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In 141 D CFT there is a central charge appearing in different places

2
The symmetry algebra [Lm, Ln] = (m — n) L4, + m(”’lbz_l) ¢ Optn.0-

Two point function of energy momentum tensor (T'(x)T(y)) = %.

The Weyl anomaly (T})) = —5R.

Casimir energy of a cylinder E = —% C.

Entropy: putting the theory on a circle with radius g = 71 the entropy is
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Entanglement entropy Sg = %Iog l/e.

Zamolodchikov's c-theorem =—— cuyv > ¢jy



In d+ 1 dimensional CFT

The symmetry group is S(2,d+ 1) and has no central charge.

Two point function of energy momentum tensor

(Top(x)Tog(y)) = iz — jg(d_I_l) Gabed(,y).

Weyl anomaly for even dimensions (odd d)

<Tllj> =CLEd_|_1—|—ZCZ'IZ'—|-V°J
{

Entropy at finite temperature S;;, = SoT™

Entanglement entropy
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H
d—2i—1 gd—214+1 T 52[d]_|_1 d Q[d] Iog —+ finite terms.

Which one may have a “c”"-Theorom?



a-theorem

In four dimensional space time (d = 3) the coefficient that multiplies the
Euler density, a, always decreases along RG flow ( Card 1988, Komargodski,
Schwimmer 2011)

In any higher (even) dimensions, the coefficient of Eg441 in the anomaly may
be considered as generalization of a-theorem: It is has natural monotonic
flow.

If one considers the entanglement entropy for a sphere in even dimensions

Aoy =@

In odd dimensions there is no anomaly, though one could still define AQ[Q]
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as the universal term in the entanglement entropy of a sphere. Of course
there is no log term.

The universal term in the entanglement entropy for a sphere could provide

a monotonic function. (Myers, Sinha 2010 )
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Natural Questions

e Is there any other universal term in the expressions of entanglement en-
tropy?

e Is there any other relations between these parameters? Specially in odd
dimensions where anomaly is zero?

e If other surfaces can be also useful ?



Based on early works

Drukker, Gross, Ooguri 1999 — Hirata, Takayanagi 2006 — Myers, Singh
2012

Recently new observation was made in
Bueno, Myers 2015 — Bueno, Myers, Witczak-Krempa 2015

To proceed let me just briefly review this observation.



Consider a vacuum state of a three dimensional CFT whose gravity dual is
provided by an AdS, geometry. And an entangling region with cusp.

In general one finds

Area

Sp =

H
+ a(2) log — + Ag
g g

where H is a length scale, £ a uv cut off.



Area

H
Sg = - +a(Q)|09;+AO

e When the entangling region is a smooth sphere, a(2) = 0 and Ag is just
the one could provide a monotonic function (central charge).

e \When there is a cusp, one has a universal term. Of course there are certain
constraints on a($2).

One has
K
Ag = — 4+ --- at 2 — 0
0 Q—l- : :
- 2
Ao=a<5—§2) - : at 2 — —
More importantly
o L 7'('2
Cp 24

seems universal for 3D CFT. (Bueno, Myers 2015 — Bueno, Myers, Witczak-

Krempa 2015)
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Let us ask the following questions

What about higher dimensions? Does this work for non conformal cases?
Could this define a new charge?

We would like to partially address these questions with in a specific model

T heories with hyperscaling violation

Charmousis, Gouteraux, Kim, Kiritsis, Meyer 2010 — Gouteraux, Kiritsis
2011 — Huijse, Sachdev, Swingle 2011 — Dong, Harrison, Kachru, Torroba,
Wang 2012 — .....
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General solution with hyperscaling factor

1 1 Ny 2

1
S = ——/dd+2 J=g
167Gy Vg =

One of the gauge field is required to produce an anisotropy while the above
particular form of the potential is needed to get hyperscaling violating factor.
‘The other gauge fields make the background charged. Let's consider Ny = 2.
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It has exact charged black hole solutions as follows

2
dSQZL_(L)2%< Qf;ir)l)d _I_ (T) _I_d )) gb:ﬁ“’]fr’

T2 rp
R (e L

with 8 =/2(d - 0)(z — 1 — 6/d) and

fr)y=1— mrd— 9—|—z_|_Q2 2(d—042z— 1)

where z is the dynamical exponent and 6 is the hyperscaling violation
exponent.

