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Based on the papers with M. Yamazaki:

arxXiv:0811.2801.
Crystal Melting and Toric Calabi-Yau Manifolds,

arXiv:0902.3996:
Emergent Calabi-Yau Geometry,

and the work In progress with
M. Aganagic, C. Vafa and M. Yamazaki
on the wall crossing phenomena.
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Topological Strings and Crystal Melting, circa 2003

Okounkov, Reshetikhin and Vafa
showed that Z, _ in C3 can be
expressed as a sum over molten
crystals in 3 dimensions.

ZCV)’Sfal = Z Q (m) e- ds
m

This has been generalized to the topological vertex.
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What does each crystal configuration
mean in the physical superstring theory?
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Topological String
counts
BPS States.
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Topological String: Zéo/7 = exP ( 2 353'2 Fj )
d

Im the A-model /‘:& counts Z; ; /——th C‘)’;
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Topological String: Zfo/7 = exP ( 1 32‘7'2 Fj )

Im the A-model , F& counts Z; ; l‘—_>,>h C"G

The holomorphic anomaly equations determine it recursively.

For the quintic, computation up to g=51 is possible.

Huang, Klemm, Quackenbush ('06)

For toric CY3's, the topological vertex computes
the partition function for all genera.

Aganagic, Klemm, Marino, Vafa ('03)
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Gopakumar-Vafa:
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Gopakumar-Vafa:

L gps = L

top

We will start with this.
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We will end with this.

7 BPS

£

top
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Gopakumar-Vafa: M2 brane on (Y3 x R 1

Ns . m, = # BPS states with
- M2 charge M, € Hp (CT5)
. (Sc.Sr) ! SU@) ® SU@ g spin on R*T

Ztop = T (7? (1-2/"”5 sz)’m)NS,mz

S.,mp ' M=

Donaldson-Thomas:

1 Ds + mo Do+ maDz on Cr xR

(0/51]



Gopakumar-Vafa:

Mz brane on CY3 x R™

Donaldson-Thomas:

1 De + mo Do + mz D2 on Crs ><7R3'1

(5d) (4d )
ZG\/ ~ Zpt

(1) Conjectured by Igbal, Nekrasov, Okounkov, Vafa ('04).

(2) Explained by Dijkgraaf, Vafa, Verlinde ('06),
using the 4d - 5d connection of Gaiotto, Strominger, Yin (‘05).

(3) Proven mathematically by Maulik, Oblomkov, Okounkov,

Pandharipande for toric CY3' ('08). e



There Is another way
to count BPS states.
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D brane bound states

)

Crystal Melting

I
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The low energy effective theory of D branes
wrapping cycles of a toric CY Is described
by the gauge theory characterized by a
guiver diagram and a superpotential.

Douglas, Moore ('96) ----. Feng, Franco, Hanany, He,
Imamura, Kennaway, Martelli,
Sparks, Vafa, Vegh, Wecht,
Yamazaki, ..... ('06-'08)

Calabi-Yau Combinatorial data for
Geometry > the quiver gauge theory
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Toric CY3: (@¢HN3 / U(/)@'V

Mirror of Toric CY3: UV + |
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Toric CY3: CVN*3 / Utr) ®N

Mirror of Toric CY3:

Amoeba and Alga:

—
UV + /-—(x,a) =0
a2 »

Amocba = { (r.p) ! 2(6.¢), 'F(er“e eF“cP) =0 }

Alga = {(0,4’) :

a(roP), 1

T (e r‘+¢9 F+L¢)—O}

|77/S0D
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Real
Algebraic Geometry
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The Alga determines the quiver diagram and

the superpotential of the gauge theory on
D branes in the toric CY3.

The Amoeba counts the number of
bound states of D branes for large charges.
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The Alga determines the quiver diagram and

the superpotential of the gauge theory on
D branes in the toric CY3.

The Amoeba counts the number of
bound states of D branes for large charges.

The Algais the Question.
The Amoeba is the Answer.
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The Alga determines
the Lagrangian

(the quiver diagram
and the superpotential)

24 /43



e.g.

27C

[ -

7(+a+1

mirror af C 3

Two reg (ons
with olpposit‘e

ori entafi ons

21T

> 0
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e.g.
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e.g.
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L—

€.9. /——(x,a) =x+6+1
¢
/N Bi"’?ar'(:l{‘c ararlv\
270
® and O
on 2d torus .
4
21C >
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e.g.

