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Introduction

In matrix model formulation of superstring theory, not
only matter but also space’ or even space-time! may
emerge out of matrices. Noncommutative gauge theory
(NCY¥M) may be regarded as a concrete realization of
such a possibility. *

The gauge invariant observables in NCYM involve not
only closed Wilson loops but also open Wilson loops
(Wilson lines). It has also been pointed out that the
operators which couple to graviton multiplets may be
constructed through them.’

In NCYM, the graviton exchange process arises at one
loop level through non-planar diagrams. In matrix model
picture, it represents the interaction between two diago-
nal blocks caused by off-diagonal long ‘open strings’. It
is in fact found that such a coupling involves the Wilson
lines, 9
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Wilson Lines

We recall [IBE matrix model action:

1 1 1 -
§ = = STr(GAw Al A + 0T AL Y). (1)

The NCYM is obtained by expanding the theory around
the following background:
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where B, are e-numbers. We assume the rank of B,, to
be d and define its inverse C* in d dimensional subspace.
We expand A, = g, + d,.

NCYM can be realized through matrix models by the
the following map from matrices onto functions *
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a(w),
al(x) « b(x),

Ty = v’detﬂ(—;—)i / dz,
™
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g — Jdet5(51=gﬁr¢. (3)
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The gauge invariant observables in NCYM are the Wil-
son loops:

W(C) = TrPespi | de*(0)A,)) (4)

where C denotes a contour parametrized by z#(g). The
Wilson loops in the matrix model model are mapped
into those in NCYM by eq.(3):

Tr[Pexp(i f dz*(o)Au)]

C

= VatB(;-)} / ax

x Pexp(i Ldy“(a}ﬂp(m + y(o)))explik*zy)).
(5)

where the total momentum k, is related to the vector
d* which connects the two ends of the contour as k, =
B..d". The symbocl = in the above expression reminds
us that all products of fields must be understood as «
products. -
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The Wilson loops obey the Schwinger-Dyson equations

such as
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The first and second term on the right-hand side of the
above equation represents the splitting and joining of
the loops respectively. * The loop equations may be
useful to investigate the behavior of the Wilson lines in
the strong coupling regime. f

*Fukuma, Kawai, Kitazawa and Tsuchiya, Abou-Zeid and Dorn;
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Wilson Lines as Wilson Loops

In NC¥YM, generic gauge invariant operators (Wilson
Lines) are specified by the open contours. Let us con-
sider a three point function.

TriPecp(i | ds(@)AnITe|Peap(i | daf(o)Ay)]

Tr[Pexp(i i dz* (o) A,)]

1 1
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Peap(i | do*(@) Au)eap(izs )

x Pexp(i 3 dz* (o)A, )exp(—iZ3 - plexp(—id2 - )]
” (7)
It can be translated into 4 dimensional NCYM as
gxp(iwjfu!‘*mfd“m;-/d“a;gezp(i{kg + k3) - z2 + iks - z3)

(Peap(i [ dy(a)au(e + y(@))
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In the weak coupling region, we may retain
Expl:iﬂﬁ}/dquddm fdaxg,e:rp{ikl 1 + tks - z3)
«::F‘[ da: Alz 4+ z1 + a) % dby - A(z + by)
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* til’.’l;--.rfl(m+b2)*f de- A(xz + z3+¢) > (9)
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exp(iks - (z + b2)) » exp(ik; - (z + b))
= exp(iky - (z + b1)) » exp(iks - (z + b2 + Ck2)).
(10)

In this expression by = bo + Cks is such that b; < by <
b1 + Ck». It can be shown to be independent of b; after
changing the variable from by to bs.



In this way, we obtain
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where f; and #3 are the angles of the two corners of the
triangle formed by ({1, C2) and (Cs, Cs) respectively.

We emphasize here that straight Wilson lines possess
the cyclic symmetry. In fact the Wilson lines can be writ-
ten as Tr(U™) in the matrix model construction where
U = exp(ilsz - (f+ d)) and Az = Ck/n. So in general
the correlator is proportional to the length of the Wil-
son line and we can fix the location of the one of the
propagators.

The propagators are very short in the large k limit since
their lengths are of O(1/k). Furthermore the |b;| integra-
tion is only supported by the two infinitesimal segments
of the width O(1/k) at the boundaries of the integration
region.



Therefore in the large k& limit, the first term on the
right-hand side of eq.(11) corresponds to a closed tri-
angle configuration made of (C;, Cs,Cs3) in that order.
The second term appears to represent the configuration
where three Wilson lines share the same end peoint, By
the cyclic symmetry, we can interpret it as the closed
triangle made of (C3,C1,C3) in that order.
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Therefore we can indeed see that the Wilson lines are
bound to form close Wilson loops in the large k limit in
the lowest order of perturbation theory. We can also un-
derstand the phase in each term £k Ckosin(#,)/2 as the
magnetic flux passing through the respective triangle.



We can extend similar analysis to n point functions of
the Wilson lines. By such an analysis we can easily
convince ourselves that the n point functions of Wil-
son lines are effectively described by a group of Wilson
loops which can be formed from the Wilson lines. It is
certainly clear that the correlation function is saturated
by a finite numbers of configurations for n point func-
tions just like the three point function case. We argue
that they could only be Wilson loops due to the gauge

invariance. 5".- F;} = 3

In the weak coupling region, we might argue that the
investigation of the tree diagrams suffices. However
it is certainly not so for two point functions. * It is
found that the leading contribution at the n-th order is
(Mk||Ck|/4m)"/(n!)?. The summation over n can be esti-
mated by the saddle point method as exp(/Alk||Ck|/7).
The average separation of the two Wilson lines is found
to be < n > /k~ /ACK|/[k]. Although it is much larger
than the tree level estimate 1/k, it is still much smaller

than the noncommutativity scale in the weak coupling
regime.

