T -invariant part and the morphism Tr is defined by

T([E—F))= @ P C[E; — F.

g€G, r eC*
fn

Remark 4.2 The above decomposition is proved in [8] in the case of absolute K-theory. However, using the long

exact sequence of a pair, it is straightforward to extend the result to relative K-theory as well.

The standard Chern character map gives an isomorphism

n

ch: K(Fixg(C?L21H1), Fixg (Vr_;)) © € —— H® (Fixg (C?L21H1), Fixg (Vr_;); C) ©

Finally, if G is a finite group acting on a smooth manifold M, such that the quotient groupoid [M/G] is an effective
orbifold, then H*(M/G;C) = [H*(M;C)]C. Indeed, for a finite group G the operation taking G-invariants is an

exact functor from the category of G-vector spaces to the category of vector spaces. Therefore
H'(M/G;C) = H'([[(M, A})]®) = [H'(M, Ay)|® = [H'(M;C)]°,

where A} is the sheaf of smooth differential forms on M with complex coefficients, the first isomorphism is Satake’s
de Rham theorem for orbifolds (see [45]), and the last one is the de Rham’s theorem for the manifold M. Using the long
exact sequence of a pair, we get also that H'(M/G,N/G;C) = [H'(M, N;C)]® for any G-invariant submanifold
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N C M. On the other hand, by definition,

o ([CPLE/Gprl Vir Ly /Grlik) = @D HY (Fixg (C2L1H1) /Gy, Fixg (Vir_y)/ Gyrik),
geG 1

k=Q,R,C.
Therefore, the composition ch := cho Tr defines a ring homomorphism

ch: KO, ([C2LEIH1/Gr], [Vir_y /Gpr]) © C —— HEY ((C2LE 41 /G yr], [Vir_y /G r);C)

which is the orbifold version of the Chern character map. Clearly chis an isomorphism over C.

Remark 4.3 Orbifold cohomology H; ;. has two natural gradings — standard topological degree grading coming from
the topological space underlying the orbit space and Chen—Ruan grading. In this paper we work with the topological

grading and the topological cup product.

Let us recall also the definition of the T-class. If E € Kgrb([Cz[%J +1 /Gfﬂ) = K% . (C2L2)+1) is an orbifold vector
n le

bundle and Tr(E) = ), }_r (E¢, then each eigenvalue { = 2% where 0 < a < 1 is a rational number and we
define

R rk(Eé) n
FE) =Y T1 TIra-ate) e HR(SCET/Gy),

g gzebﬁa =1

where 67 ; (1 < i < rk(E;)) are the Chern roots of the vector bundle E;. If E = [TCZL%JH/anT] is the orbifold
tangent bundle, then the I'-class is denoted by IA"([CZL'Z’ZJ /G fnTD' The map (??) is defined by the following formula:

1
(2m)L3)

n

T([C?131H1/Gr]) U (27mi)%8e *ch([E — F]),

chr([E — F]) i=

where deg-(¢) = i¢ for ¢ € Hgfdo([(ﬂzt%J +1/anr], [anTzl /anr],‘ C) and ¢* is an involution in orbifold cohomology
that exchanges the direct summands corresponding to g and gil. Note that the definition of /* makes sense because
Fixg = Fingl.

Conjecture 4.4 There exists a linear isomorphism
mir: Hy, —— H3, ((CLH /Gyl [Vir 1 /Gri€)
such that, the map
mir ' ochr : K ([C2EI41/G ), [Vir_y /Gpr]) —= ¥ (Hypy) (£ (1) 2))

is an isomorphism of Abelian groups.

Unfortunately we do not have a conceptual definition of the map mir. Our definition is on a case by case basis. We
expect that HZ, ([C2L2)+1/G 71 [Vir_1/Gyr];C) has a natural identification with the state space of FIRW-theory

under which mir is identified with the mirror map of Fan—Jarvis—Ruan (see [16]).
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4.2 Period map image of the Milnor lattice

Let us start with formulating the maximal group of diagonal symmetries, C-basis of Milnor ring, etc., of chain type
invertible polynomial f, defined in (4.2), explicitly.
We denote by an the maximal group of diagonal symmetries of f;, that is,

Gy, = te (€2l =1 vi

It is not hard to find the following proposition

Proposition 4.5 Each element ¢ € Gy, has a unique expression of the form ¢ = (e[a1], ..., e[a,]) with 0 < a; <1,
where e[a] := exp(21v/—1a).
More concretely, set dy := 1 and d; :=ay ---a; fori = 1,...,n. When #n is odd, then Then an is a cyclic group

<e {(—1)";”} e {(—1)"“1‘2‘1’11} e [—dznl]) .

