Brane Resolution on Ricci Flat Spaces

e Motivation: resolution via transgression
e Examples:
~ [llustration: Resolved self-dual string

— Summary of resolved D3 and M2-branes & other
examples

e Mathematical aspects: explicit harmonie forms on
Ricel Hat spaces

e Summary, open avenues

e w/ H. Lii and C. Pope, hep-th/0011023
e w/ G. Gibbons, H. Lii and C. Pope, hep-th /0012011
e (w/ K. Behrndt, hep-th/0101007 )

e & work in progress



I. Motivation

AdSp.,/CF Ty correspondence: new insights into strongly
coupled superconforinal gauge theories in D-dim.
Prototype: D=4; D3-brane Type 1B SG:

dsty = H " dx - de+ H" (dr* + r* i),

‘Fqlfﬁ] = dliIﬁdH“l+§{d'lmﬂdH—1)T
i
H =[.:'=PH=1+_I )
r

Decoupling:
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string th. on AdSs x S° < D=4, N =4 SYM

Goal: Elucidate QUD. or at least N=1 D=4 SYM
=
viable (non-singular) supergravity duals w/ less SUSY



Comment

Progress within D=5 N=2 gauged supergravity:

e Gauging of vector-multiplets: generically singular
solutions.

w/ Behrndt, Kallosh/Linde, Ceresole/Dall'Agata - - -

e Gauging of hyper-multiplets; novel gravity solutions:

w/ Behrndt hep-th/0101007

- smooth conformal solutions in IR and UV:
— solutions that are flat /supersymmetric in 1R;

— (e-theorem violating solution/potential to trap
gravity)

Thus, examples of viable gravity duals of N=1 D=4
F'l's

=

Higher-dimensional embedding and interpretation



Supergravity solutions with less supersymmetry

Flat transverse 6-dim. space ds§ = dr® + r* dS2;
replaced by (non-compact) Ricci-flat space w/ fewer
Killing spinors. Still:

H=.

e + Two birds with one stone: solution with reduced
supersymmetry & broken conformal invariance.

e - H - singular = solution singular!



Resolution of Singularity

Turning on additional Huxes (“fractional” branes)
In the D3-brane context:

Chern-Simons Term = Modified eqs.:
NS 1 -
liF[ﬁ] = d*F[;-. - F::ub A P[L{JH — -_#;P[:u A F[HJ ;

— RR S P o

Ly~ harmonie self-dual three-forms on 6-dim. Ricei-
Hat space. = A possibility for a smooth solution.
Emploved by Klebanov/Strassler [hep-th/0007191]
also Klebanov /Tseytlin [hep-th/0002159], Pandos-Zayas/Tseytlin
[hep-th,/0010088]
Related Follow up work: Grana/Polchinski, Maldacena/Nuiiez,
Gubser, Becker/Becker, Herzog/Klebanoy, - - -
Earlier work: Klebanov/Witten, Klebanov/Nekrasov, Klebanov/Tseytlin



General Context: Resolution via Transgression!

w/Lii and Pope [hep-th/0012011)

Chern-Simons type modifications- “transgressions” =
modify Bianchi identities or eqs. of motion when addi-
tional fluxes turned on.

p-brane configurations w/ (n+1)-transverse dim. ( “mag-
netic” Hux F,,)) and additional fluxes F{, ). Transgres-
sion implies:

dF{”} =‘H..“J .I'""an].; (p+g=n+1).

If the (n + 1)-dim transverse Ricci-flat space admits
harmonic p-form Ly,

Egy~mbL),  Fgy~p* L.
Depending on L* normalizability properties of L,
= resolved (non-singular) solution

Hlustration first for a somewhat sinpler example than
[X3-brane.



11. Examples

1Ia.Self-dual string
The self-dual string in D = 6, (1,0) supergravity the-
ory:

L=.4g(R : F{i] Fg) = k.

Flat transverse space solution:

dsf,; = H Y (=dt* + dz*) + H (dr* + r* d3).

