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1 N=1 superfields

For this purpose let us quickly recall the A'=1 formalism. In this section only, we distinguish the
imaginary unit by writing it as i.

An N'=1 vector multiplet consists of a Weyl fermion \, and a vector field A,, both in the
adjoint representation of the gauge group G. We combine them into the superfield W, with the

expansion .
7 Wa:/\a+F(a,6)9ﬁ+D9a+"‘ (D
where D is an auxiliary field, again in the adjoint of the gauge group. F,,5 = %a"f&”lFHu is the
anti-self-dual part of the field strength F),, .

The kinetic term for a vector multiplet is given by

/dQH:T tr W, W + cc. )
8m
where dr 9
i '
_ 3
T e t 5 (3)

is a complex number combining the inverse of the coupling constant and the theta angle. We call
it the complexified coupling of the gauge multiplet. Expanding in components, we have

1
2—g2tI'F#VFMU+

6 . 1 2% -
tr Fl, % + — tr D? — = tr A@d\. (“
1 7T2 T 22 +92 T g2 1". @ ()

We use the convention that tr 7°T° = %5“1’ for the standard generators of gauge algebras, which
explain why we have the factors 1/(2g?) in front of the gauge kinetic term. The 6 term is a total
derivative of a gauge-dependent term. Therefore, it does not affect to perturbative computations.
It does affect non-perturbative computations, to which we will come back later.

An N'=1 chiral multiplet ) consists of a complex scalar ) and a Weyl fermion 7, both in the
same representation of the gauge group. In terms of a superfield we have

Q = Q|,_y + 20ab* + FO,0° | , (5)

where F' is auxiliary. The coeflicient 2 in front of the middle component is unconventional, but
this choice allows us to remove various annoying factors of v/2 appearing in the formulas later.
The chiral multiplet (), .. can be in an arbitrary complex representation R of the gauge group G.
The Lagrangian density is then

/ d*0QMeV P Q; + / d*OW (Q) + cc. (6)

where V is the vector superfield, p,’ } is the matrix representation of the gauge algebra, and W (Q) -
is a gauge invariant holomorphic function of Q);

The supersymmetric vacua is obtained by demanding that the supersymmetry transformation
of various fields are zero. The nontrivial conditions come from |

Aa=0,  6Ya=0 | (7)




which give :
D, =0, F=0. (8)

By solving the algebraic equations of motion of the auxiliary fields, we find

ow

50, 0. )

Q;P?:Qi =0,

2 Renormalization

Recall the one-loop renormalization of the gauge coupling in a general Lagrangian field theory:

d 3 (11 2
' g C(adj) — 3

E— = -
dE® = T (4m)2 |3

1
C(Rf) - gC(Rs) o (10)

Here, E is the energy scale at which ¢ is measured, and we use the convention that all fermions
are written in terms of left-handed Weyl fermions. Then E; and R, are the representations of
the gauge group to which the Weyl fermions and the complex scalars belong, respectively. The
quantity C(p) is defined so that '

tr p(T%)p(T®) = C(p)8® (11)

where T are the generators of the gauge algebra and p(7?) is the matrix in the representation p,
normalized so that C'(adj) is equal to the dual Coxeter number. For SU(N), we have

Cladj) = N,  C(fund) = % (12)

In an N'=1 gauge theory, the equation simplifies to

d g )
E59 = ~ arys 30(ad) ~ O(R) (13)
or equivalently
d 8m? )

~ where R is the representation of the chiral multiplet. ,
In a supersymmetric theory, the coupling g is combined with the theta angle 6 and enters in the
Lagrangian as ' |

1 / PO—rtr W W +cc. | | (15)
' 8
where 7 is given by ' | ,
g - 6 ;
= —. 16
T e +o- , (16)

We call this 7 the complexified gauge cdupling.




We can consider 7 to be an expectation value of a background chiral superfield. There is a
renormalization scheme where the superpotential remains a holomorphic function of the chiral
superfields, including background fields whose vevs are the gauge and superpotential couplings.

In this scheme, the one-loop running coupling at the energy scale E can be expressed as

b

E .
T(E)ZTUv—%IOg—AUV"‘"' (17)

where b is the rational number appearing on the right hand side of (14) or (??). Note that the
coupling 7 starts from 1/g?, and therefore the n loop diagram would have the dependence g2,
The constant shift as in the imaginary part in (17) is then a one-loop effect.