While, when 7 is even, then Gy, is the direct sum of two cyclic groups whose generators are

(e [(1)”0[1”] ,o..,e [(1)”+i—1d;ﬂ ,...,e {dl’;nl] ,1) and (1,...,1,-1).

Definition 4.6 For each non-negative integer 1, define sets B}n‘ ,(s=0,1,2,..., L%J ), By, of monomials in C [x1,--., %]

as follows: Let B, = {1}, B (K10 <ky <ay -2} andifn > 2,

whose generator is

/ p—
filo

0 <kpst1 < agsy1—2,

0 <kpsyi < apsyi—1 (i:2,~--,1’l—25)

Ky
n

m-1_a3—1 a2s—1—1_kosy1 Kosy2

, i ..
Bei i=9% X3 Xos'1 Xpsp1Xosyp X

Let
15]

By, = U B}n‘s.
s=0

And we can identify the above set of monomials with the following set,

By = {k = (ki,... kn) € 2"

k I
Xt € Bfn\s}'

Similarly,
5]
B, = |JB,,.
fn fn‘s
s=0

Proposition 4.7 The set B, defines a C-basis of the Milnor ring Hy, . Namely, we have Hy, = ([ (x)]]¢") (x) €

Bf,)c.
Remark 4.8 For n even, since aif i o= 2x,4+1, we merge the cases where # is even and odd.
n
Defi itive int b o L%J dn _ _dy h dy =0)=Yy" _1)i@
efine a positive integer pin by pn = L2 g2 — 3/ (where 5= ) =X i
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Corollary 4.9 The Milnor number yis, = dimg Hy, is given by p,.

Denote by A the invertible matrix associated to

n is odd o
€ C[xq,...,xy), which is given by
fn — x%H n is even
amq 1 0 --- 0
0 ar
A = (aij)1<ijen = (a1 + Siv1,j)1<ijcn = 0
: . . o1
0 -+ -+ 0 ay
Definition 4.10 For each k = (ky, ..., k;), define rational numbers wlgnl) e, wlﬁn]z by
(@, ™y = (k1 + DA
In particular, w(()ni) are nothing but the weight of x;. Therefore, the central charge or conformal dimension is }_/" ;(1 —
2w(({;))

Consider the following number set,

o {a S d,‘Z/an|dl'+1 'f{/'l}
i =

i=01,...,n—1
{0} := d,Z/d,Z

i=n
Fora € [yandi=1,2,...

, 1, set '
) _ (=1)""'a mod d;
wu,i - di Z’
— oM
| (1) . O—wa,i l—l,...,k
apparently, w dy—a,i — . ()
—w

ni i=k+1,...,n
Proposition 4.11 The map

P E}nls = {k = (ky,...,kp) € Z"

xk E B}n‘s} E) 125

defined by
n
P(k) = ks, ... k) = Y (=1)" iy (ki + 1)
I=1
is a bijection of sets of d—; — dzs}jr - elements and satisfies w p(k)i = (n)

Wy ; i=2s+1,...,n
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Proposition 4.12 For each k € B}n|s, set its dual k* € B}n‘s such that (kosy1 + K51, kn +K5) = (a2s11 —

1 i=1,3,5,...,25 -
2,a0540 —1,ap543—1,...,a, — 1), which is equivalent to (k) + (k*) = d,, and therefore wl?:)i =<0 i=2,4,6,...,2s
11—l i=2s+41,...,n
Furthermore, we have recursion formula wl(('il =ki+1-— aiwl((”i), i =2s+1,...,n, which will be useful in
the calculation afterwards.
Proposition 4.13 Fork = (ky,...,k,),1= (I1,...,1,) such that xX := x’l(1 e xﬁ”,x' = xlll . -xi;z € By,, we have
the following relation for the residue pairing.
ST (s d =1 %
k+1 _\=1) 2s _
x“Hdx 2 2 . k, 1€ B, andl =Kk
M = (x¥,x1) := Res,—g T T a3 a1 A .f"|5 )
2 1o 0 otherwise

Proof The result can be also calculated by (2.22) straightforwardly.
We denote its inverse by 7X!, i.e., Y B, 17¥l; = ;. then

1+(=1)"

Kkl _ r (—1)°-agaz---ax_q - 5—;5 k1¢e B}n‘s and 1 = k*

0 otherwise

We construct vanishing cycle agn) € Hy |y (f 1(1);Z) inductively according to [41] (section 5, with opposite orien-

tation and with modification for # being even) and generate the rest vanishing cycles uc](-") € Hy 1 (ft(1);2),j =
2,..., un by the following an-action

(X1, o) Xiyenn X)) (e [(—1)”];}11] “X1,...,€ {(_1),1“1(]'—;301,'1} X, ..., {—(]_cllid"_l} ~xn) .

when 7 is odd. While, when # is even, the action on the first # components are the same as that of the case n is odd,
and the last component remains.