Fy = dt Ade AdH ™' + dual .
2
H=0= H=1+ %
;
Decoupling:

2 decouplii 2
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Self-dual string with less supersymmetry:

Replace the 4-dim. flat space with Eguchi-Hanson:

dsi = W dr*+ 3 W (dip+cos 0 dg)+ 112 (d6? +sin® 6 do?) ,

W=1-4%r={a,c0}
[Vielbeine:

e =W 124t ; e’ = %r W2 (dy + cos 8 do) ,
e = %r dfl et = v sinfde .

Solution:
o =0 =
(r"WHY =0 =
" + a
H=1 y log 3
+ ¢ log {’.3"2 - [.!.2}

Asr — oo, H ~ 1/r?, however it is singular as r — a.



Resolved self-dual string

Modification of Bianchi identity via transgression D—6
(1,0) 5G as K3 reduction of heterotic string]:

dFiy = dxFiy = Fy, A F}

(2)

(£5 (1 = 1,-++16) are gauge-held strengths in Cartan subalgebia
of Es x Eg or Spin(32).)

Modified Ansatz (single U(1)-gauge field):
dsﬁ = H™ (—dt* +d2*) + Hd&i,
Fy = dt ANdx AdH ™ + dual,,
o) = MLy,
172
H = —EL{'-'] A
L ,,-harmonie, self-dual 2-form:
L = ﬁ{ﬂﬂﬁeﬂ+euhfz}.

(¢'-Vielbeine of Eguchi-Hanson metric, L - L=-normalizable)



A solution:

g o F_ 4 2
m* +a' b r°—u It
By T gy
a0 B3 + -'11”] 2012’
w/ integration constant choice: b = —m*/a’;
2
1
H=14+———.
2a1r?

Supersyuunetric, completely regular solution [due o L* nor-
malizability of L))

In the proper distance coordinate p (W2 dr = dp),
p — 00!

e 0



Field Theory implications

Reduction on ¢, # and ¢ coordinates of Eguchi-Hanson
& the decoupling limit (H — R?/r?);

D = 3 domain wall solution:

2 R2 di2

W (=dt* + dz®) +

: P
d&l = — :
37 R P2

Non-singular, asymptotically AdS; (conformal) grav-
ity dual of 2-dim. CFT theory with 1/2 of maximal
SUSY.

Implications: e.g., bound-state spectra in [R (small
r) regime =
discrete spectrum, indicating confinement



IIb. Summary of Resolved D3 and M2-branes

D3-branes

Bianchi identity modification:
dFis) = dxFi5) = Fig) A Fly)
Modified D3-brane Ansatz (w/ additional Huxes):
3y = H "2 dat da” v, + H'?ds?,

oy = d NdH "+ 3dH,
RR , : N
Fg = FE-J;R i F}als =m Ly,

Ly, complex, harmonic self-dual three-form of 6-dim.
Ricci-flat space &

-_-H = ‘—ﬁmz |L[_~”|2 .

ot Klebanov/Streassler [hep-th/O00T7 191! and
Fatiwioss davies) L sevtlin hepe=eh /OO RS

two-different Ricei-flat resolutions of the G-dim. conifold.]



M2-brane

Modifed Bianchi identity:
d*Fi-ﬂ = %‘F:.-IJ M Fidj 1
Modified M2-brane Ansatz:
d5}, = H P dz" dz” ., + H'? dsj,
Foy=dzANdH ' +mLy,

Ly harmonie, self-dual 4-form of 8dim. Ricci-flat
transverse space &

_ 1,272
ol = —gm” L, .

[Related work Hawking/ Taylor-Robinson [hep-th/9711042), Duti
et al. [hep-th/9706124).]



ITlc. Other Examples

Bianchi identity:
dFy = Fpy A Fg, ptg=n+1.