M. A, O Colgain, Yavartanoo 2012 — Bueno, Chemissany, Meessen, Ortin,
Shahba 2012.
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For () = O this geometry is a black brane background whose Hawking tem-
perature is

T — dg + z,
A T3
where rg is the radius of horizon.
dg J
47 \z L, dg dg
Sth:< ) d—d TZ.ESoTZ
dog + z AG 11 0

where dg = d — 0.
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We shall study holographic entanglement entropy on a singular region con-
taining an n dimensional cone ¢,. It is convenient to use the following
parametrization for the metric

12 —r2(=2)at2 4+ dr? + dp? + p?(de? + sin%p dQ2) + d#5_

0 0
7“23 742(1—3)
F

ds? =

The entangling region which, in general, have the form of ¢, x Rd—n—2 may
be given by

t = fixed p = €2
When n = 0 the entangling region will be given by —2 < ¢ < 2.

Using holographic entanglement entropy prescription one can compute the
corresponding entanglement entropy (Ryu, Takayanagi 2006)
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Given the symmetry of both the background metric and of the shape of the
entangling region, the corresponding co-dimension two hypersurface may be
described by the function » = r(p,¢), and therefore the induced metric on
the hypersurface is

L2 (L+1"2)dp? + (p? 4 72)dp? + 2r'7dpdp + p? sin? ¢ dQ22 + dZ75

J .
r; T2(1—3)
where v/ = 9,r and » = d,r. Form this induced metric the area functional
whose minimum gives the holographic entanglement entropy reads

QnVi_ o LA nsin™ _

2
dsing =

where V,;_,,_»> isthe regularlzed volume of RY~"~2 space and €2, is the volume
of S™ sphere. Here ¢, = 1+ 9,,0 to make sure that for n = 0 there is a factor
of 2 as the interval of integration is from O to (2.
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T he divergent terms of the holographic entanglement entropy for dg —n #= 2
are given by

1 . :
g Qan—n—QLd [ ]z: / o Hn—QZ-I—]. h%l—n—l
—c . —
"4, S (n—2i+1)(dg — 20 — 1) | edo—2i-1  gdg—n—2
Hh d 2
L 2511002051 +2 P Ao hT
(de - 2[”] —3) g~ [n] 3 dg—mn—2 5d9 n—2

"ol o141, (109 () 1- (dg—n—2)log hg
dg—n—2 \HYW"1=2 (dg—n—2)(e/hg)d—n—

2)] +finite terms.

where the prime in the summation indicates that when n is an odd number

as one computes the summation, + = [%] -+ 1 should be excluded from the
summation.

From this general expression one observes that the holographic entanglement
entropy for a singular surface in the shape of ¢, X RA—"—2 contains various
divergent terms including a log term which results to a universal term when

dg 1S an odd number.
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On the other hand when dy = n + 2 the holographic entanglement entropy
gets new Iogarithmic divergences

=S . —
"aar, ) (n — 2@ + 1)(dg — 2i — 1) g—2i—1  gdg—n—2
52[”]+1 n®2[2]+2 log Hho | 2[4 H
€ Aglo 5, l0g*? (—)
" (dg — 2[5] —3) gdo—2[5]-3 1 Aolog g 2 [ U1+1,dy 7 g

+finite terms.

EO

—ap; ho
Ap = o ta, ogho—l—/ dh Areg
Eo (dg — 2 — 1)pJ~271 " 218 120110 0
A Smngp\/l—l—(l—l—hQ) 2 [ A a; _I_aJQ[dQ—“)](S
"e9 = 1 Z hdo—2i ho 20%)41.dy

1=0
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The coefficients ap; appearing in the equations are

apg —

agq =

sin"Q, a> = p>(2p> + ncot)sin™ Q

%[n (290:23 + 904) Sin 29 — o sin? Q (902 (490% +n - 4) - 16904)

+ go%(n — 1)ncos? Q] sin” 2.

Here

p2 = —

g = —

nh (@/2 -+

n

cot 2

2(dg — 1)’

ncot Q[(—2n + (dg — 1)?)ncot? Q + (dy — 1)2(6 — 2dy + n)]

1+ A2

8(dg — 3)(dg — 1)3

)ox¢+¢j(@2+1y@—h%¢0+w@—

2h2

(h2+1)]



T herefore we get certain universal terms

For dyp # n + 2 the the universal term are

QnVg—n—20, .4 LAfn+2—dg

2(%)

€n

Puniv = Oty 41,4,

For dg = n + 2 he universal terms are

Q L Hho  ord

4G r% g 2

Suniv — €n

4(d9—n—2)r%G

o ().
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Using these results (normalizing to the volume) one may define new central
charge as follows

314
dg

— a for dyp odd, and dyp #n + 2,
n4(d9 —n — 2)G'r§l7 do 2[7

C’smgular — €

]?