If n is odd, the image of the vanishing cycles oc](-n) € HZL%J (f,1(1);2),j=1,...,uy via the map ¥ is
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where F](-”) is a](-n)’s corresponding class in Hy,(C",Re(f,) > 0;Z). According to section 5 of [41], when XX~ €

!/
Bf 1o

‘ —fugkK* — (i _ (1) —fnok®
./r](.”>e X dx—e[ (j ka,n}/rgn)e FxK" dx

Ak !
=) e [~ = D] - @y T (e[wi] =1)- TT T (i)
j=s k=2s+1

n

If 7 is even, let us calculate (I((ZFJ) (A),x¥") first. Recall (3.3)
o
j

_ _ Xk* dxl . dan
) S dfn

2 A 1 « dxp...dx
S N (7 WS By B S EELL e
G b Ot [ R

2 A 1 y9+§—1 a1k
B 5] aA/o (A_V)zl"(9+g)/rj(")e X dxdy

SR

(2m) 5

\/E )\9+%7% —(fu— 2 k*
- 3] w1 / m € U)X dx,
2m)l21T(0+ 5 +5) /1)

(n) . ()

where Fj" is a; s corresponding class in H,, (C",Re(f,) > 0;Z), up to a suspension. Again, according to section
5of [41], when x*" € B},

— 42 * . _ N2 *
/r(n) e (fn xn+1)Xk dX =€ |:—(] — 1)wk7’1n:| /r e (fﬂ xn+1)xk dX

(
j 1

411 "
2% e [~ D] - @) TT (e [wla] =1)- TT T (i),
j=s k=2s+1

where we need to mulitply by 2 since the residue pairing changes. Combining these two cases, we have the following

Proposition 4.14 The image of the vanishing cycles zx](") € Hy 1 (f1(1);2),j=1,...,un via the map ¥ is

NI=
J—

LA 311 Z
Py = BV _Z [—G=Degn] - @my TT (e]wdn] —1)- TT T (@)

(271') 2] kegfn j=s k=2s+1
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Let us calculate Seifert form (a,, ap) 1= %(e”ﬁe‘i’(oca),‘f’(ab)),e(xk) = (% -y wl(:i)) xK = (% —5— Yoo wf{?) xK

to show that the vanishing cycles “](n) € Hyn| (fi'(1);Z),j =1,..., un give us a Z-basis of Milnor lattice.

n
2

<0‘11/06b>
Gt % Y. Mek-e [” SN UEESY “’(n)]
=i Kk €175 B L) an
(27r)2L31+1 = 4 2 M2 e
o, 11 (n) (n) - () )
(2 (2-efw] e [-wfn])- TT T(1- )T (w?)
j=s k=2s+1
. [7] (n) 1 & (n)
=2i ;) Z Mok e | (b — a>wk,n ) '72 Wi |-
o— kEB}n\s i=2s5+1
5= () n 1
: H sin (”wk,zjﬂ)' H INVERON
s k=2s+1 sin(7w, )

For clarity, we consider the following factor in the summation, where I € {s,s +1,s +2,...,[5] — 2},

(R0 (R0 , (n) 1
€17 5%YKk2141 T 5 YK2142 sin(7wy ;1) - )
sin(7w, 5;,5)
1.,(n) 1,,m)
e [—lw(”) RO € {Ewk,ﬂ—i—l} —¢€ {_iwk,ﬂ-&-l} . 2i
= 2“k21+1 T pYk20+2 2i 1, .(n) 1,,(m)
' ¢ [i“’k,zuz} ¢ [_E‘Uk,zuz}
(n) (n) (n)
1—e [_wk,21+1] ~ l-e [ﬂzz+zwk,21+2 — ka2 — 1} 1 [’121+2“’k,21+2}
w1 0 - @)
l—e [Wk,zl+2} 1-e [wk,ZlJrZ} 1-e [Wk,zz+2]
ag142—1
_ (n)
=— ) e [mwk,zl+2] :
m=0

For the last factor containing (b — 11) in the summation, when # is even and 2s < n, under the same procedure, we
obtain,

et~ Sk~ Bl i) L

a,—1

=-Y e{(bfaer)wl(:n)],

m=0
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(1)

when n = 2s we do not need to do anything, since cul((nn) =0ande {(b — a)wk HJ =1,

while 7 is odd, we get

il

e {(b — a)wl(:n) — ;wl((")] ~sin(77wl(:n))

it o[-t

=€ {(b - a)wlgnn) - 1C‘)l((nn) 2i

, 2%
e[ o] —efo-a-1el]).

To simplify the result of Seifert form, we start from decomposing the summation ), E}n . ntoy o q components of k ranges in E}n .

