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&« €arly string days: world-sheet modular invariance has
played major role in context of perturbative string theory

> partition function invariant under Si(2,2Z)
transformations

Z(t)=Z(r+1)=2Z(-1/1)
¢ + = modular parameter of world-sheet torus

« advent of target space and non-perturbative dualities:
= yet another branch of mathematics of automorphic
forms invariant under infinite discrete groups G(Z)

> physical amplitudes
A({P}) , d e H\G(R)

e Scalar manifold is symmetric space
(for theories with many SUSY's)
¢ duality symmetries identify points related by duality

group G(Z)

Si(d) mapping class diffeomorphism invariant /4
G=4 SO(d,d) T-duality pert. type II string/T4
Eit1(a+1) U-duality non-pert. type II string/7T¥

« supersymmetry constraints induce 2nd order differen-
tial equations on certain BPS-saturated amplitudes

= harmonic analysis on scalar moduli spaces can
provide us with exact amplitudes, manifestly invariant

under duality group G(Z)
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Example and motivations

> prototypical example: type IIB R* coupling in 10D

- - & 2 S
— ES"(E‘Z,) - . Oy
/& S & Z lm 4 nt|?
(mmn)#*=(0,0) - :
= tree 4+ 1-loop 4+ D-instantons
Lrt. 200 )
A& = 5'(3 o 1)5‘, - &f'(l)\S[(Q) - TE(DE + 53;)

Green, Gutperle/Berkovits/Pioline/Green,Sethi

« Motivation to study exact amplitudes:

¢ hints for rules of I-classical calculus in string theory
achas/Green, Gutperle
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¢ applications to rix models
oore, Nekrasov,Shatashvili/Kostov, Vanhove
Gava,Hammou, Morales, Narain
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e applications in AdS/CFT correspondence
Banks, Green
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« Instead of ﬁsing symmetries: other way to obtain
éxact results is via string-string duality

> For example for vacua with 16 SUSY
Harvey,Moore/Antoniadis, Pioline, Taylor
Bachas, Fabre, Kiritsis, NO, Vanhove/Kiritsis, NO
Gregori,Kiritsis, Kounnas,NO, Petropoulos, Pioline
Lerche,Stieberger/Lerche,Stieberger, Warner/Foerger,Stieberger

¢ |ess general, since need to be able to control the result
on one side of the duality map.

C...&‘ ba(lk C"l"feq



A
Symmetries and exact amplitudes

QU‘S‘LI__ theory symmetry
16 Het /T S0(6,22, Z) x Si(2. Z)
16 1B /K> SO(5,21,Z)

32 e Si(2, Z)

32 | M/T* (~ 11/T7) Ejt1(a4+1)(Z)

« amplitudes are given by automorphic forms_ of duality
group: selection criteria

¢ leading behavior (first perturbative terms)

o SUSY constraints (partial differential equations)

> generalize 10D R* coupling to arbitrary toroidal
compactification of type II string theory using U-duality
Kiritsis, Pioline/NQO, Pioline

¢ perturbative amplitudes of I1/79: T-duality invariant
e non-perturbative amplitudes of 1I1/7%: U-duality inv.

« need T and U-duality invariant building blocks:

1/2 BPS states

> usé these invariant functions to construct Eisenstein
series that describe (non)-perturbative string thresholds

¢ Eisenstein series for various Lie groups (math)
¢ Similar techniques in context of gauge theories and

B o e e e —

little string theories

Ganor
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Plan

1. T- and U-duality invariant 1/2-BPS mass formulae
in toroidally compactified Type II/M-theory

2. Eisenstein series and 1/2 BPS states

3. Exact R* couplings in type II string theory

4. Higher genus terms and R*H*9—* couplings

* 5. Conclusions and outlook




Tnﬁual;'ty invariant 1/2-BPS mass formulae

> Perturbative type II on 7"
¢ NSNS scalars: dilaton ¢ . gi; . B;; on torus
*  S0(d,dR)