Perturbation theory is independent of the # angle, since F,WFW is a total derivative, although.
of a gauge-dependent quantity. Therefore the n loop effect is a function of (Im 7)™, which is not
holomorphic unless n = 1. We conclude that the running (17) is one-loop exact in the holomorphic

scheme. We find that the combination
Ab — EbeQﬂ‘iT(E) (18)

is invariant to all orders in perturbation theory. We call this A the complexified dynamical scale
of the theory.! Note that A is a complex quantity, and can be considered as a vev of a background
chiral superfield.

This one-loop exactness does not necessarily mean that the physical gauge coupling, which con-
trols the scattering process for example, is one-loop exact. In the holomorphic scheme in generic
N'=1 supersymmetric theories, we have nontrivial wave-function renormalization factors Zij

/ d9Z7(E)Qle¥ Q; (19)

which need to be taken into account by a further field redefinition to compute physical scattering
amplitudes. This is known to produce further perturbative contributions to the physical running of
the gauge coupling. For more on this point, see e.g. [2].

3 Anomalies

3.1 Triangle anomaly

Non-abelian gauge theories have an important source of non-perturbative effects, called instantons.
This is a nontrivial classical field configuration in the Euclidean R* with nonzero integral of

1672k := / tr F, FH. (20)
. R4

. 1A redefinition of the form A — cA by a real constant c corresponds to a redefinition of the coupling of the form
1/g% — 1/g2 — ¢ where ¢’ is another constant, or equivalently g% — g?+ ' g* + - - . Therefore this is a redefinition
startirig at the one-loop order, keeping the leading order definition of g2 fixed. In this lecture note, we do not track
such finite renormalization of the coupling very carefully.




In the standard normalization of the trace for SU(N), k is automatically an integer, and is called
the instanton number. The theta term in the Euclidean path integral appears as v
4 E,
exp 16 — trf 7 21
Therefore, a configuration with the instanton number % has a nontrivial phase e?’*. Note that a
- shift of § by 27 does not change this phase at all. Therefore, even in a quantum theory, the shift
6 — 0 + 2 is a symmetry.

Using
tr FF = 3 tr(Fy, :i:‘]:",“,)2 Ftr FPUFW _>_ Ftr Fuuﬁ’w, (22
~we find that
/ d*ztr F,, F,, > 1672k | (23)
which is saturated only when
Fuy+ Fu o Fog=0 or Fu—Fu o Fy=0 (24)

depending on the sign of k. Therefore, within configurations of fixed k, those satisfying relations
(24) give the dominant contributions to the path integral. The solutions to (24) are called instantons
or anti-instantons, depending on the sign of k.

In an instanton background, the weight in the path integral coming from the gauge kinetic term
is

) ,
“exp [—2—92 / tr'FWFWJrilG7r2 / tr FWF’“’} = 2™k, (25)

We similarly have the contribution e?™7l¥l in an anti-instanton background. The fact that we have
just 7 or 7, instead of more complicated combinations is related to the fact that in the instanton
background in a supersymmetric theory, Ay = F, e = (0 assuming the D-term is also zero, and
thus the dotted supertranslation is preserved. S1m11ar1y, the undotted supersymmetry is unbroken
in the anti-instanton background.

Now, consider charged Weyl fermions v, coupled to the gauge field, with the kinetic term

: @@Duaﬂdawa . | (26)

Let us say 7, is in the representation R of the gauge group. It is known that the number of zero
modes in 1), minus the number of zero modes in 14 is 2C(R)k. In particular, the path integral
restricted to the k-instanton configuration with positive & is vanishing unless we insert k additional
9’s in the integrand. More explicitly, ‘

(0:02) = [ [DYIDF010;- -5 =0 @n

unless the product of >the opérators 0,0, -+ contains 2C(R)k more 7’s than ¥’s. This is in-
terpreted as follows: the path integral measures [Dv] and [D1)] contain both infinite number of

4




integrations. However, there is a finite number, 2C'( R)k, of difference in the number of integration
variables. Equivalently, under the constant rotation

Yo P, o e, | (28)
the fermionic path integration measure rotates as ‘

[Dw] N [Dw]e+ooicp+20(R)ki<p7

_ _ . 29
(D3] - [Dje. )
‘When combined, we have

1

IDUI[D] - [DUIDFDR = (DY exp [20(R)p 2 [wFuf|. GO

This can be compensated by a shift of the # angle, § — 6 + 2C(R)y. As we recalled before, the
shift § — 6 + 27 is a symmetry. Therefore, the rotation of the field ¢ by exp(éﬁa) is a genuine,
unbroken symmetry. ‘

