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Belinsky,

Khalatnikev,
BKL : +he basic picture Lifshite

Misner, Chitre,...

describe geweric behavier of EFE’s
hear a EPnﬂEukb Efngulﬂ.rf{a

t

singularity " oceccors”

/V‘H‘ time t=0

EFQEEL‘I'-L"-E- > coausal decnuFlfns

spatial gradients <& Hime derivabives

Jf true s EFE’s reduce 1o continuous
svperposition of ODE’s at each X e Z

—> dimensional reduvcHon of Einstein’s
theory +6 one dimension (almost Y

" Small +ension Limsit ? of Einstein achon
2
= (atfadt [p, (ah) - TG ] +..

Recall Ty — O Llimit of string theory

—» o0 mMany massless States

Hints l:II'F fEHarmaus.;‘ UﬁdEFJH;Ha
hidden Symme+ry of Strng theory ¢

CG ro &8, fﬂ'ﬂ'ﬂ}
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Hamiltonian descriphon 3. Janteen, gr-qc/01026
i d

me+riC ﬂ.n&ni"z d.,g*' - d.'!';" o Ethﬂm‘g eag

a=j
wd = dxd

wid-! = dgd"' e er_hd d.ﬂ-d

( Iwasawa )

We seek an “ effective low energy +heory”
for diagoral metric degrees of freedom

S =f:g dd?:-' Xd.t { N~'G.p ﬁﬂﬁh -~ NV(P]}
" .ri I @ % L—@—-‘
@ Zeroth order nppmuamnhnn =

dirmensional redvchon of E;nﬂ'i-ﬂi.h 5
theory +o one (+Hme) dimension

G., = DeWi# metrric in +runcated

Wheeler-De Wi # Superspace th, = {ﬁn}
Lorentmian Signature (=+ ... 4+)

(B Effechve potential V(B) from
- integrahng ouvt” off- olia.gnhn.f.
merric components, spatal
inhomogeneites , matier fields,...
Generally: V() ~ Zcpe™a®

where @ Cp > O for leading Terms

* tntﬁﬂ): linear form in B




.3ner Chitre : dﬂnﬂ.m;:-ﬁ* E*M‘phftei as + =0

vep) -f.---a V(B)
E — oo

Toda Wall Sharp Wall

Hamiltonian conStraint ('f"ﬂ""l SN)

Gay B*B* + V() =

Jn sha weall limit Y(R)= 0 or

A
—>— free Kasner flight.

T ™~ - Iq,f

@® Ccellisions against
walls wpa(Bp)=20

Uﬂ{iiﬂi'}'e.la many collisions :
— chashe oscillations & la BKL

Finitely many collisions 3 "AvD”

Mokon can be projected onto G, %8 =—]

=> pelativistic (m*= 0)
huptrbolf: billard [




cr,uc_iﬁ"' ':HEISH= doeminan+t walls form .l
fundamental Ne.al chamber of Socme
indefinite Kac Moody algebm ¢ (A)

_—

Damovr, Henneaux (2000)

;dEH'H'Fu +roncated WDW Svperspace
$4 with CSA & of g(A)!

® Chaohc oscillakons & la BKL if
g (A) hyperbolic KM algebra

® AVD of ylA) indefinite , but
hot hyperbolic CE,&, E, for nZ 1)

Damour; Henneaux, dJuliay N,

Examples:

@ pure gravity in D = d+ | dimensions

¢t— Jreavitabisnal
(BKL) wall

AE, :
L Spneptin hyperbolic for d< 3
walls
@ D= 11 svpergravity
s~ electric wall Eqo

Mmaximal ranl

Symme+ry walls l""jPll"bqu:




Owr Geal: extend +hege Considergton

beyond eading erder and beyond C§

Main Tdea: Secarch for map +hat
relates the Hme evelvtion of +he
geometrical M Theory data at each
Spathal point [ +the fields and all
their spatial gradients [ o a nulf
geodesic motion on +he % -dimens
coset sSpace E, /KfEu:)'

<. conjectured appearance of E,
in D=1 reduchon of D=1t SUGRA

(Jukia, 1983)
ResuHs [I}nmﬁur, Henneawx , N, , +o QﬂnEtr‘
e — -

® construoct map +o low orders &
recover Toda wall Hamiltonians

® show +hat coset space E, o /K(E,)

Can accommodate all geomehical
data (and much hore).