ZZZ;(l)/ 25+1<n

and ) = 2Z:;é, 25 + 1 = n. According to the definition wl(;ji) , it depends only on the (2s + 1)-th to i-th com-
kn =0, 2s=mn
ponent of k. Thus, the summation Zk cB could be transformed into the following form,
fnls
[41-2
Z H the factors with [ Z the last factor
the first n—1 components of k ranges in E}n ls I=s kn
Then we exchange the order of summations } . and ZZ;‘;()], when 1 is even and 2s < n. Hence, when n = 2s,

Yk, the last factor = 1.
When 2s + 1 < n and 7 is even,

ap—1
n -1
) the last factor = — @, Y | Sya—bmod a,© {(b —a+ m)wl((nrz—l
ki m=0 o ,
-1
= —aye H(b - ﬂ)J ‘*’1(:2—1] :
an ’
When 25 + 1 = n, .
i
Zthe last factor = — Ean (50,1;7,; mod a, — 80,b—a—1mod an)~

ky

When 2s + 1 < n and n is odd, an the last factor

n n

i -1 -1
= _Ean <5O,ba mod a,, € {{Z(b - a)wl(élrz1] - (SO,bfafl mod a,, € {{l(b —a— 1)(/.)1?21:|) .

The case that 2s + 1 = 7n can be merged into the last case. Here the result that Kronecker deltas are zero is from the

(n)

sum of a,(at most)-th root of unity (up to a certain rotation e {;71 (b—a+ m)wk n_l} around zero for each of them)
is zero.
We can do almost the same but relatively simplier decomposing summation procedures for [ = (%W —2,...,8,

(

which has to be done in this reverse order due to the property of wk"i) . Let us see how the recursion goes for [ =
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[51—-2,...,5+1

g1~ agp—1ay -1 (n)
- Y YL e|m-paael,]
kg1 1=0ky 1 2=0 m=0

a1 1—lay o—1ay -1 (n)
==Y X Y e[tm-paoy,

kyp41=0 m=0 ky»=0

ap141—1ag -1

- E 21+20m,p;,1 mod ay.., € [
ky =0 m=0

g1 —1 (n) Pri
= —az142 Z ¢ {QZwk/zlJr]} q = LIJ
ka1 41=0 2+2

-1

()
@(’” - Pl+1)wk7,121+1}

41 (n) . q
= a21+2‘121+1‘50,q, mod ay; 1€ [ Wy 21 pr =
a Qay 4

forl =s,

As41—2 52— 1 as12—1

RS S M DIy [T P

kas11=0kps2=0 m=0

25412 ()
=—dsp2 ), e [qswk,zsﬂ]
kys11=0

. n
= — 2542 (a25+150,q5 mod aps 1 — 1) notice that a)l((lz)s =0,

where p € Z is from the previous step, i.e., the (2] 4 3)-th component. And the recursion terminates not only when

I = s but also when 80,4, mod ay,; = 0,

1 1 a—b .
. 1 1S even
leuz 2143 { { an JH

Va:le 21+2=n
q = L 11 { { b—a JH n is odd, for the first term, i.e., (b — a) term instead of (b —a — 1)term
142 42143 |°°7 | An-1An ) , 1.e.,
b—a 21 4+ 1 = n for the first term, i.e., (b — a) term instead of (b —a — 1)term

Eventually, we can finish the calculation of Seifert form.

Set Iy to be the biggest I € {0,1,2,...,5 — % — %} such that 80,4, mod ay,,; = 0. If there is no such /, make a

]

n
Consider the summation ZSL 2o in (ag, ap).

convention that [y = —1.

The term with s < [y vanishes due 0 80,4, mod ay,; = 0-
‘We consider the easier case th%t n is even.

The term with s = 2 is a(*i. The term with s = [ is
14301

n
11

2-1 n_q
(=1 daiy : (=1)2
: | | a1+1 | | —d2) | = .
ayas - - - Ay, -1 dy 1<lg 1 + l:lo( + ) a1a3 ... A +1
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The term withs = I +1,...,5 — 1is

51 1) d = o
Y <() : ;S) (a1 —=1) [ TT o211 [1(=a21:2)
n

a1as - - - dzs—1

s=lp+1 I=s+1 I=s
n
e Gl
= Z (a25+1 - 1)
s=Ip+1 a1a3...a2s+1
1 1
=(-1)2 ( _ )
a1as ... a+1 ajaz...ay_—1
Therefore, we find that
1 p=-1

(0, ap) = o
0 otherwise

We can argue that the determinant of Seifert form above is 1. In particular, it is lower triangular matrix if we treat
a as row index and b as column index. Obviously, if @ = b, then (4, &;) = 1. Namely, diagonal entries are 1.
We want to show thatifa —b < 0, a,b € {1,...,u,} then (a,;, a;) = 0. Equivalently, we will show that if

a—b <0, (agap) =1 thena—b <1—pu,. Itiseasy to find thatif a — b < 0, then g; < 0 regardless of the
value of /.