3.2 Global anomaly

One needs to be careful about Witten’s global anomaly [3]. It is known that a Weyl fermion in
the doublet of gauge SU(2) is anomalous, due to the following fact. When we perform the path
integral of this system, we first need to consider

Z[A)] = /[Dwai][DzZai]e‘f $Duote | (31)

where ¢ = 1,2 is the SU(2) doublet index. To perform a further integration over A, consistently,
we need '

Z[A) = Z[AS), A% =g 'Aug+g '0ug. (32)

for any gauge transformation g : R* — SU(2). These maps are characterized by 74(SU(2)). It is
known that

74(SU(2)) = m4(S?) = Zs. (33)

Let go : R* — SU(2) be the one corresponding to the nontrivial element in this Z,. Then it is
known that . '
[Dtoi][ Dpei] = —[Dtbos][ Dibes] | (34)
resulting in ‘
- Z[AR] = -Z[A,, ‘ (35)

thus making the path integral over A, inconsistent.

In general m4(G) = Zs if G = Sp(n), and m4(G) = 1 otherwise. Therefore Witten’s global
anomaly can be there only for Weyl fermions in a representation R under gauge Sp(n). A short
computation reveals that there is an anomaly only when C(R) is half-integral.

5




Witten’s anomaly is always Z, valued in four dimensions. Therefore full hypermultiplets are
. always free of Witten’s global anomaly. The danger only exists for half-hypermultiplets of gauge
Sp(n). For example, one cannot have odd number of half-hypermultiplets in the doublet represen-
tation of gauge SU(2), or more generally, one cannot have half-hypermultiplets in a pseudo-real
representation R of gauge Sp(n) such that C(R) is half-integral.

4 N=1 pure Yang-Mills

4.1 Confinement and gaugino condensate

As an example of the application of what we learned in this section, let us consider the N'=1 pure
supersymmetrié Yang-Mills theory with gauge group SU(/N). The content of this section will not
be used much in the rest of the lecture note. '

This theory has just the vector multiplet, with the Lagrangian

L= /dQHS——ZT tr W, W + cc., W, = A + FagGB 4. ’(36)
I
The one-loop running of the coupling is given by
ok (E) = 3N, 37)
oF I o

and therefore we deﬁne the dynamical scale A by the relation
AP = TV A (38)

We assign R-charge zero to the gauge field, and R-charge 1 to the gaugino A,. The phase
rotation A, — €“’)\, is anomalous, and needs to be compensated by 6 — 6 + 2N . The shift of
6 by 2m is still a symmetry, therefore the discrete rotation

Ao = €™NN, O 0+27 (39)

is a symmetry generating Z,y. Note that under this symmetry, A defined above has the transfor-
mation ~
A — 2m/BNIA | (40)
This theory is believed to confine, with nonzero gaugino condensate (A, A*). What would be
the value of this condensate? This should be of mass dimension 3 and of R-charge 2. The only
candidate is
(AaA®) = cA3 (41)
for some constant c. The symmetry (40) acts in the same way on both sides by the multiplication
by €>™/N Assuming that the numerical constant c is non-zero, this Zy is further spontaneously
broken to Z,, generating N distinct solutions

(Aah?) = ce2me/N p3 42)

6




where / = 0,1,..., N — 1. Unbroken Z, acts on the fermions by A\, — —A\,, which is a 360°
rotation. This Zy symmetry is hard to break. ' :

It is now generally believed that this theory has these N supersymmetric vacua and not more.
For other gauge groups, the analysis proceeds in the same manner, by replacing /N by the dual
Coxeter number C(adj) of the gauge group under consideration. For example, we have N — 2
vacua for the pure A'=1 SO(N) gauge theory. '

4.2 The theory in a box

It is instructive to recall another way to compute the number of vacua in the N'=1 pure Yang-Mills
theory with gauge group G, originally discussed in [4]. We put the system in a spatial box of size
L x L x L with the periodic boundary condition in each direction. We keep the time direction as R.
By performing the Kaluza-Klein reduction along the three spatial directions, the system becomes
supersymmetric quantum mechanics with infinite number of degrees of freedom.