27C

S—

[ -

’—-(x,a)

x—ra—r’l

The dual ﬂmfh
(s a Zuiver

on T2

21

> 8
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SuPerPofen'hal = + ( ordered product of
bi-fundomentals around a’aa)

e.g., suspended pinched point singularity

valyal=-T-

W = tr(Xo1 X12X23 X320 — X93 X33 X309
+X33X31X13 — X31X12X21X13)
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Each bound state counted
by the Witten index

corresponds to

a perfect matching of
the periodic bi-partite graph.

Szendroi [0705.3419]
Mozgovoy, Reineke [0809.0117]
Yamazaki + H.O. [0811.2801]
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A simple example: F(x.y) = A+ Y+

75 mirror of @3
/N
2T
bi-partite
graph on > 0
a torus 21
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bi-partite graph in the universal covering
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\‘o/.o/.o/.o/'

a perfect matching
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Each mo(ten U)/Sfa/ represents
Do brane bound <tate in C°
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This generalizes to an arbitrary toric CY3.

Yamazaki + H.O. [0811.2801]

WA

(a) (b)

The crystal consists of atoms of The edges of the
different types corresponding to guiver determine
nodes of the quiver diagram. the chemical bonds.
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This generalizes to an arbitrary toric CY3.

Yamazaki + H.O. [0811.2801]
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The crystal consists of atoms of The edges of the
different types corresponding to guiver determine
nodes of the quiver diagram. the chemical bonds.
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- 35 Mo "tq/Y'q

ZCY)/S{’&/ = Z Q (Mo, m, ) e

Mo # Do branes

Mg = # D2 branes , a=1,---,dimH;y

Kenyon , Okounkov and She'ﬁield evaluated

Zcrys{a/ and related iis ‘H\ermod)'namic Limit
35 ——> 0 to the Amoeba af F(Z,a).
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From the work o{' Kenyon, Okounkov and She-ﬁ‘elo( ’

one can dedince

SO

Zcrysi-al ™~ QXP( ;s dealﬂ /R("'a))

P
— OO

where

i
Roeeog) = g d6d¢ Q°2 F (X0 ¢ 94%)
o

(21)2

Ronkin {unction
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From Hte work o‘f Kenyon, Okoumkov and She'gteu )

one can dedince

1
Zcrysi-al ~ exp (— '3:7. dealﬂ Rux J’ )
where
21
Ro.g) = g if:)f Qoa F(exﬂa 9“4))
° ()

Ronkin -f\mchon Uv+F@a.g)=o0
mirror of toric CYT3
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&)e have shown 'HWC(' ‘H\is (s ezual ﬁ
the genus - 0 fopoloaiml sfn‘na "Parfit(on qucf«‘on.

Lo ! ho/omorPhic, 3-form
370 - g o ¥ ¢« mirror oS' 6’0)’6/3
¥ o-f toric CY3

= So\xda Rex.y)

Yamazaki + H.O. [0902.3996]
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DD@S 7,%/5 mée ar

Z Cr)/S‘fQ/ - Z—éa/; ?
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Wall Crossing

so/ 17



Wall Crossing:
The number of BPS states depends on

.. the asymptotic values of the CY modul..

.. the stablility conditions on D brane
bound states.

.. how to treat the 1 D6 brane.

.. the choice of the crystal ground state.

They are all related.

&l/ 16



a)hen can

D2/ Do bound states
be emitted <

g2/185



A BPS particle can decay when the
central charges of the fragments align.

For 1LDs] + ’ﬂo[Do]*’ni[DzJL,
Central C/mrﬁe = ©00 e"? + Mo + My ‘6‘:/93
~ 0O e‘?

£2/14



volume (CY;) = 00

$4/13



A BPS particle can decay when the
central charges of the fragments align.

