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Upgrading Unitarity at One-Loop: the Chiral Box Expansion
Generalizing Unitarity to 2-Loop Amplitudes & Integrands Using Generalized Unitarity to Compute One-Loop Amplitudes

Spiritus Movens: One-Loop Generalized Unitarity
Historically, on-shell functions were first studied in the context of using

generalized unitarity to determine (integrated) one-loop amplitudes.

The Scalar Box Decomposition∫
R3,1

d4` A(k),1
n =

∑
a,b,c,d

Ia,b,c,d fa,b,c,d
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Upgrading Unitarity at One-Loop: the Chiral Box Expansion
Generalizing Unitarity to 2-Loop Amplitudes & Integrands

Chiral Boxes Expansion for One-Loop Integrands
Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

The Scalar Box Expansion for the One-Loop Amplitude∫
d4`A(k),1

n

¿?

=
∑

a,b,c,d

I a,b,c,d
(

f 1
a,b,c,d+ f 2

a,b,c,d
)

︸ ︷︷ ︸
A(k),1

n,fin

︸ ︷︷ ︸
A(k),1

n,div

Consider for example the ‘MHV’ amplitude

(k=2), for which f 2
a,b,c,d = 0

,

and the only non-vanishing f 1
a,b,c,d are:

f 1
a,a+1,c,c+1 =

⇔
∫

d4`
(a, c)(a, a+1) (a, c+1)(c, a+1)
(`, a)(`, a+1)(`, c)(`, c+1)

(`,Q2)(X,Q1)

(`,X)(Q2,Q1)

︸ ︷︷ ︸
Ia,a+1,c,c+1
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Consider for example the ‘MHV’ amplitude (k=2), for which f 2
a,b,c,d = 0,

and the only non-vanishing f 1
a,b,c,d are:

Because the divergences are universal, the ratio function is manifestly finite!

involving four distinct propagators. However, each chiral box is IR-finite:
There are also co-dimension four residues involving only three propagators:R(k),1
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Generalizing Unitarity to 2-Loop Amplitudes & Integrands

Chiral Boxes Expansion for One-Loop Integrands
Making Manifest the Finiteness of All Finite Observables

Manifesting the Exponentiation of Divergences to All Orders
The separation of amplitudes into manifestly finite and manifestly divergent
parts can be done at all loop orders.

Moreover, all divergences exponentiate:

A(k),`
n ≡ A(k),`

n,fin +A(k),`
n,div A(k),`

n,div ≡
∑̀
q=1

A(k),`−q
n,fin

(
A(2),1

n,div

)q
with

And this separation makes manifest the finiteness of all finite observables
e.g. the `-loop ratio function:

R(k)
n ≡

A(k)
n

A(2)
n

≡
∞∑
`=0

g`R(k),`
n where A(k)

n ≡
∞∑
`=0

g`A(k),`
n

Using the separation of A(k),`
n together with the form of A(k),`

n,div given above,
it can be shown that:

R(k),`
n = A(k),`

n,fin −
∑̀
q=1

R(k),`−q
n A(2),q

n,fin
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n,fin which cannot be written as
‘superfunction’×‘integral’.
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(`1, 9)(`1, 1)(`1, 3)(`1, `2)(`2, 4)(`2, 6)(`2, 8)

Problem: all (isolated) on-shell functions vanish on this component!
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