3Ld Yordy

"aGri2 2

for dg odd, and dyp = n + 2,

C1S|ngular — €

3L4
4G7“d n—2

Os,ngular = €n Ao, for dyp even, and dy = n + 2,

It is illustrative to present explicit results
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dy = 2

For dy = 2 being an even number, the holographic entanglement entropy
has universal log term only for n = 0 in which one has

314
EE —
Csingular — e rd_2 Ap,
F
Ap ~ = at Q — 0,
<2
1 2
AON—@—Q) o atQ -~
4 \2

Bueno, Myers 2015 — Bueno, Myers, Witczak-Krempa 2015
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d9=:3

In this case when n %= 1 the holographic entanglement entropy has a log
term whose coefficient may be treated as a universal factor given by
3n2Ld cos? Q
d—3 . cN2—n o’
132G r% > (1 —mn)sin Q

Csmgular —

On the other hand for n = 1 the universal term should be read from log?
term with the coefficient

3L¢  cos?2Q
- 30(3 rd 32sinQ’

Osmgular

2y

C1s|ngular 02-n’ at 2 — 0,

T 2 T
CE ~ (— — Q) : at 2 — —.
smgular o 5 5
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dyg = 4

In this case in general there is no universal term except for the case where
n—2
d
singular — _
oular = 4 pd4

Using the explicit form of Ag one can find it numerically

Ap,

0.30¢

0.25}

0.20¢

Ao(C)

0.10}

0.05¢

0.00L.
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Log |Ao(£D)]

-2 -1
Log Sin Q)

0.04;
0.03;
0.02;
0.01;
0.00t .
0.8
at €2 — 0,

2
Q) : atQ—>g.
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dg =5

For this case and when n %= 3 the universal term must be read from log term

215 Ccos2$)

sin?—"Q

n

16384(3 — n)Gr& > K

C&iquiar = ~ 64) cos(2Q) + n(7n — 32) + 64|

while for n = 3 it comes from Iog2 term

E ~L®> 9(31 - cos28)cos? R
smgular 4GT§:5 4096 sinQ

K
Csmgular O4—n’ at 2 — 0,

T 2 T
CEE  ~ (——Q) | at Q —
smgular o 5 5
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The listen we learn

In arbitrary dimensions for a singularity of the form ¢, x R4 "2 one gets

EE X
Csingular ~ Qdg—1—n’ at &2 — 0,

2
EE 7T T

Cy; may be though of a new central charge of the model
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Other charges

We have already computed thermal entropy

4 = LAy d d
Sin = ( T ) 473 = ST
d@ —|—z 4 TF 0

There is another one appearing in the two point function of energy momen-
tum ternsor

Cr

<Tab(x)Tcd(y)> — |:E — y|2(d+1)Gabcd(wa y)-

For 6 = 0 one has (for example see Liu, Tseytlin 1998)

LY d42 1(d+2)
- 8rG  d 144
g T2 r(%)

Cr
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For § #= O one should go through holographic renormalization to find Cr.
Essentially one has to evaluate the quadratic part of action for small per-
turbations

1
Stotal = S — %/dd—'_lwﬁf(
0
1 d(d A
“arq ] e ()" (T = V26 - Do + 203 4,4

We note, however, that in general the linearized equations of motion cannot
be solved analytically. Moreover since we do not have a good control on
the asymptotic behavior of the metric (in the sense of Fefferman-Graham
coordinates), in general it is hard to employ the holographic renormalization
procedure, either.
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Nevertheless setting z = 1 where we recover Lorentz invariance, the above
equation can be solve exactly and moreover one could still use the standard
procedure of holographic renormalization to compute two point function of

the energy momentum tensor.

Lt 442 M (dy + 2)

CT — .
877Gr§l7_d9 d 7rd+71|‘ (1—|—22d@—d)

Note, however, that since z = 1 from null energy condition we have
0(d—0) <0

Which has no interesting overlap with parameters on the range of interest.
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For z #= 1 although the general procedure of holographic renormalization
for hyperscaling violating geometry has not fully understood, one still has a
chance to get an expression for equal-time two point function.

Actually such a quantity is more appropriate to be compared with entangle-
ment entropy where we work on a constant time slice.

Following rom the results of the scalar field computations (
), one gets the following expression for Cp

L F(dg+2z+1)
SWGT%—de whzll‘ (22—1152619—0;)

Cr ~
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One observes that there are several charges all of them are proportional to

314

d—dp
2G T

Of course in this level of computations one cannot conclude whether such
a relation in universal. One way to probe it, is to consider higher derivative
terms to the action. Doing so (for particular second order action) one finds

Cr = n46C4
The others do not have such a simple universal relation.
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Conclusions

e Entanglement entropy for surfaces with cusp might provide a good central
charge to count the number of degrees of freedom.

e There is a general behavior for the universal terms (for dyg > 2)

CEE

Cd — 1im singular

Q=% (5 — Q)2

Indeed from the exact results and the best fit of our numerical solution for
dg = n + 2, one gets
(EE L% cos?Q
singular ™ a r%_de sin O

e Among all “charges” in the model it seems that the one appearing in the

two point function of energy momentum tensor is related to Cy
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