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Organization and Outline

0 Spiritus Movens: the Discovery of On-Shell Physics
@ Using Generalized Unitarity to Compute One-Loop Amplitudes

@ Upgrading Unitarity at One-Loop: the Chiral Box Expansion
@ Chiral Boxes Expansion for One-Loop Integrands
@ Making Manifest the Finiteness of All Finite Observables

e Generalizing Unitarity for Two-Loop Amplitudes & Integrands
@ The Two-Loop Chiral Integrand Expansion
@ Novel Contributions at Two-Loops and Transcendentality
@ Local, Integrand-Level Representations of All Two-Loop Amplitudes
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Spiritus Movens: One-Loop Generalized Unitarity

Historically, on-shell functions were first studied in the context of using
generalized unitarity to determine (integrated) one-loop amplitudes:

The Scalar Box Decomposition

/d% AP — Z oo (fctl,h,c',d+ faz,h,c.,d)

R31 a,b,c,d

Advantages:
o ecach standardized, scalar integral need only be computed once
@ all coefficients are easy to compute as on-shell diagrams
Disadvantages:

e all widely-used methods of regularization severely obscure the
finiteness and dual-conformal invariance of finite observables
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Spiritus Movens: One-Loop Generalized Unitarity

Historically, on-shell functions were first studied in the context of using
generalized unitarity to determine (integrated) one-loop amplitudes:

The Scalar Box Decomposition

/d% AP — Z oo (fctl,h,c',d+ faz,h,c.,d)

R31 a,b,c,d

Advantages:
o ecach standardized, scalar integral need only be computed once
@ all coefficients are easy to compute as on-shell diagrams
Disadvantages:

e all widely-used methods of regularization severely obscure the
finiteness and dual-conformal invariance of finite observables

@ breaks the symmetries of the actual, field-theory loop integrand
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Upgrading Unitarity at One-Loop: the Chiral Box Expansion Chiral Boxes Expansion for One-Loop Integrands
Generalizing Unitarity to 2-Loop Amplitudes & Integrands Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

The Scalar Box Expansion for the One-Loop Amplitude
[ AD1= S tapeallsaat i

a,b,c,d
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A ‘Box’-Expansion for One-Loop Integrands

The Scalar Box Expansion for the One-Loop Amplitude
/d4€ ‘Ar(tk)’l - Z Lapea (fa]7b,c'7d+ faz,bvc-,d)

a,b,c,d

Consider for example the ‘MHV’ amplitude
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A ‘Box’-Expansion for One-Loop Integrands

The Scalar Box Expansion for the One-Loop Amplitude
/d4€ ‘Ar(tz)’l - Z Lapea (fa]7b,c'7d+ faz,bvc-,d)

a,b,c,d

Consider for example the ‘MHV” amplitude (k=2)
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A ‘Box’-Expansion for One-Loop Integrands

The Scalar Box Expansion for the One-Loop Amplitude
[ AD1= 5 tapeallseat i

a,b,c,d

Consider for example the ‘MHV’ amplitude (k=2), for which fa% bed =0
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The Scalar Box Expansion for the One-Loop Amplitude
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Consider for example the ‘MHV’ amplitude (k=2), for which fa% bed =0
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A ‘Box’-Expansion for One-Loop Integrands

The Scalar Box Expansion for the One-Loop Amplitude
/d4€ .A,(,z)’l = Z Iaped fal7b,c7d

a,b,c,d

Consider for example the ‘MHV” amplitude (k=2), for which fa% bed =0,
and the only non-vanishing f, , . , are:
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A ‘Box’-Expansion for One-Loop Integrands

The Scalar Box Expansion for the One-Loop Amplitude
/d4€ .A,(,z)’l = Z Laaticeti fal,a+1,c,c+1

a,c

Consider for example the ‘MHV” amplitude (k=2), for which fa% bed =0,
and the only non-vanishing fﬁih’c’ 4 are:

1 . c+1
fa,a-‘rl ,oc+1 —
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Consider for example the ‘MHV’ amplitude (k=2), for which f? bed =0
and the only non-vanishing fa{ bed AT
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fa,a-‘rl ,oc+1 —

(a,c)(a,a+1)—(a,c+1)(c,a+l)
a1 D a D) erD)
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A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand
02
.A,(,Z)’l = Z Iélt,a+1,c,c+1 fal,a—&-l,c,c—&-l
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Consider for example the ‘MHV amplitude (k=2), for which 7, , =0,
and the only non-vanishing fa{ bed AT
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A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand
;? 1 1 2 2
A,(,k)’l = Z (Ia,b,c,dfa,b,c,d+Ia,b,c,dfa,b,c,d)
a,b,c,d
Consider for example the ‘MHV’ amplitude (k=2), for which f? bed =0
and the only non-vanishing fa{ bed AT
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A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand
02
Alk)1 = Z(Ial,b,c,dfcz,b,c,d+I§,b,c,dfaz,b,c,d)

a,b,c,d
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A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