Since Iy = —1, we have a1 | go. Due to the fact that gy < 0, the biggest possible qg is —a1, i.e., we get
{% %%J = —a7. One can find that the biggest possible g1 such that az | a1 is —ajapa3 + araz — az. The same

procedures can be done all the way until we find that the biggest possible a — b is —py,i.e.,a —b <1 — py.
Then we can solve the case that n is odd.

The first term, i.e., (b — a)-term, of the term with s = Iy is

n-1_ n-1_ n—1
i —1)bo dyy 7 -1 7 -1 i (-2
2 (H : dT,O 3141 [T (—a2s2) | an D

a1a3 - - - azly—1

N
I

o
+
i

=l

The first term, i.e., (b — a)-term, of the term withs = Iy +1,.. ., n—1 g

2
-1 n1 nlq
i 2 ( (_1)5 d25> 2 2
-5 ———— = | (a511 — 1) H a21+1 H (—a2142) | an
2 i \maz o casy dy 1=541 I=s
i (D7
2a1a3- a2 dn "
_ nol_
i(—1)"7 1 7! 1
T 2 aas...a mas...a (a2 1)
103 ap— = 0103 .. G25y
i(-1)"z 1

2 aas. . -ﬂ210+1
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Similarly, we find that

1 Ih=-1
The first term, i.€., (b — a)-term, of (&, ap) = 0 )
0 otherwise

Denote by l(’] the counterpart of the second term, i.e., (b —a— 1)—term. Therefore,

1 Ip = —1 and I}, non-negative
(g, ap) = ¢ —1 l; = —1 and Iy non-negative -
0 otherwise
Similarly, we can also argue that the determinant of Seifert form above is 1 by showing it is upper triangular
matrix if we treat a as row index and b as column index and its diagonal entries are 1. For simplicity, we consider the
contribution from the first term, i.e., (b — a)-term. Almost the same argument for the case that 7 is even tells us that
the biggest possible b — a such that the first term, i.e., (b — a)-term of (a,, &) equals to 1 is —p, — 1. We can apply
the result to the second term, i.e., (b — a — 1)-term of (a,, a,). That is to say, the biggest possible b — a such that the

second term, i.e., (b —a — 1)-term of (a4, &) equals to —1 is —p,. Combining these facts, Seifer form (g, ap) is

upper triangular matrix with diagonal entries 1.

4.3 K-theoretic interpretation of chain type

Proposition 4.15 The group G T is a cyclic group of order d,, generated by the element

Geen. = (e {(—1)"1;1} e [(_1)ilcl,q:1_i] e [;D |

Definition 4.16 For each non-negative integer #, define sets B’.;, B I of monomials in C[xq, ..., x,] inductively as
follows: Let Bz := {1} and

fo
}T = {x§1x§2~~-x’,§”|0§ki <a;—10i=1,...,.n—-1),0<k, <a,—2}, n>1

k
Forn = 0,1, let Byr := B}OT = {1} and Byr := B}lT ={"[0 <k <ay -2}
Forn > 2, let

By = B/nT U {(p(”*z)(xl,. X)X e D) (xq, L xes) € Byr }

n—2

Proposition 4.17 The set Byr defines a C-basis of the Jacobian algebra Jac(fl). Namely, we have Jac(f]) =
([ (x)]19" (x) € Bsr)c.

Setdy := landd; := ay---a; fori = 1,...,n. Define a positive integer 7, by #i, := Y'o(—1)""d;, which
satisfies fiy, = dy —dy—1 + Hp—2.

Corollary 4.18 The Milnor number y = dimgJac(fl) is given by 7i,.
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Let QP (C") be the complex vector space of regular p-forms on C". Consider the complex vector space
Qr = QN(C")/df, AQ"H(CY).

If n = 0, then set () 1= C, the complex vector space of constant functions on a point. Note that () o1 is naturally a
free Jac(f,I )-module of rank one, namely, by choosing a nowhere vanishing n-form dx := dx1 A - - - A dx, we have
the following isomorphism

Jac(fi) = Qg [9(x)] = [p(x)dx].

Our first step is to show the dimension of complexified relative K-ring KOG r (cn, VlT) ® C. Let us state the
fa

following lemma.