R+

" 80(d) x SO)

T-duality symmetry: SO(d.d.Z) D Si(d,Z)

« 1/2-BPS states form representations of T-duality group

*
Og Sptnor

2 N
spinor o1 — o2 — 03 —-++=— 04_1 vector
vector : KK,winding (m;, n')
spinor . D-strings = D2/T1,D4/T3,.. mi, m3,m>,..
gpinor . D-particles = D0, D2/T2,D4/T4,.. m,m2,m*,...
» T-duality invariant mass formulae

M?(vector) = (m; + B;jm’)g" (my, + Bum') + m'g;;m’

1/2 BPS condition: k = ||m||° = 2m;m' =0

¢ Similar mass formulae 4+ BPS condition for spinor
Dijkgraaf, Verlinde, Verlinde/Pioline, Kiritsis/NO, Pioline
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U-duality of toroidally compactified M-theory

« M-theory on T%+! ~ non-perturbative IIA on 79
Witten/Townsend

e Scalars: gr7.C3z (and duals)
> take values in coset space: Hyi1\Egyi0a4+1)(R)

D \ Eap1a+1)(R) Hgy _—]
Rt 1

SI(2,R) xR U(1)

. SI(3,R) x SI(2,R) | SO(3) x U(1)
SI(5,R) SO(5)
SO(5,5,R) SO(5) x SO(5)
Fg(6) | USp(8)

E7(7) SU(8)

| Eg(g) _ SO(16) |
| d+1 Hull, Townsend
« U=duality symmetry of M-theory on T

Eyr1a+1)(Z) = Sl(d + 1,2Z) 1 SO(d, d, Z)

¢ discrete versions of continuous (Cremmer-Julia)
hidden symmetry groups above

® includes perturbative T-duality

¢ inCludes also Ri1 « R; (with R11 = gsls)

= non-perturbative (mix type II NSNS and RR scalars)
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‘Representations of U-duality and BPS states
< 1/2-BPS states: reps. of U'dua"w group Ed-l-l(d-l'"l)

©0

£\ .
%ﬁ-;“ m'@rl — 03 — 03 — 04 =—+++— 04 particle

particle: KK ,M2/T? M5/T>.. (my1,m2,m>,..)
string: M2/T! M5/T4.. (nt,n%,..)
> U-duality invariant mass formulae

M2 (particle) = (in1)? + ;¢ (m2)” 4+ 1512 (m®)° + ...

1 = my + C3m? 4+ C3C3m° + ..
mZ= m24+Csm>+... : r'ﬁ5=m5-|-

NO, Pioline, Rab:nowc:
« 1/2-BPS condition on the particle multiplet =
string multiplet constructed out of the particle charges
- 7 S

k1=m1m — - k4—m1m +m

Ferrara,Maldacena/Hofman, Verlinde, Zwart/NO, Pioline
> branching under perturbative SO(d,d) subgroup

particle = wvector @& spinor D...
(KK, w) D-particles
string = singlet & spinor D...
F-string D-strings



General structure for toroidal compactified
- N type II and M-theory

> modull space spanned by scalars is symmetric_space

of non=compact type

H\G(R) , H = maximal compact subgroup

¢ T-duality of 11/T? — perturbative: G = SO(d,d)
¢ U-duality of M/T*! ~ II/T? - non-perturbative:
G = Eyt1a+1)

« duality symmetry identifies different points in moduli
space: discrete subgroup of G(R)

duality symmetry : G(Z)

> BPS states fall into representations R of duality group
« 1/2-BPS states have G(Z)-invariant masses

M?*(R) = m - Mr(g) - m
¢ moduli matrix in representation R
Mr(g)=V'V , V=A-N (Iwasawa)

1/2-BPS constraints : k=mAm=0

> physical amplitudes should be invariant under G(Z)

= for type 11/T

e perturbative amplitudes invariant under SO(d,d, Z)