The box still preserves the translation generators # and the supertranslations ()., unbroken.
We just use a linear combination Q of @, and @1, satisfying

H=P'={0,Q". | VL)
We also have the fermion number operator (—1)f such that :
{(-D". 9} =0 (44)
Consider eigenstates of the Hamiltonian H, given by
H|E) = E|E). ' (45)
In generﬂ, the multiplet structure uﬁder the algebra of Q, Q', H and (—1)¥ is of the form

o QIE) & (Q'Q-QONE) (46)
|E) « QIE) ¥ |
involving four states. When Q|E) = 0 or Qf|E) = 0, the multiplet only has two states. If
Q|E) = QI|E) = 0, the multiplet has only one state, and E is automatically zero due to the
equality ' ‘
E(EE) = (E|H|E) =(E|(QQ" + Q'Q)|E) = |Q|E)|* + |Q"|E) *. 47

We see that a bosonic state is always paired with a fermionic state unless F = 0.
This guarantees that the Witten index

tre PH(—1)F = tr nf | (48)

‘E:O(_
is a robust quantity independent of the change in the size L of the box: when a perturbation makes
a number of zero-energy states to non-zero energy £ # 0, the states involved are necessarily

composed of pairs of a fermionic state and a bosonic state. Thus it cannot change tr(—1)F.

7




Therefore, we can compute the Witten index in the limit where the box size L is far smaller than
the scale A~ set by the dynamics. Then the system is weakly coupled, and we can use perturbative
analysis. To have almost zero energy, we need to have £, = 0 in the spatial directions, since
magnetic fields contribute to the energy. Then the only low-energy degrees of freedom in the
system are the holonomies

Uy, Uy, U, € SU(N), (49)
which commute with each other. Assuming that they can be simultaneously diagonalized, we have
U, = diag(e't, ..., %), (50)
U, = diag(e?, ..., %), (51)
U, = diag(e”1, ..., '), (52)

together with gaugino zero modes
AL AT AR LA - (53)

with the condition that

Se=Ye-Ye-o Yam=Yatoo 6

1 ]

The wavefunction of this truncated quantum system is given by a linear combination of states of
the form '
NN - Atab (675 675 67) - (55)

1717

which is invariant under the permutation acting on the index 2 = 1, ... N. To have zero energy, the
wavefunction cannot have dependence on 6;¥"* anyway, since the derivatives with respect to them
are the components of the electric field, and they contribute to the energy. Thus the only possible
zero energy states are just invariant polynomials of As. We find [V states with the wavefunctions
given by

1,8, 82 ..., 8N (56)

where S = Y, A?='A?=2. They all have the same Grassmann parity, and contribute to the Witten SV ()*)
index with the same sign. Thus we found [V states in the limit of small box, too. §£)I zn
The construction so far, when applied to other groups, only gives 1 + rank G states. For ex= ‘
ample, let us consider for G = SO(N) for N > 4. Then the method explained so far only gives 0(3)
| V/2] + 1 states ‘ f g

: . _ T3
and does not agree with C'(adj) = N — 2 when N > 7. This conundrum was already pointed out "%
in [4] and resolved later in the Appendix I of [5] by the same author.? What was wrong was the SS@':
assumption that three commuting matrices U, ,, , can be simultaneously diagonalized as in (52). It (B’C%

1, 8, 82, ..., SW/2 (57)

It is a sad state of affairs that a problem reported in such an important paper as [4] was not resolved for 15 years S

by any other physicist. It seems that people in our field rely too much on the author of [4, 5]. (o<, Ty Oy
| TGSy
8 \ |
§ "\ > AS* f d vac . lr

SR d v #w
i |
A SV

1
|




is known that there is another component where they cannot be simultaneously diagonalized into
the Cartan torus. For SO(7), an example is given by the triple

U = diag(+ + — — — + —), (58)
US = diag(+ — + — + — —), ~ (59)
UM = diag(— ++ +— — —). (60)

These three matrices might look diagonal, but not in the same Cartan subgroup. This component
adds one supersymmetric state. Then, in total, we have (17/2] +1)+1=5=7-2, reproducing
C(adj).- -

For larger N, one can cons1der Usz,y.- given by the form

v.=UPeU, U,=UPeU, U.=U"el, (61)

where U’ _ are in the Cartan subgroup of SO(N — 7). Applying the analysis leading to (56) in-

Z,Y,2
both components, i.e. in the component where U, , , are in the Cartan subgroup of SO(/V), and in

the component where U, ,, , has the form (61), we find in total
(LN/2J+1)+(L(N—7)/2J+1)=N—2 , (62)

zero-energy states, thus reproducing C'(adj) states. This analysis has been extended to arbitrary
gauge groups.
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