Branes with additional with (n + 1)-transverse dimen-
sSlons:
e DO-brane: d+F, = #F;, A Fjy,
e Dl1-brane: d#Fﬂf = Flay A Eﬂf}s
———= o D2-brane: dxF|,, = F,, A Fiy
e D3-hrane: dﬂm = &' M -FT[J:}
o Dd-brane: dF,, = Fi3 A Fy
— o [IA string: dxFjy, = Fiy A F,

o [IB string: d*ﬁﬁ? = Fiz A ‘!"T‘[!.:‘}H

i HET :}‘hri"}-ﬂﬂ: dﬂj; = 'FE!;.’} A 'F?l]

Construction of explicit harmonic forms on non-compact
Ricei-flat spaces.

=
Explicit solutions of resolved p-brane solutions.



II1. Mathematical developments

w/Gibbons, Li and Pope [hep-th/0012011]

o Fxplicit construction of (p, g)-forms in the middle
dimension (p+¢ = n + 1) for 2(n + 1)-dim. Stenzel
metric.

e Explicit construction of a class of Kahler metrics on
" bundles and their middle-dimension harmonic
forms in 2(n + 1)-dim,

e Construction of harmonic forms on 7-dimn. Ricei-Hat
spaces with (» holonomy, as well as 8-dim. spaces
with Spin(7) holonomy.



IIla. Stenzel metric

e Ricci-flat metric in 2(n+ 1) dim. w/ asymptotically
(r — o0) conical space.

e Level surfaces (at fixed r) are SO(n + 2)/SO(n)
coset space.

e Asr — ()
ds® ~ dr® + 1’6} + o? + v/
Topology: R"*! x §"+1 (§n+1“holt"),
e Examples:
—n = . Eguchi-Hanson metric
n =2 deformed conifold [Cauudidas/de la O

—n =3 new example of eight-dimensional Ricci-
flat space

—n > 3 dimension = 10.



Metric construction

L qp-left-invariant one-forms on SO(n+2) group man-
ifold w/ split: A ={1,2,i}, i=1,---,n.
One-forms on SO(n + 2)/S0(n) coset:

ﬁTI‘EL“, ﬁ'jEL:ai, HEL|-_¢+
Metric:

ds* = h*dr* + a*a? + b 67 + v

{h, a, b, c}- functions of r, only and their explicit form
obtained by solving the first order diff. egs. =
Ricci-flat space.,

| Vielbeine:
" =hdr, ¢é=a0g;, €=0ba, d=cu.

A holomorphie basis of complex one-forms:

&= =e¥+ie,

Kahler form:

e =€ +1i¢.

J =€ Ne,



Harmonic middle dimension (p, q) forms

The Ansatz:
Lpy = fréijuiy gy € AEV A ASTIAE Ao A
+fo €iyiig_yirdg € NEP A AEPI A Ao N,
w/ fi, fo functions of r, only.
Harmonicity condition:
Ili']:"{a‘u.rl = ()
(since %L, = iP™ .L,_“,.,H ).

fi. fo-solutions of coupled first-order, homogeneous dif-
ferential equations.

Solution (finite as r — 0):
fi = 425, |%;Pt %Eq + 1), %{p +q) + 1; —(sinh 2':*}"?:'

f2=—p2F 30, 5(p + 1), 5(p+ q) + L —(sinh 2r)?]
Specific (p, ¢):  elementary functions of r!



Special cases:

o (p, p)-forms in dp-dim: fy = —f, = EI{T}Z'_’;
const.
Freal = ————
Lipa) (cosh )t
r — U, finite; r — oo falls-off fast enough.
The only L* normalizable form!
o (N + 1, N)-Horms in (4N + 2)-dim. As r — x:

1
¥ F 2 o
|L'[‘H" +LN }| [sinh {'ZT]]EN

Marginally L*-non-normalizable.

e degree of non-normalizability grows with |p — ¢l

==



Applications

e 2(n + 1) = 6: Ly y-form; resolution of D3-brane
Klebanov /Strassler

L(2,1)- marginally non-normalizable as r — o0,

but pure (2, 1)-type. => supersymunetric!  Gubser
¢ 2(n+ 1) =8 Lyg-form: new resolved M2-brane.

Since |Lwig},]2 = %— normalizable!

Decoupling: M2- asymptotically AdS;:

Field theory: Herzog/Klebanov hep-th /0101020

J-dim. CFT perturbed by relevant operators.