¢ non-perturbative amplitudes invariant under E 4 1 441)(Z)
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h Generalized Eisenstein series

> USing U-duality and T-duality invariant mass formulaée
— can construct automorphic forms for T and U-duality

1
ME(R)]"

NO, Pioline

¢ depend on G(Z)-invariant 1/2-BPS mass formulae
M?(R) =m - Mr(g) -m

¢ g = moduli (parametrizing symmetric space H\G(R))
@ Mp(g) = moduli matrix in certain rep of G(Z)

¢ generalize standard non-holomorphic Eisenstein series
on fundamental domain of Poincaré upper half plane

¢ ((Z) stands for

fre @)= 3 Smam) -

IHEX\Q\\{D}

group | moduli |
mapping class group Sl(d, Z) 9ij
T-duality group SO(d,d,Z) | gij, Bij
~ U-duality group Eqiia4+1) | 910:Crixk |

« the 6 insertion imposes the half-BPS condition
> required both on physical and mathematical grounds

AH'\(’ 8%1?) — ?()\ P — 5)\) 5((2)

e ) is highest weight, p is Weyl vector

> Basis of invariant functions (aside from cusp forms)
is expected to correspond to nodes of Dynkin diagram

10



- One-loop amplitude and Eisenstein series

« type II R* (+ other half-BPS couplings):
one-loop integral is modular integral of lattice partition
function

ri_/_ d.’d(gB T)

> integral I, is eigenmode of two differential operators

d(2 — d d(2 —d
A:ﬁ'{’)(d,fi)‘rd - ( )Id ’ Oadg = ( 3 _)'In'

4
Kiritsis, Kounnas/NO, Pioline

e order s = 1 spinor and s = d/2 — 1 vector Eisenstein
series have same eigenvalues
¢ large volume expansion

272
h=—Z2-"Ver 2V ¢ f‘}i;fz)(g,:j) + ...

e explicit evaluation for low d

>
i = ;(R+ )

I = 2w In Us|n(U)|* — 27 In T |n(T)|*

« €an show that

SO(dd,Z) SO dd Z
F - SéO(ddZ) - gﬂpmur s=1 c gpm(ur 3=1) d = 1 2
vector;s=2<—1 SSO(dd Z) SSO(ddZ) d>3

spinor;s=1 spinor;s=1

\4 11



Exact R* couplings in low dimensions

« U=duality invariant R* coupling has to reproduce
tree-level contribution and one-loop term:

ffﬂ = 2¢(3)Vy + 1; 4+ non-pert.

i N

V. P O(d.c
d gm(m,Z) + g.‘:(J(d..f._Z)

spinor,s=1

9s
> use branching rules of E;41 441 into SO(d,d):

- 4+ non pert.

“singlet; s=3/2

V ‘;2

2 -— 2 d » 42 d 2
Mﬂtring = Msinglet + '{}E’Mspinﬂr + _4M

=% Ejisenstein series in the string representation has
the correct small coupling expansion

R = Vil eEuuin(Z) B
d — [9 string,s=3/2 - m,-
p *B?SJQ'

¢ natural generalization: involves M-theory strings

« Beyond tree-level and one-loop terms, this exhibits
non-perturbative O(e~1/4) effects from instantonic
D-branes wrapped on T

¢ in D < 6 there are also contributions from the extra
rep (singlet for D = 6), which scale as e /%

> also evidence for identities

@Fl EE;HIHHI(Z) — EE-1+1{-I+1](Z) — 1/:1"'1 EEJ-I-!.(;I+1}(Z)
[9 string;s=3/2 particle;s=d/2-1 [9 membrane,;s=1
p p
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Higher genus integrals and higher derivative

. couplings
> can apply similar techniques to genus g integrals
I 3 _— dp Z}id (.‘?'ij'r B*i.:; T)