A2i—

1 )
% dx|,i.e.,

G n
Lemma 4.19 If n is even, {Q fnT} s spanned by the single anT—invariant class of n-form [Hf: 1 X

0] ¢ [T o
i=1

Proposition 4.20

id
—1) 2
(-1

™=

dim¢ (K%ﬂ (", v ®C> —

Proof Consider § = ggen. € G i of the form (1,...,1,%,...,) where the first i components are 1 and the rest
components are not 1, i.e., * represent a number in U(1) \ {1}, where i = 0,1,...,n. Then, we obtain that g =
acdZ/d,Z\d; at i=01,...,n—1
Seen. € GfT is of such a form if and only if g € [; := { ! nZ\di1 1} . In this case,
" {0} i=n
Fixg(C") = C' and Fixg(V{) = {x € C'|f] (x) = 1} which is of homotopy type S~ 1 v/ - - - v &L,

Let us apply the decomposition that we stated in the introduction
=~ . . Gt
Tr: Koch CcvhHeC—- @gecfnT [KO(leg(C”),leg(VlT)) ® C} fa,

When i is odd, we have the following exact sequence of reduced K-groups
for KO (Fixg (C"), Fixg (V1)) = K (C'/ {x € C!|fI (x) = 1}),

R1(€) —= K ({x e Clff () = 1)) =K (€/ {x e Cff (x) = 1}) —=K(C),
where the isomorphism is due to the fact that the reduced K-groups of the two sides are trivial.
Therefore, K (Fixg (C"), Fixg (V1)) 2 K~ ({x € CI|f (x) =1}) 2 K~} (S v.--vSi~1) =0.
When i is even, the standard Chern character map gives an isomorphism

K°(Fixg (C"), Fixg (V{)) ® € — H®(Fixg (C"), Fixg (V{'); C).

Again, due to the fact that Fixg (V) = {x € C/|fT(x) = 1} is of homotopy type S"~1 V- - V S~ we have the
following equation
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H® (Fixg (C"), Fixg (V);€) = H'(C', {x € C'|f{ (x) =1};,€) = Q1.
Applying the lemma, we have

G G
dime [KO(Fixg(C”),Fixg(VlT)) ®C} 7~ dime {Qﬂ.} (A

Finally, since |[;| = % - d‘tl (i=0,1,2,...,n—=1),|I,| = 1, we obtain that

n d
dimc (Kg (Ve c) = Y 1=y ()=
f i even i=0 !
Our next step is to construct a Z-basis of torsion-free part of the relative K-ring KOG r (cr, VlT).
fa
Since C" is G £ -homotopy equivalent to the origin, KOG ; (C™) coincides with the representation ring of G £ that
n f n

is, !
Kng (C") =Z[Ly, ..., L) /(L =1, L L% —1,..., Ly L% — 1) = Z[L,] /(L — 1),

where L; = C" x C is the trivial bundle with G r-action g - (x,A) :=(gx,giA) and 1 = C" x C =: C is the trivial

bundle with G ¢r-action g - (x,A) := (gx,A). Note that TC" = Y | L; in the category of G fr-equivariant bundles.

Let us construct the following two types of complexes of G T -line bundle

o _ (=1 dzin,l X251 n
EZS—l: LZS*lan i HQ, S:].,Z,...,’VE—‘/
52! n
Fz.sflz QHQI 521/2/-"/[§J/

and E3._,, F;._ represent two elements of the relative K-ring K%ﬂ (C", {x25_1 # 0}). Note that ES, 1 ®F, 4

n
represents an element of the relative K-ring Koch (C", {x25-1 # 0 or xos_1 # 0}) and that there is an inclusion

0 n c KO n ;T
KanT (C ,{x1 #0o0rx3 #0or Or Xpry 7&0}) 7KanT (C % )

We consider the following exact sequence derived from the couple (C, VlT),

j - j k '
0——~ KG;T (V) —— K%fT €, vj) —— K%fT (") —— 1<0ch v,

where the sequence starts from 0 is due to the fact that K5 17
fn

(c" = KalT ({0}) = 0. Furthermore, it is splitted up
fa

into the short exact sequence,

K Imk 0,

0—=K;' (V) K

n

T (Cn’ VlT)
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Proposition 4.21 The image of k is a principal ideal of K%ﬂ (C™) generated by

n

NI
JR—

[
1
<L25 1 1)’
s=1

which is a Z-module of rank “n — Zn There is a morphism u : Im k — KO (C”, VlT) such that k o 4 = idpy i, i.e.,
fn

the above exact sequence rlght spllts.