IIIb. Ricci-flat Kihler metrics on ¢ bundles:

e level surfaces-U(1) bundles over a product of N-
Einstein-Kahler base spaces M. Focus on
N
M= ‘1]1 1
e As r — (), a particular base space factor C'P™ sin-
gled out.

e Metric construction:
— Oue factor: CP™ [m-odd, m = 1-Eguchi Han-
Hni]]-
— Two factors: OP™ x CP™ [my = s = 1-
conmtfold resolution of Gﬂﬂdﬁlﬂﬁl/dﬂl&{jﬂ nmy =

1, my = 2- novel 8-dim. dimensional space|.
examples of multi-factor base spaces and /or

dim. > 10

e Construction of middle dimension forms.



Applications

& G-dim: resolved conifold & fractional D3-branes sup-
ported by L Pandos-Zayas/Tseytlin

— Not L? normaliz., neither at r — oo nor r — 0.
— Mixture of (1,2) and (2,1) form =
non-supersynunetric!

e A number of new examples of resolved M2-branes:
supersymmetric, non-singular.



IIlc. Forms on G-holonomy and Spin(7) spaces

Techniques to construct harmonice forms developed
Gibbons, Page& Pope ('90)

e Explicit harmonic three-forms on G holonomy spaces
= resolved D2-branes: msmmsingular, supersymmet-
ric examples®

e Explicit harmonie four-forms on Spin(7) holonomy
spaces = another resolved M 2-brane: non-singular,
supersymmetric (c.f., also M. Becker).



IV. Summary of solution properties

o Supersymmetry depends on the structure of the har-
monic form emploved,

e Singularity structure depends on normalizability of
forms:

— Finiteness at small distance ensures no singular-

ity there.
At large distance:

(. (

pﬁ-fx:ﬂ—-l—I—Jl——l-l— )

P p
For L? normalizable forms: v > 0: decoupling
limit to AdS (conformal) space.
For L* non-normalizable, ¥ < 0, no decoupling
limmit to AdS :no conformal svmmetry

e Field theory of resolved branes: related to Higes
branch (to be contrasted with distributed branes-Coulomb
branch)

v > 0-CFT pert. by relevant operators; v < (
( “fractional” branes).

Herzog/Klebanov (c.f., I. Klebanov's talk)



Summary of explicit examples

e Di-branes (3-form of 6-dim.space, not L* normal-
izable): H = 14 (Q + e;log(p))/p*, fractional
D3-brane.

— deformed conifold (KS) non-singular as r — 0; supersym-
metric.

— resolved conifold (PT) singular as r — 0; non-supersymmetri

e M2-branes ((2, 2)-forms of 8-dim. space):
+ = 4/3,8/3, 4, 8; supersymmetric, 3-dim. CFT perturbed Ly
relevant opers.

& v = —4/3; non-supersymmetric, “fractional” brane .

e D2-branes(3-forms of G5 holonomy space):
7 = 0; wemsingular, supersymmetrick

e Heterotic NS-NS 5-brane (2-forms of 4-dim. space);
Large non-singular, supersymmetric,

e O-dim. Dvonic string (2-forms of 4-dim. space):
non-singular, including “tensionless” string = complementary

mechanism to that of Johnson, Polchinski & Peet, resolving
“repulson”-type singularity (c.f., Behrndt).



Conclusions

o Brane Resolution: General mechanisin to fnd reg-
ular p-brane solutions with less supersymmetry:
[ntroduction of non-compact Ricci-flat transverse space
and additional fluxes, supported by harmonic-forms
that modify the original p-brane solution via Chern-
Simons (transgression) terms.

o Mathematical Developments: Explicit middle-dimension
harmonic forms for Stenzel metrics in 2N -dimensions
and for a class Kihler metrics on C* bundles. [Only

(5,5 )-forms L? normalizable |

Open Avenues

o Pussible dualities among various solutions; wiifying
treatment; dual field theory

e Construction of harmeonic forms for other Ricei-Hat
spaces, such as hyper-Kihler, and those in other
than middle dimmensions.