Or:
s

- E" A Wes# | htp—i—h/ﬂfﬂ#ﬂ&l

- t"*runcni-ld) Super - Borcherds ¢

Sy



Proceed formally : D=1 o- model for

Yraximal ce mrnﬂ'

- Es g/"/ Sub grovp, See below
e R R TR
v(t) : = %1—? V() € e = L;E-fElu)

The Lagrangian 1S
g | e (S 0K
f(ﬂ m(2) < ﬂ'gl....f ) ' £y >

where

B nit) = " lo,.Pse"

& 1:4'5#,_ e= U — w(v)
with w = Chevalley tnvelvhon
WCh;)==h; yoled=—§ ,0lf) ==&
defines maximal " compact”
Ssubgroup K = w(K) C Eio

- <- | s > = standard invariant
bilinear form on KM algebra

There are no other polynomial Casimir
invariants on E,, bu+there do exist
t+ranscendental chnvariants [Hac 'Pe+=rs¢-1]
by which (%) could be modified.

(" nowperturbative e ffects 2)




Unfertunately , working ocuvt the o- model
Lﬂ.ﬂrnhgin.n & EHP];E.;""Il‘h (s hot+ So easy
even (in the Simplest cases ...

Recall rank 2 KM nlsebma:

4
% =1 | —a
B == (_' 2) -.
rd
[= EE[S)]
D o
2 -2
A= (--z 2 © e
—E— —a—>
——
o o

o real roots o = 2

o null roe+s =* = 0
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How to " slice” a hyperbolic KM_:._lgﬁhrq_

w.r.+. hyperbelic
Subalgebra ( with
"IUPEFL'PLEC weight
diagramsg) : has
hot been +ried So

far , but would be
most informahve,

w.r.+. affine sub-
algebra (with parg-
bolic weight diagrams):
only resvits for
affine levels O,x1,%2.

Feingeld , Frenkel (1983) y
Kac, Mpbdﬁ; Wakimeto (1988 )

w-r.+. finite Subalgebra
(finite weight diagrams):

+he "bettom- up -o.ppvu.ch'

=

[‘Prnblam : muS+ uUunderstand
Structure of algebra "deep
inside ™ forward ligh+ cone !




4]
E‘Iﬂ cﬁ‘IH-——ﬁ—ﬁ—ﬁ'—ﬂ
f 2 3 % 5 & = & 4

3 .
| g
write x = Lo +J€ll "

with €= 2(x) = "level” w.r.+. Ay

“‘luE;-’ﬁl‘E dEGﬂHFGEE Em into

irreps of its Ay = €€(10) Sub=

algebra for al levels € [~+ GL{m'J].
_——-J

Irreps of Ay are characterized by

+heir H;HhES"' Wliﬁhi's A= » or
Er.Iuivn.lEh"f-fH +heir Dynkin labels —

(pisres s Pa) Where
Pk== (h;ﬂh) 30

= % (:ulumns wit+h k boxes un
asseciated Hauhs +ableav)

e.g3. (o001 000000) H

(100 000 010)

ete.




For E,, the Ay (rreps which can
appear at a given lLevel £ must obey

J=1

9
l'I"I': = 3i3£ — Z SUFJ tiJJ

where § = chverse Cardgn matrrix of Ay -

Strong constraint becauvse all me, Pj
must be non-negative integers !

Alse h.w. A mus+ be a rest (S‘nrr;e.f)

—

3
NM=Z pSip ~58 €2 @

I.J =)

—-——h_—-__'
Finding a Completely explici+ de&cripﬁgn

of Ejp in terms of thfinite +owers of
GL(10) irreps (s thus reduced +o +he
pProblem, of d-!ﬁrmihiq‘g +heir ocuvter

multipliciHes My = s (2, R; ).