Proof We will prove the first statement by showing Keri is the principal ideal. Let us denote L,(fl)n by L,. Then

K2 L(C) = Z[L,)/ (L% —1) and L', = ZZZS . For any polynomial Zd”ol e;Li € Z[L,)/(Lé —1). Apply

Euclidean division to the polynomial with divisor (L;’ I 1), though the degree of a non-zero polynomial here is in

Z4,. We will stop the division as a normal polynomial, i.e., stop the process as long as the degree smaller than ‘;—’;

Otherwise the process can be done endlessly due to the relation ZZ” = 1. We obtain

dl‘l_l - ~ - ~
Y oLl = (Lt = Dagi(Ln) +71(Ln),
i=0

di

-1
where deg7; < d” (r1 € spanZ{L’ o ) and degq; < g—g - Z—;‘. For g1, it is divided by (L' — 1). However,
we will do polynom1al long division for it eventhough its degree is smaller than Z—” until its degree is zero, due to the
relation L = 1. But this time, the process will terminate since deg g1 < @ — % <dy — Z. Then

q1(Ln) = (L3" = 1)q3(Ln) +73(Ln),

where g3(L,) € spanz{zg},do :j  and 73 € spany {Li} 4, - The remaining dividing process (s = 3,4,..., [5])
=7 ==

follows the pattern of dividing (L3_ T 1), in other words, each time we do polynomial long division with at most

‘Zl—g — 7 steps. Finally, we get

=

d,—1 _ [i] (4] j-1

Z CiLL:H(szslfl ‘7[ 1 (L) + 72j-1 (Ln) H 2s 11— 1),

i=0 s=1 j=1 s=1
dn _dn ZE%-| dn _ 1 Jfé dn

where a7y W(L”) € span, {Li}% 1 T 1 gnd 7j-1(Ln) € spanZ{U} ; dde. By multiplying
_ [2—| dn Zs =24 o=
i=— Z; 2 Dy 2s—1

~Z[%z o

L, “*! to both sides of the equation, we have that any polynomial in KO (C”) can be decompose into the

f

following form

[ (4] j-1

| -
(Lyty = Da(Ln) + ) rajoa (L) [T(L51 = 1),

=1 j=1 s=1

NIz

19
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dn oy I'n"l
where q(Ly) € spany, {L},},° ™ and ryj 1(Ly) € span, {Li} [;1] B
i:Z‘jﬂ dzin 1

Since {x; # Qorxz # Oor --- or e # 0} D V[, the tensor product ®[ 1E' _, is exact on v,

which gives a GfT isomorphism between the two GfT -vector bundles from H[ ]( L,,-, —1). Therefore, for i :
KO (C”) — KO (VT) we derived that

(5]
i (L, -1 ] =0
s=1
It is left to show that
(5] j-1
i rajc1(Ln) [T(Lyhy = 1) | =0
j=1 s=1

if and only if rp; 1 =0, Vi=1,2,... {%]

Assume that jo € {1,2,... (%W} is the smallest index such that ;1 is non-zero polynomial. We consider a

subspace VlT\sz,z = {(x1,...,x0) € VlT\ijo = Xj41 = ---Xn = 0} of V{, where dim VlT\zjo—z =2jp—2
One may find that
(3] j=1
Z r2j-1 L" H 25 17
j=jo+ s=1

has a factor Hiozl (Lz_slfl —1). Thus, on the subspace, the complex ®£°Zl E3._; yieldsa G fnr—isomorphism between

the two G yr-vector bundles from ][7111 12— 1(Ln)H ( s —1).

While for r5;, 1(LH)H]O 1(L251 1 — 1), on the subspace V{T|5j,_», we cannot get any exact complex from
7’2]‘0—1(Ln) From HJO 1(L231 1 — 1), there is no way to get (jo — 1) two-term complexes so that one of them is
exacton {x1 #0orx3 #0or --- orxp;,_1 # 0} 2 V1T|2]»0,2

Conjecture 4.22 Denote by G$ the complex
H®  QF_ 1®E1® EE[%}—T

The set

{G; ® L1

n ) d, dy dy
=0,12...,.|=],1<ig < — — —,if2 1 > n th =0
) [ZJ s dys  dosy1’ es nien dys 1 }

represents a Z-basis of the relative K-ring KOG ; (cn, VlT). Furthermore, the set
fi

1<q <dl”—d”}

° io—1
{GO ® L i
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represents a Z-basis of direct summand Im u of the relative K-ring K% ; (cr, VlT). The set
fa

n d d d
s:1,2,...,LfJ,1§i < B 95 +1 > nthen —2" :o}
2 Ty dasiq dost1

{G; ® L1

represents a Z-basis of direct summand Im j of the relative K-ring K% (cr, VlT).
i

Let us calculate their image under /*ch. Consider g = 8gen. € anT, where a € I;,i € {0,1,2,...,n} N2Z. The

component where i < 25 — 1 of ¢* Tr(G? ® Liffl) is 0. While, its component where i > 2s — 1 is

H {% -1 n—2j—1
—a(is—1) (=1)"4~'a R
¢ [ dn :| i (e [ d2j+1 1 - 1) .Gs’i,

where G2, := F{ @ -~ ® B3| ® B3, ©--- ®E}; € [K(Fixg(C"), Fixg (V]))] % (i > 25 — 1) and GJ :=
C € [K°({0},2)] A