For 1LDs]+ Mmo[Do] + m;[D2]; )

Central C/mrge = ©o eiq + Mo + Ny ’6‘:/95

~ oo e*f
It can a(eca)l and emi't /rno[Do] T Mq [DZJL
éf arﬁ (00 e Sa) ~ arg (mo+ mas €* /95)
t.e. |m [8"50(0% + my t° /35 )J— 0

Jafferis, Moore ('08)
§5/12



When t/gs ' real |

I,m[e-[?(/)’no-i'm )] =—8Sin® (mo + m; 'y)
33 95

=3 The wa/(s areé at Mo gs + My ft" o .
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When t/g.s ' real

I,m)_ﬂe-i?(/mwwm )J = - SmC/’ (/mo—rfm -"’LL)
35 ds

=3 The wa/(s areé at Mo 35 + My f{= o .
Zpr =T (12 e 73 mit) Cmeeme

mo; m;,

EVer)' time we cross a wall . we ﬂm’n/ lose

— Cmo,
a ]Cac‘for Of (11 e M°09s" 'mf) e
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¢.9. Com’fola!

K(,_zmQ)m Z:e’gs
DTQ -I—”,‘('__zm)Zm Q;e"t
T(1-3"@) " (1-37@")"
Zc‘,rysfal:

T 2™
T

The walls are at z'" Qi'7 =1 zIn: 1

Szendrol ('07); Nakajima, Nagao ('08), Jafferis, Moore ('08)
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For éhe Com'fold ) ﬂ\e AJaJ/ CrOSSirg Can also be
in-éer/:reéed as Chdrﬁe’nj of ‘L%e gr'ourml S‘i’ai’é
Of the cr)/.sfal .

.
)
%« —

Chuang,
Jafferis ('O8)

Nagao,
Nakajima
('08, v2)

This ﬁenemlges O an arbd‘bmty toric C‘fg
wffhou{' Compac{' 4 Cyc/es, Nagao ('08, '09)

Aganagic, Vafa, Yamazaki

+ H.O. ('09). )y



Unified Description of Chambers
For the Conifo’d

T(1-3"@)" (1-3"@")"

Zcrysfa/ = T (I - 3,,. yZm
T(I1-3"@)"

ZDT = T-,- (,__3m)2m
T(I-3"@)"

M

Z‘éon -]T(,_zm)m

m
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Um’f{ed Descn’/a‘éion oJC Chambers

For the Com‘fold
T(1-3"@)" (1-3"@")"
T (-gm)°"

Z crys tal

Zfo,:(%' QL) 'ZfoF(%' Q_1)

This aenemlges T an arbétmiy toric CY3
without compact 4 Cycles .

Aganagic, Vafa, Yamazaki + H.O. ('09). (e



This explains wh)l the g5 = 0 Limit of
the cr/sfa( mel‘fl'né mode( re/JrOduced 310.

1
Zcrys{-al ~ &xp (—5;2 So\xda Ra J’ )

<§ o of the mirror .

Yamazaki + H.O. ('09)
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Mo re genera((/, ‘N an/ chamber
between the DT and the Crystal Chambers,

7 Gl x such that

ZBPS = Zfoly(%'Q)' Zfo,:(?f' Q*Q’_1)
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Mo re generall/, ‘N an/ chamber
between the DT and the Crystal Chambers

7 Gl x such that

ZBPS = Zfo,:(%'Q)' Zfo,:(%' Q*@'—1)

—

- — _ - g
Do + D2 Do + /—52
£ ree gas af mwtua/[y BPS particles

Aganagic, Vafa, Yamazaki + H.O. ('09). (4 3



Mo re generall/, ‘N an/ chamber
between the DT and the Crystal Chambers

QQ* such that
ZBPS:Ztof(%,@.)‘ztof(%,@*@._1)
TAL.S /)D/AS fDr‘ an arbc‘bmly éorl‘c CY‘?
without Compac{‘ 4 c/vcles.

Aganagic, Vafa, Yamazaki + H.O. ('09). 65/ 2



ZBPS = Zfol:(%'(g’)' Zfola(?i' Q*Q—1)

Mote | This (s not OSV.

We need
(9s-t) = (Vg5 . t/§s)

£/ 2



When €/ 35 are real the walls Sepam'éinj the
Dona/dSon'ThomaS fheory and the nysfa( meltn‘ng

model are at mo gs + m< ‘-0

Dona/dson - 77‘\0mas Cfmm ber

[9s] << [¢4]
pert urbative in Js

Cryséal Chamber .

/95 | ~ |¢ ( [
non - l:verbarba‘t‘ive (n Jds.
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Quesfions X
With com/md' 4'0)@/{5 4

For Comfacf CY3 ?
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