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• 2d (0,2) theories have two supercharges of the same spin

• Naturally, the algebra leads to chiral theories.

• Global symmetries have non-vanishing ’t Hooft anomaly, which 
implies existence of gapless modes

• Autonomous theory of the gapless modes is a conformal field 
theory.

• Generically, (0,2) theories flow to non-trivial conformal fixed 
points.
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Behavior of the microscopic 
gauge theory

• In 2 dimensions, gauge coupling is dimensionful. It is classically 
relevant.

• In addition, there could be other classically relevant interactions 
(Superpotential terms that lead to Yukawa type interactions)

• Microscopic gauge theory undergoes non-trivial RG flow.

• In fact, RG flow naturally splits into two stages.
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Stages of the RG flow

• During this stage, the dimensionful parameters, including gauge 
coupling, flow rapidly to infinity.

• A good description of the theory at the end of this stage is in 
terms of a non-linear sigma model

Fast Flow

• The sigma model has Kahler and complex structure moduli that 
are classically dimensionless.

• The next stage of RG flow is in this space. At one loop it is 
logarithmic. Eventually takes the theory to the fixed point.

Slow Flow
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A picture of the RG flow

Gauge theory

NLSM

CFT

Fast

Slow

gYM ! 1

m ! 1

E ! M

tKahler

t
Complex

• Normalizable vacuum gives rise to state 
operator correspondence for the CFT

• Global symmetries are promoted to affine 
Kac-Moody symmetries

• One way to ensure it is to make sure that 
the sigma model target is compact
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(0,2) Multiplets

• Complex scalar 

• Complex right-moving fermion

• Complex left-moving fermion 

• Vector multiplet:

• Chiral multiplet:  

� = �+
p
2✓+ + � i✓+✓̄+@+�

D̄+� = 0

D̄+ = 0• Fermi multiplet:  

 =  � �
p
2✓+G� i✓+✓̄+@+ �

• Gauge invariant d.o.f.: Fermi multiplet ⇤
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(0,2) SQCD

N1 +N2 �N3

2

• Triality is invariance of the fixed point under permutations of N’s

• The support is obtained by computing the elliptic genus

• The IR fixed point can be solved explicitly to prove triality!

• Two possible IR CFTs related to each other by charge conjugation

=: TN1,N2,N3



RG flow to sigma model



RG flow to sigma model
• Target space of NLSM



RG flow to sigma model
• Target space of NLSM

• F term: �P = 0

• D term: (|�|2 � |P |2 = ⇣)/U(Nc)



RG flow to sigma model
• Target space of NLSM

• F term: �P = 0

• D term: (|�|2 � |P |2 = ⇣)/U(Nc)

•       engineers the tautological bundle 

•       engineers the “orthogonal” bundle 

 

�

S

Q



RG flow to sigma model
• Target space of NLSM

• F term: �P = 0

• D term: (|�|2 � |P |2 = ⇣)/U(Nc)

•       engineers the tautological bundle 

•       engineers the “orthogonal” bundle 

 

�

S

Q

• Target space for S�N3 �Q�N2 ! Gr(Nc, N1)⇣ > 0



RG flow to sigma model
• Target space of NLSM

• F term: �P = 0

• D term: (|�|2 � |P |2 = ⇣)/U(Nc)

•       engineers the tautological bundle 

•       engineers the “orthogonal” bundle 

 

�

S

Q

• Target space for S�N3 �Q�N2 ! Gr(Nc, N1)⇣ > 0

• Target space for ⇣ < 0 S�N3 �Q�N1 ! Gr(Nc, N2)



RG flow to sigma model
• Target space of NLSM

• F term: �P = 0

• D term: (|�|2 � |P |2 = ⇣)/U(Nc)

•       engineers the tautological bundle 

•       engineers the “orthogonal” bundle 

 

�

S

Q

• Target space for S�N3 �Q�N2 ! Gr(Nc, N1)⇣ > 0

• Target space for ⇣ < 0 S�N3 �Q�N1 ! Gr(Nc, N2)

Gr(k,N) ⇠ Gr(N � k,N)



RG flow to sigma model
• Target space of NLSM

• F term: �P = 0
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• Target space for ⇣ < 0 S�N3 �Q�N1 ! Gr(Nc, N2)

Gr(k,N) ⇠ Gr(N � k,N)
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Q�N3 � S�N2 ! Gr(N2 �Nc, N2)



Triality of sigma models

Figure 5: Phases of gauge theories related by triality. Their parameter spaces can be glued to each
other as shown.

The target space of SQCD and its behavior under triality was also discussed in the recent

paper [16].

2.2 “Gluing” via level-rank duality

The triality implies that infra-red CFT is labeled by the triple (N1, N2, N3) modulo cyclic

permutations. As pointed out earlier, the Z2 permutation of only two Ni’s is charge con-

jugation. At the fixed point, the simple global symmetry F of the theory is enhanced to

the affine3 symmetry F2|kF |. The chirality of the current algebra is determined by the sign

of kF . As all trace anomalies are negative, all the affine current algebras are left-moving.

It is instructive to represent the IR fixed point as a directed triangle inscribed in a circle

of circumference N , shown in Figure 6. Each side of the triangle represents a simple flavor

symmetry factor. The arc length on the left is the rank and arc length on the right is the

level. The supersymmetry preserving condition ni ≥ 0 is manifest in this picture. Similar

graphical structure has appeared in [17], and for a good reason, see section 3 and [18].

The picture generalizes to quiver gauge theories as well. Consider the theory with two

gauge nodes described in Figure 7. It can be thought of as “gluing” two SQCD building

blocks. This is schematically shown in the figure. The condition for anomaly cancellation

requires that the gauge group rank of one theory is the flavor symmetry rank of the other.

At low energies, this means that the two CFTs corresponding to component SQCDs can be

glued to each other if they have level-rank dual affine symmetries.

3To avoid excessive notation, we use the same symbol for the affine algebra and its finite Lie subalgebra.

The meaning in each case should be clear from the context.

– 9 –
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