Then, by using the multiplicativity of Chern character map on different pairs (different subspaces), the non-trivial
(i.,i > 25 — 1) component of r*ch(G? ® L ™1) = ch* Tr(G? @ L5 1) is

[—a(is _1)] [5]-1 (—1)"21g
a1a3---aps_1-€ | ——-% e|—2— | =1 e,
d ; daj+1

" =3
where ¢, is the generator of [H'(Fix¢(C"), Fixg(V); Z)] i~z
We claim that 1*ch(G? @ L 1) are linearly independent, and thus G ® L ™! represents a C-basis of K2 (€ Vi) ®
C. "
In fact, let us consider a matrix with row index (i,a),a € I;,i € {0,1,2,...,n} N2Z with the first | Iy| indices

(0,a)(a increases) then i increases, and with column index (s, is) with the first |Iy| indices (0, i) (i5 increases) then s
increases. Note that when i < 2s — 1, entries are zero, which implies this matrix is a upper triangular block matrix of
which block matrices on the main diagonal (i = 2s) are square matrices. We find that the block matrices on the main
diagonal are essentially Vandermonde matrices whose determinants are not zero.

The I'-class of the orbifold tangent bundle is

- (iu) TIr (1 _ (_1),1,;{2 mod dk> |
k=1 k=1 k

Then, the non-trivial component of the I'-class modification of the Chern character map chr(G$ ® Liffl) is

; 1 [%] —1 n— n n—
%.(Zﬂi)%.alaa...azs_l.e [a(sl)] <e [Wl 1) . H T (1 (*1) kilk mod dk) -eq,

d2]'+1 k=i+1

One can prove Conjecture 4.4 using the above result and Proposition 4.14.
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Let us construct the following complexes of G fnT-line bundle

. . -1 (-2 dzin,l X251 n
Ey_q: Ly 1 =1Ly —C, s:1,2,...,{—-‘,

and E3,_; represent an element of the relative K-ring K%fr (C",{x2s—1 # 0}). Note that E5__; ® E3, , represents

an element of the relative K-ring Koch (C",{x2s_1 # 0 or xp¢_1 # 0}) and that there is an inclusion

n

0 0 T
KGf{ (C”, {x1 #0o0rx3 #0or --- or Xp[3] 1 # 0}) - KGfT (([Z”,Vl ) .

n

We state the following conjecture.

Conjecture 4.23 Denote by F*® the complex E] ® - - - ® EE[”} ;- The set {F' ® L]r‘fl ’1 <j< yn} represents a
1]

Z-basis of the torsion-free part of the relative K-ring K& _(C", V[I).
i

Remark 4.24 One only need to prove Conjecture 4.22 or Conjecture 4.23, since the other can be proved using the

following relation
das—1

F 1 =E3 1® P Ly .
i—1

Let us calculate the image of the basis in Conjecture 4.23 under i*ch. Consider g = 8gen. € anr, where a €

I,i € {0,1,2,...,n} N2Z. The component of * Tr(F* & L, ') is

. [—a(én—l)} [%11[—1 (e (_1)”2]1,1] _1> E

i doji1
=2

where F# 1= E} ® - ® EF_, € [KO(Fixg(C"), Fixg (V)] and g := C € [K°({0}, )] A
Then, by using the multiplicativity of Chern character map on different pairs (different subspaces), the component
of *ch(F* @ L ) = chr* Tr(F* @ L, 1) is

; [5]-1 n—2j-1
~a(j 1) (~1)-21a

where ¢, is the generator of [H'(Fix¢(C"), Fixg(VT); Z)] i~z

We claim that z*CNh(F *® LL_l) are linearly independent, and thus F®* ® L{fl represents a C-basis of KOG ; cnvhe
C fi

In fact, let us consider a matrix with row index (i,a),a € I;,i € {0,1,2,...,n} N 2Z with the first | Iy| indices

-
Il
NI~

(0, a)(a increases) then i increases, and with column index j = 1,. .., jt,. We find that the matrix can be decomposed

. . . o . 511 —1)n-2-1 .
into a Vandermonde matrix times a diagonal matrix with entries [ | k ; (e [(1)7”} — 1) # 0. Thus the matrix

j=4 dji1

—

is invertible.
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The I'-class of the orbifold tangent bundle is
. n n -1 n—k
F(yor ) =] (1 Z e moddi)
k=1 k=1 dy

Then, the non-trivial component of the I'-class modification of the Chern character map chr(G$ ® Lf;‘*l) is

. : [%171 n— n n—
% - (2mi)? -e [a(c]lnl)} | (e l(l)lal _1> Tl T <1 (=1 kiik mod dk> e,

=4 J+ k=i+1

Similarly, Conjecture 4.4 can be proved using the above result and Proposition 4.14.
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