Jn Fn,r-l-.‘l.:u l‘ﬂ.rJ

rnuHEm (A) = 2 % """“H'.n._ (A)

)
T SCudtr
rmultplicity of multiplicity
N as a root
of E, (inner) multiplicity

of A as a weight




—» low level irreps

€= 0O adjeint of GL(10) <= K%,

=y (001 000 000) <> E°°

€= 2 (600001 D0OO) > E“9¢

L= 3 (100 oo 010) +> E%w-%lb
up +o here: see also West, hep-th/o10408
Cremmer, Julia; Lu, Pepe (for Ey)

CI-E-&.I"-H;

L= 0 Graviton <> Gu = G,

= { 3 -Form - "‘n.h:

= 2

Dual 6-Form <> ﬁn,...ni
= 3

"Dual Graviten” <> F‘in,...ntlh

But we can go further:
£= 4

(001 000 001) , (R00 0OOCOLO)
L= 5

(cco 0oto001), (100 100000)
=g (100 6000611), (010010000),

(teo ooo 100), (boo0OOO1O)

se far: ocuter mulhiplicity = 1




The basic correspondence

choose -EPE.E.ia.L 'Frn.me G4 (x> = Eﬂé {u)d.u"

ds? = — N dt? + G,y 6*6°

F =L Fracdtnd®n8°26° +

+ L Fabea 62485 A 6% A 64
with d@* = 1c%, 0" 0°

= P= 11 SUGRA egs. of mohon
Cremmer, Julia, Scherk (1978

J &
2, (G*2,G., ) =& e =

—

| &fyd
— g GF PR s8] - RGRY(M,0)
I ty
ﬁ+ (G p+nbc) = == Eﬁhcdi:fﬂh'u :-L-dtgF Fﬂ"ij

8 de[ab a3 da

+§GRISIbCEl,, - GCty, Fiete -7 (GF1

B Fared = 6 FiefabC%as + 6 ra Febeds
Demaret . Hanquin, Hewneaux , Spindel (1585)

Borel gowge for Em/k:‘{".‘:‘ ) o - meodel :

U = exp x]. f$) » exp th-i-)



Eﬂ"; = (E:P h{t)- K)E; —F Gab = €, &,

xh{f} = SLI A‘ﬂc Ethc + " quq_ﬁﬁ

gl An,...n

-

i
+ 3 Pa,..ala, ENE g

L N

Equahons of roton match (kﬂe.pih,g First
order spahal gradients ) with:

s 9ab [(t) = G, (t,x) (}c Fined.!)
o Amc(®) = Fpape (#,%)

& By a8 F 10 My oo YAy a8 =

4 b,..b
= - 4. €a,..ag s F—b,h,h_,h# (¢, %)

. An,,.iq.lq, (#) + 42 A{n,n;naf‘*.)’a‘a*...n,} (t)
= 42 Alaeia, () An, o> () +
+ 280 Aga 0058 Ao azag (43 Aayagasy (4)
= 2 Ea,_agbc (Ca,b® 0y + - 3‘:, Cdnﬂ(x?D

where {...» = projector onte (1000600010

Bu+ how +e contnue bﬂ-uﬁhd frs+
order uvn Spahal gradients 2

[ This will be +he acid +es+ of +he idea!]




Search fnr- " ﬂ-'Ff‘J'HE." roots (H‘r‘ﬂ.—.: .‘JJ
in (1) and (2) réeveals existence aF

three (nfinite +owers of E,, elements:

(oot coooon) Eo ..o it

(000001 00N) Ea,..a b,..bg
ve ¥,

(100 00001n) B o™ bylc

Truncaton a,=.. = a4, = i and

h‘_}ur; C E {E.J...,lﬂ.} HIEJdE ﬂl“;
elements of affine subalgebra Egc &g,

CﬂMFﬂ.riEnh with linear E.H.E'HM G-F —
D=2 maximal Supergravity suggests
Fhat we should asseciate

En,_..n-hh"h. <> 3" . % Ah,h.h_‘
b
Eaia ™ oy BBNAL
byl
En,.h.n..,h' 1S ey % AN A el

[ dwal Fa-l-eh-l-in.Ls a la Geroch éin
reduchtion +o P=2,i.e, g% —» 3']

BUT THERE 1S MUCH MORE ...