*Gross, Hashimoto and Itzhaki
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In the case of three point functions, we also find loga-
rithmic divergences in association of the corners. The
first example occurs at the next order.

T c3
(< + \ ){
LEE E:I ‘
Ca
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(27)4 (k1 — p)2p? k3?
exp(—i(k1 —p) - (a1 — b1) — ip - (a2 — b2) — iks - (c — b3)).
(12)

We can now fix ai = b = ¢ = 0 due to the cyclic
symmetry of the Wilson lines. In this way we find
11
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In the first term of the above expression, we notice the
following factor

rf"p CkyCky
(2m)*p?p - Ckip- Chay

(14)

Due to the additional propagator 1/(k; — p)? in the
full expression, the large momentum cut-off scale is k.
The small momentum cut-off can also be seen to be
O(1/Ck). Therefore it could give rise to a large factor
of O(Mog(Ck?)) in the large k limit. It can be regarded
as the correction to the first term of the tree amplitude
in eq.(11). It can be associated with a corner of the
first triangle. The second term is just analogous.
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Since each loop gives rise to an additional logarithmic
factor in the ladder diagrams, we need to sum them to
all orders in the leading log approximation.

For this purpose we consider a generic ladder diagram
with n propagators around a corner of a triangle. After
summing over n , we obtain the power enhancement
factor in asscciation with a corner *

Acot(81)(w — 61)
472

exp( log(Ck?)). (15)

It is clear that such a power law can be associated with
each corner of the Wilson loops formed by the Wilson
lines. Such corner divergences are well known to occur
in the Wilson loop expectation values. It is also studied
in ordinary gauge theory through AdS/CFT correspon-
dence I. The appearance of such a power law enhance-
ment in the Wilson line correlators in the high energy
limit which is characteristic to the Wilson loops is consis-
tent with our assertion that they are indeed equivalent,

*see also Rozali and Raamsdonk

*Drukker, Gross and Qoguri
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In the high energy limit in the weak coupling regime,
the multi-point correlation functions of the normalized
Wilson lines behave as

< W(k1)W (k2) - - W(kn) >

=T

~ exp(— \/i—{:—rfﬁhﬂkli +3 ’}“‘”tw'}(“ l}iugﬂﬂ'ki

i=1 =]

where #; is the ¢-th angle of the relevant closed Wilson
loop and we assume that k; are all of the same order
k. In this expression, the exponential suppression of the
normalized multi-point function is caused by the expo-
nential enhancement of the two point function.

It is conceivable that the equivalence of the Wilson lines
and Wilson loops at high energy continues to hold at
strong coupling. If so, the expectation value of large
Wilson loops in NCYM may be estimated semiclassically
by Nambu-Goto action. For such a purpose, we consider
superstring theory in a particular background.

S Fm}. 3 n

k1))

(16)
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The string frame metric possess the maximum at the
scale R ~ (A)Y* in the fifth radial coordinate r. We
have proposed to put the Wilson loops at r = R. In
such a construction, we obtain analogous expression
with AdS/CFT correspondence since the relevant Wil-
son loops are large., The only novelty is to identify the
short-distance cut-off with R. With this prescription we
predict the strong coupling behavior of the Wilson lines
as follows:

< Wik )W (k) - Wi(k,) >
~ exp(~=R)_ V/ICkillki]
i=1

+R*S "':'I':S‘}i“ =0 1 og(ICRIIkI/B2)).

=1

(17)

It is because ¥ .77 \/|Ck;l||ki| is proportional to the perime-

ter length of the Wilson loop in fully noncommutative
gauge theory or uniformly large momentum region.
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We recall here that the average distance of the two point
function is O(R?) with respect to the noncommutativity
scale in the weak coupling limit. The standard prescrip-
tion R? — R may imply that the minimal length scale
which can be probed by the high energy limit of the two
point function is indeed R in the strong coupling limit.
It is hence likely that our prescription to put the Wilson
loops at r = R is relevant in such a limit.

The log(|Ck||k|) behavior in the weak coupling expres-
sion in eq.(16) is already remarkable in that the short
distance cut-off 1/k and the long distance cut-off Ck
are related through the noncommutativity scale €. It
is reminiscent of T duality in string theory. However
eq.(17) predicts the appearance of R? factor in the log-
arithm in the strong coupling limit.
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Conclusions and discussions

We have shown that the open Wilson lines are bound
into a group of closed Wilson loops in the high energy
limit in the weak coupling regime.

We have thus found that the stringy suppression factor
of normalized multi-point functions can be associated
with the world sheet bounded by the Wilson loop. Hence
it is natural to expect that the correlation functions can
be described through Nambu-Goto action in the strong
coupling limit. It is also likely that such a geometric
solution emerges from loop equations.

We are still just beginning to understand nonperturba-
tive aspects of NCYM. For example it is very interesting
to investigate the possible relevance of Randall-Sundrum
mechanism to NCYM. * We hope loop equations are use-
ful to elucidate nonperturbative properties of NCYM.,

*Ishibashi, Iso, Kawai and Kitazawa
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