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Based on the papers with M. Yamazaki:

arXiv:0811.2801: 
Crystal Melting and Toric Calabi-Yau Manifolds,

arXiv:0902.3996: 
Emergent Calabi-Yau Geometry,

and the work in progress with 
M. Aganagic, C. Vafa and M. Yamazaki 
on the wall crossing phenomena.



Topological Strings and Crystal Melting, circa 2003

Okounkov, Reshetikhin and Vafa
showed that Z      in C    can be
expressed as a sum over molten 
crystals in 3 dimensions.

This has been generalized to the topological vertex.
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What does each crystal configuration 
mean in the physical superstring theory? 



Topological String
          counts 
       BPS States.



Topological String:



Topological String:

The holomorphic anomaly equations determine it recursively.

For the quintic, computation up to g=51 is possible.

Huang, Klemm, Quackenbush ('06)

For toric CY3's, the topological vertex computes 
the partition function for all genera.

Aganagic, Klemm, Marino, Vafa ('03)



Gopakumar-Vafa:

OSV:



Gopakumar-Vafa:

We will start with this.



We will end with this.



Gopakumar-Vafa:

Donaldson-Thomas:



Gopakumar-Vafa:

Donaldson-Thomas:

(3) Proven mathematically by Maulik, Oblomkov, Okounkov,
     Pandharipande for toric CY3' ('08).

(1) Conjectured by Iqbal, Nekrasov, Okounkov, Vafa ('04).

(2) Explained by Dijkgraaf, Vafa, Verlinde ('06), 
     using the 4d - 5d connection of Gaiotto, Strominger, Yin ('05).



There is another way
 to count BPS states.





D brane bound states

Crystal Melting



The low energy effective theory of D branes
wrapping cycles of a toric CY is described 
by the gauge theory characterized by a 
quiver diagram and a superpotential.

Douglas, Moore ('96) ..... Feng, Franco, Hanany, He, 
Imamura, Kennaway, Martelli, 
Sparks, Vafa, Vegh, Wecht, 
Yamazaki,         ('06-'08).....

Calabi-Yau
Geometry

Combinatorial data for 
the quiver gauge theory



Toric CY3:

Mirror of Toric CY3:



Toric CY3:

Mirror of Toric CY3:

Amoeba and Alga:





　　　　　　Real 
Algebraic Geometry



　　　　　　Real 
Algebraic Geometry



　　　　　　Real 
Algebraic Geometry

         Imaginary 
Algebraic Geometry



The Alga determines the quiver diagram and 
the superpotential of the gauge theory on 
D branes in the toric CY3.

The Amoeba counts the number of 
bound states of D branes for large charges. 



The Alga determines the quiver diagram and 
the superpotential of the gauge theory on 
D branes in the toric CY3.

 The Alga is the Question.
The Amoeba is the Answer.

The Amoeba counts the number of 
bound states of D branes for large charges. 



The Alga determines 
    the Lagrangian

  (the quiver diagram
 and the superpotential)













e.g., suspended pinched point singularity



  Each bound state counted 
        by the Witten index 
              corresponds to 

      a perfect matching of 
  the periodic bi-partite graph. 

Szendroi [0705.3419]
Mozgovoy, Reineke [0809.0117]
Yamazaki + H.O. [0811.2801]



A simple example:

bi-partite 
graph on
a torus



bi-partite graph in the universal covering



a perfect matching



Its dual graph looks 
like a crystal corner.



Its dual graph looks 
like a crystal corner.





Yamazaki + H.O. [0811.2801]

This generalizes to an arbitrary toric CY3.

The edges of the
quiver determine 
the chemical bonds. 

The crystal consists of atoms of 
different types corresponding to 
nodes of the quiver diagram. 



Yamazaki + H.O. [0811.2801]

This generalizes to an arbitrary toric CY3.

The edges of the
quiver determine 
the chemical bonds. 

The crystal consists of atoms of 
different types corresponding to 
nodes of the quiver diagram. 













　　　　　　Real 
Algebraic Geometry







Yamazaki + H.O. [0902.3996]





Wall Crossing



Wall Crossing:

The number of BPS states depends on

... the asymptotic values of the CY moduli.

... the stability conditions on D brane
    bound states.

... how to treat the 1 D6 brane.

They are all related.

... the choice of the crystal ground state.





A BPS particle can decay when the 
central charges of the fragments align.





A BPS particle can decay when the 
central charges of the fragments align.

Jafferis, Moore ('08)







Szendroi ('07); Nakajima, Nagao ('08), Jafferis, Moore ('08)



Chuang, 
Jafferis ('08)

Nagao ('08, '09)

Aganagic, Vafa, Yamazaki
+ H.O. ('09).

Nagao,
Nakajima 
('08, v2)





Aganagic, Vafa, Yamazaki + H.O. ('09).



Yamazaki + H.O. ('09)





Aganagic, Vafa, Yamazaki + H.O. ('09).



Aganagic, Vafa, Yamazaki + H.O. ('09).