Barwald, Gebert; N. [NP BS10 (38> 721|

Table 3: Eyp Root Mulliplicities

ﬂ#u'n!. levels O,1,2 :
Kac, Meoody , Wakimotp

A A fA) | bA) | A muli{A) AlA)
3+ Ay [3,7. 11, 10, 1T, 23, 27, 18.%, 1d] ] 5| -16 167110 BG4
B [, 5, 10, 15, 2, '11;,30 L, 10, 16) i [} n B L[]
38+ Ay [1,B, 10, §5, 20, 25,30, 20, 10, 15] | 1 151 | -8 2464 254
5+ 2Ag [2,5, 10, 15, 20, 25, 30, 20, L0, 18) | 2 152 | -12 22712 3514
Y [4,8, 12, 16, 20, 24, 28, 15,8, 14] 1 157 | -16 157133 A604T
26+ Ay [z.a, 11, 15, 2, 25, 20, 20, 10,15) [ 2 153 | -14 B3020 11536
X [4,8,12, 16,20, 24, 28, 18,9, 14] 4 153 | <18 ARG 101170
Ag+ Ay [3,6, 10, 15, 20, 25, 30,20, 10,15) | 3 I | -18 L6700 36061
5+ Ag Fd, 7,11, 15, 30, 25, 30, 20, 10, 15) | 3 156 | -18 426156 101241
Az [4, 8,12, 15, 20, 25, 30, 20, Lo, 15) | 4 160 | - 20 1044218 278125
3+ Aq f2,7,12, 17, 22,27, 32, 21,10, 16) | 2 166 | -16 166E4) 35540
S+ Ao+ Ay | 37,12 17, 22, 27, 32,21, 1D, 16 3 167 | -N0 1043970 aTA41T
Ay + Ar [4,8, 12, 17,22, 27, 32,21, k0, 16 1 160 | -22 2485020 733071
28+ Ag (3,8,13, 16,23, 28,33, 22, 11, 40] | 3 175 | 2 2453970 T34141
Ao+ A [1,8,13, 18,23, 28, 33,22, 0k, 16] | 4 176 | -4 5749818 1862196
it (0.6, 12, 18,24, 30,36, 24, 12, 18 0 0| o 8 0
46 + Ap (1.6, 12, 15, 24, 30, 36, 24, 12, 18 1 181 | -10 TTIM 10024
26 + TAg [2.6, 12, 18, 24 30,36, 24, 12, 18 2 152 | -16 166E4D 35340
54 2A7 (4.9, 14,19,74,29,34,22 10,17] | 4 182 | -2 5750072 161942
36+ Ay 2,7, 12, 18, 24, 30, 36, 34, 12, 18 i 183 | -18 424161 1022386
LY P 3,6, 12,18, 24,30, 36,74, 12, 1§ 3 183 | -18 425058 101339
84 As 4,0, 14, 19,24, 29, 34,22, 11, 17] 4 183 | -0 FHT LS 1577811
8-+ Ao+ A 3,7, 12,18,24,30,36,24,12, 18 3 184 | -22 2483871 TH TN
28+ Asy 3,8, 13, 18, 24, 30, 36, 24, 12, I8 ] 186 | -24 5748226 I1BG6TEE
20 4,8, 12, 18,24, 30,36, 24, 12, 18 4 186 | -24 BT49365 1RG244%
Ap+ A 4,B,13,18,24,30, 36,24, 12, 18] | 4 147 | -26 | 12970045 AGTHETS
8+ Ay 4,0,14,19.24,30,36,24,12,18] | 4 190 | -28 | 28592513 | 10931086
Az + As 5, 10,15,20,25,30,35, 23, 11,17) | & 191 | -28 | 28505548 | 109280GI
Ay 5,10, 16, 20,75, 30,36,24, 12, 18] | 5 195 | -30 | 61721065 | 25411Ed1
46 + Ar [, B, 14, 20, 26, 32, 38, 25, 12, 10 2 196 | -20 1040884 2B1079
25+ Ao+ A7 | [, 8, 14, 70,28, 32, 38, 75, 13, 10] 3 197 | -26 | 12069290 AGBHGM)
Ao+ As 4,8, 14, 20,70, 32,38, 25, 12, 19 4 198 | -28 2E580025 10934674
S+ A1+ Ar | [4.0, 14, 20, 76, 32, 38, 25, 12, 19 4 199 | -30 | 61711591 | 25421406
Ag+ As 5, 10, 16, 20,96, 32, 38,26, 12, 19] | 5 02 | -32 | 130661924 | 5TEG0454
I8+ As [3,9,15,21,27, 33,39, 26, 13, 19] 3 5 | -28 2B050052 10064647
§+ Ao+ As | [4,9,15, 21,47, 38, 39, 26,13, 10 4 200 | -32 | 1306320064 | 6TTI9404
Aj+ As 5,10,15,21,27,53.39, 'i'E 1319 | 8 908 | -34 | 271695444 | 128129586
78 0,7, 14,21, 28, 35,42, 78, 14, 21 0 0| o0 B 0
B + Ag o [ty 7, 14,21, 28, 345, 42,28, 14,21 1 211 | -12 225728 TH98
38 + 2Aq 12,7, 14, 21, 28, 35,47, 28, 14, 21 2 712 | -20 10410464 2E16T
28+ 2As 4,10, 16,22, 28, 34,40,26,12,20] | 4 12| -32 ) 130E3RM SITIGTER
AT+ Ay [2,8. 14,21, 28, 35,42, 3, [4.21 2 213 | -22 2474020 T44D65
§ + 3Ag 4.7, 14, 21, 28, 35, 42, 28, 14, 71 a 203 | -2 5745720 1666204
Ag+2Ar 5,10,18,22,28, 34,40, 26, 12,20} | & 213 | -34 | 2ITIT02632 | 128122500
28 + Ag [, 10, 16,22, 28, 34,40,26,13,20] | 4 213 | -34 | 2ITIGIBSTS | 128206457
28+ Ag+ Ay | [3,8,14,21,28, 35,42, 28, 14,21) | 3 214 | -28 | 28568507 | 10465002
Ay + Aa [5,10,16,22,38,34,40,26,13,20) | & 04 | -36 | 555652661 | ITERELI04
Ao+ A [4,8, 14,21, 28, 35,42, 28, 14, 21 4 5 | -30 | GIGROXBS | IM23TLI
38 + Ag [3,9, 15, 21, 28, 35, 42, I8, H.Eli 3 206 | -30 | 61620301 | 25512695
a8+ 3hy [4,9, 14, 21, 28, 35, 42, 28, 14, 21] 4 206 | -32 | 130430342 STTE2036
S4+Ao+Az | [4.9,15 21,28 354298, 14.1] | 4 2T | -M | ITIG00GDM | 128215338