Jd M

de of SO(d,d) Laplacian — conjecture
79 o Sﬁf;)(d,.-f..Z) + F.ﬁ‘f}(d.d,Z)
d =

“spinor, s=y ‘spinor;s=g

« N=4 topological string on 72
— higher derivative couplings R*H** in IIB on 77
Berkovits, Vafa/Ooguri, Vafa

> R*H% % couplings in IIB on T% (H = dBgg):

2 | R*(m - Hrg)**
j = /d]LGn’:L1 ;’_7 6(m/\m) ﬁﬁ(.‘i—l)'ﬁf’ — —
| Z (m - M (spinor) - ’.'*n,):;"""_2

m

« USeé group theory arguments and large volume
expansion to conjecture non-perturbative completion

[ = Ydt1 / 092 /=5 3 " 6(mAm) LS il
I = (m - M(string) - m)>? >

NO, Pioline

¢ appropriate scaling dimension
e correctly gives tree-level NS and g-loop RR result
¢ generalize the Si(2,Z) (covariant) modular functions

fra = P2 /[(m + nr)P(m 4 n7))

Kehagias, Partouche/Green, Gutperle, Kwon
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Asymetric thresholds and e#iptic genus

> mmw BPS saturated couplings for toroidal
ompactification of heterotic string

d°r _ ;
lax = / =1 dd+k(g, B, Y 1) A(F,R,T)
JE T5

¢ A, = almost holomorphic modular form, weight —k /2
¢ BPS condition only constrains left movers to ground
state = all right-moving oscillations contribute

Himax

A(F,R,7) = -—A(”’)(F R, q) | g = 2"

-l
=0 2

« A" have Laurent expansions, with at most simple
pole in g (left-moving tachyon)

> use analogous differential equations
d(id+ k — 2)
a4

& ]
¢ nNot eigenmode of the operators Agpaa+r) due to
presence in A of the tachyonic pole in 1/q

— T22 7D | Zgg+r = 0

Aso(dd+k) T

> pole term in A generates harmonic anomaly localized
at enhanced symmetry points in the moduli space
— not captured by any candidate Eisenstein series

« the term integrated by parts involves the descendant
of the elliptic genus

¢ automorphic forms of SO(2,2 + k)
Borcherds/Harvey,Moore/Kiritsis, NO
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Conclusions

ouilding blocks are T and U-duality multiplets <4
riant 1/2 BPS mass formulae

1/2 BPS : M? = M3(m)

1/4 BPS : M? =MZ(m)+V/T3(n) , nx~mAm

N series describe various BPS saturated
émﬁplings in type II or M-theory on T

> usé T-, U-duality symmetry and SUSY to determine
exact couplings:

« Obtained convenient representations of manifestly
T-duality invariant 1-loop and g-loop amplitudes

hek,

« éxact non-perturbative R*H*~4 couplings in toroidally
compactified M-theory in terms of order s = 3g — 3/2
Eisenstein series of string multiplet of M-theory

MBPS =

fq ~ Z 6; T = tree 4+ g-100p + non-perturbative
BPSU

¢ ¢ /9% instanton effects: Euclidean D-branes wrapped
on varl;_ous cycles
¢ ¢ /9 jnstanton effects: NS5-brane wrapped on 7°
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« Open directions:

> have focused on 1/2-BPS saturated couplings in
raximal SUSY

¢ couplings preserving lesser amount of SUSY

E.g. 1/4 BPS states: expect cubic Casimir, generalized
Eisenstein series Qﬂ.t;. 'n-"-l.lr Kerivative (Grer.])
¢ 1/2-BPS states in theories with lesser SUSY

(Eisenstein series seem of little use when gauge

symmetry enhancement at particular point in moduli

space occurs)
« Het, IIB on K3, FHSV model ...

> moreé careful analysis of instanton contributions:
e 1/9-effects from NS5-branes

> stable non-BPS states 7
« mathematics:

¢ wealth of explicit examples of modular functions on
symmetry spaces of non-compact type

& Many conjectured relations between Eisenstein series
in various representations

¢ spectrum also contains discrete cusp forms:
from string theory 7
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