$? 1 1 2 2
.A,(,k)’l = Z (Ia,b,c,dfa,b,c,d+Ia,b,c,d.fa,b,c,d>
a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues
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A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

$? 1 1 2 2
.A,(,k)’l = Z (Ia,b,c,dfa,b,c,d+Ia,b,c,dfa,b,c,d)
a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues
involving four distinct propagators.
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A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

o? 1 1 2 2
VIQRES Z (ZapcafaveatZapealaped)
a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues
involving four distinct propagators. However, each chiral box is IR-finite!
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A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

o? 1 1 2 2
VIQRES Z (ZapcafaveatZapealaped)
a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues

involving four distinct propagators. However, each chiral box is IR-finite!
There are also co-dimension four residues involving only three propagators:
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VIQRES Z (ZapcafaveatZapealaped)
a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues

involving four distinct propagators. However, each chiral box is IR-finite!
There are also co-dimension four residues involving only three propagators:

- (a—1,a+1)(a,X)
- S a0t e X
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A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

o? 1 1 2 2
VIQRES Z (ZapcafaveatZapealaped)
a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues

involving four distinct propagators. However, each chiral box is IR-finite!
There are also co-dimension four residues involving only three propagators:

) - (a—1,a+1)(a,X)
div . <[t (Lya=1)(L,a)(l,a+1) (L, X)
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A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

$? 1 1 2 2
-A,(,k)’l - Z (Ia,b,c,d.fa,b,c,d +Ia,b,c,clfa,b,c,d)
a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues

involving four distinct propagators. However, each chiral box is IR-finite!
There are also co-dimension four residues involving only three propagators:

) - (a—1,a+1)(a,X)
div . <[t (Lya=1)(L,a)(l,a+1) (L, X)

a
and the residue about the point £ — x, must be the tree amplitude: Af,k)’o

Thursday, 25% June 2015 Strings 2015, ICTS-TIFR, Bengaluru The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion Chiral Boxes Expansion for One-Loop Integrands
Generalizing Unitarity to 2-Loop Amplitudes & Integrands Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

$? 1 1 2 2
-A,(,k)’l - Z (Ia,b,c,d.fa,b,c,d +Ia,b,c,clfa,b,c,d)
a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues

involving four distinct propagators. However, each chiral box is IR-finite!
There are also co-dimension four residues involving only three propagators:

) - (a—1,a+1)(a,X)
div . <[t (Lya=1)(L,a)(l,a+1) (L, X)

a
and the residue about the point £ — x, must be the tree amplitude: Af,k)’o

Thursday, 25% June 2015 Strings 2015, ICTS-TIFR, Bengaluru The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion Chiral Boxes Expansion for One-Loop Integrands
Generalizing Unitarity to 2-Loop Amplitudes & Integrands Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand
0?
Ar(lk),ll’: Z(Iabcdfabcd+ a,b,c dfab( d)+A(k)OZIglv

a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues

involving four distinct propagators. However, each chiral box is IR-finite!
There are also co-dimension four residues involving only three propagators:

) - (a—1,a+1)(a,X)
div . <[t (Lya=1)(L,a)(l,a+1) (L, X)

a
and the residue about the point £ — x, must be the tree amplitude: Af,k)’o

Thursday, 25% June 2015 Strings 2015, ICTS-TIFR, Bengaluru The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion Chiral Boxes Expansion for One-Loop Integrands
Generalizing Unitarity to 2-Loop Amplitudes & Integrands Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand
0?
Ar(lk),ll’: Z(Iabcdfabcd+ a,b,c dfab( d)+A(k)OZIglv

a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues

involving four distinct propagators. However, each chiral box is IR-finite!
There are also co-dimension four residues involving only three propagators:

) - (a—1,a+1)(a,X)
div . <[t (Lya=1)(L,a)(l,a+1) (L, X)

a
and the residue about the point £ — x, must be the tree amplitude: Af,k)’o

Thursday, 25% June 2015 Strings 2015, ICTS-TIFR, Bengaluru The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion Chiral Boxes Expansion for One-Loop Integrands
Generalizing Unitarity to 2-Loop Amplitudes & Integrands Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

A}Sk),l: Z(Iabcdfabcd+ a,b,c dfab( d)+‘A(k)OZIgW

a,b,c,d

This ansatz matches the correct integrand on all co-dimension four residues

involving four distinct propagators. However, each chiral box is IR-finite!
There are also co-dimension four residues involving only three propagators:

) - (a—1,a+1)(a,X)
div . <[t (Lya=1)(L,a)(l,a+1) (L, X)

a
and the residue about the point £ — x, must be the tree amplitude: Af,k)’o

Thursday, 25% June 2015 Strings 2015, ICTS-TIFR, Bengaluru The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion Chiral Boxes Expansion for One-Loop Integrands
Generalizing Unitarity to 2-Loop Amplitudes & Integrands Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand
1 1 2 2 k),0
.A,(,k)’l = Z(Ia,b,c,dfa,b,c,d+Ia,b,c,dfa,b,c,d) + AS! ) Z Igiv
a

a,b,c,d

Thursday, 25" June 2015 Strings 2015, ICTS-TIFR, Bengaluru The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion Chiral Boxes Expansion for One-Loop Integrands
Generalizing Unitarity to 2-Loop Amplitudes & Integrands Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand
1 1 2 2 k),0
.A,(,k)’l = Z(Ia,b,c,dfa,b,c,d+Ia,b,c,dfa,b,c,d) + AS! ) Z Igiv
a

a,b,c,d

Thursday, 25" June 2015 Strings 2015, ICTS-TIFR, Bengaluru The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion
Generalizing Unitarity to 2-Loop Amplitudes & Integrands

Chiral Boxes Expansion for One-Loop Integrands
Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

.Ar(,km = Z (IcLb,adfal,b,c,d +I§,b,c7d.faz,b7c,d) + Aglk)’oz Igiv
a

a,b,c,d

Thursday, 251 June 2015 Strings 2015, ICTS-TIFR, Bengaluru

The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion
Generalizing Unitarity to 2-Loop Amplitudes & Integrands

Chiral Boxes Expansion for One-Loop Integrands
Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

A =Y (TapeafipeatZivealaed ¥ A0Y T,
a

a,b,c,d

Thursday, 251 June 2015 Strings 2015, ICTS-TIFR, Bengaluru

A(k)’l

n,div

The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion
Generalizing Unitarity to 2-Loop Amplitudes & Integrands

Chiral Boxes Expansion for One-Loop Integrands
Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand

A =Y (TapeafipeatZivealaed ¥ A0Y T,
a

a,b,c,d

Thursday, 251 June 2015 Strings 2015, ICTS-TIFR, Bengaluru

A(k)’l

n,div

The Vernacular of the S-Matrix: Revisiting Generalized Unitarity



Upgrading Unitarity at One-Loop: the Chiral Box Expansion Chiral Boxes Expansion for One-Loop Integrands
Generalizing Unitarity to 2-Loop Amplitudes & Integrands Making Manifest the Finiteness of All Finite Observables

A ‘Box’-Expansion for One-Loop Integrands

A Chiral ‘Box’-Expansion for the One-Loop Amplitude Integrand
1 1 2 2 k),0
ALl = Z (ZapcalaveatZovealaped) + AL Z Ty
a

a,b,c,d

A(k)71 A(k)’l

n,fin n,div

Because the divergences are universal, the ratio function is manifestly finite!
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Manifesting the Exponentiation of Divergences to All Orders

The separation of amplitudes into manifestly finite and manifestly divergent
parts can be done at all loop orders.
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And this separation makes manifest the finiteness of all finite observables
e.g. the ¢-loop ratio function:
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And this separation makes manifest the finiteness of all finite observables
e.g. the {-loop ratio function:

0 — A =3 R

R =
n 2
A( ) =0
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The separation of amplitudes into manifestly finite and manifestly divergent
parts can be done at all loop orders. Moreover, all divergences exponentiate:

APA = ARy A,,’?th with  AY Z A (A2

n div — n,div

And this separation makes manifest the finiteness of all finite observables
e.g. the {-loop ratio function:

R = j';z) =Y RO where AW =3 gl AW
/=0

Using the separation of A,S")’E together with the form of A,Sk()h’f given above,
it can be shown that:
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The Two-Loop Chiral Integrand Expansion
Novel Integrand Contributions at Two-Loops and Transcendentality
Local, Integrand-Level Representations of All Two-Loop Amplitudes

Upgrading Unitarity at One-Loop: the Chiral Box Expansion
Generalizing Unitarity to 2-Loop Amplitudes & Integrands

Constructing Local Integrands for Two-Loop Amplitudes

The Two-Loop Chiral Expansion

AB2 Aflk%f 4 A2

n,div
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Upgrading Unitarity at One-Loop: the Chiral Box Expansion
Generalizing Unitarity to 2-Loop Amplitudes & Integrands

Constructing Local Integrands for Two-Loop Amplitudes

The Two-Loop Chiral Expansion
A®2 A(klgil + A®2
n n,fin

n,div

All the divergent contributions, AL:2

n.divs Are easy to identify
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