[..,,;.H, T. Fisch bn.c:har]

(oot cooo02)T f* (2000600001)

(ooco100 100) 2% (010 000001)

(t1o0000018) f+ (100000 000)

(po1000018) T

@tﬂr mﬁ#ﬂplfﬂiﬁ'@
(o000 coto02)t 2% (106 (00001)
(000 000200) 2% (pooo1o001)
(100 010010) { x (210 000 000)

(00 DO1010) 2% (101 000 000)
(011 boO DO1) 2% (000 100 000)

(100 cooo12)" 3x (000000011)
(010 OO0 110) f* (110100000)
(100 500 620) 1* (00110006000)
(o1 DtO 001) t* (oootooo0)
(200 01 001) 3x (010010000)
2+ (010 601001) 4% (100 001 000)
4% (100 DOO101) %% (000 000100)

etc. [+

“afpine” irreps]

L ﬂ-stiHPMOFEfﬂ--.




—% 5u33=s+$ +he existence n-F
a huvge and hitherte onknown

nonlocal Sgmmedrry of Einstein’s

theory and /or
(+ranscending Geroch ) 5

D

i+s generalizahons

Horatio: «.a but+ +his ' S
wendreus S"'rn.nge.!

And +herefore as a
it welcome.

Hamlet:
stranger give
There ore more things L
heaven and €arth, Herat o,
Thon are drearmt of in
your philosophy.




