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abstract

We present several conjectures which we extracted from the study ofN=2 supersymmetric
quantum field theories, hopefully in a way understandable to mathematicians. Conjectures
involve topics such as holomorphic symplectic varieties, Hall-Littlewood polynomials, and
nilpotent orbits. Those mathematicians who do not have anything particularly interesting to
do are urged to prove these conjectures.
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1 Introduction

The aim of this short note is to present various mathematical conjectures which arose in the
last few years from the consideration of N=2 supersymmetric quantum field theories in four
dimensions (4dN=2 SUSY QFTs), in a way hopefully understandable to mathematicians. The
author has already prepared a review article [1]with a similar objective. It turned out, unfor-
tunately, that the pseudo-mathematical discussions on what exactly are the 4d N=2 SUSY
QFTs tend to distract the mathematical readers too much and that not many readers of that
article come to the point of studying the precisely formulated mathematically conjectures
themselves. In this note, the discussion on the nature of the supersymmetric field theories
is cut down to the bare minimum, and the mathematical conjectures are stated explicitly as
such, so that an interested mathematician can directly grasp what kind of mathematical con-
jectures have arisen in this type of study by physicists.

Before proceeding, it is to be noted that conjectures are gathered from various sources,
mainly from [2, 3, 4, 5] and many of them are not by the author himself.

The rest of the note is organized as follows. We start by introducing in Sec. 2 the prop-
erties of 4d N=2 SUSY QFTs. There we explain two main classes of 4d N=2 SUSY QFTs, one
associated to symplectic vector spaces and another associated to punctured Riemann sur-
faces. We also summarize various mathematical objects associated to N=2 SUSY QFTs. Then
sections 3, 4, 5, 6, 7 and 8 contain conjectures related to the section titles. The conjectures
concerning the instanton moduli spaces and the W-algebras, proposed in [6] and recently
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partially proved in [7, 8], also follow from the consideration of 4d N=2 SUSY QFTs, but its ex-
position requires an understanding of much more properties of SUSY QFTs. The readers are
referred to [1].
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2 4d N=2 SUSY QFTs

2.1 Formal properties

A 4d N=2 SUSY QFT Q is, first of all, a mathematical object in the category Q of 4d N=2 SUSY
QFTs1. As a mathematician, the reader should know how to deal with a mathematical object
only using its formal properties, or axioms, without asking how it is constructed or realized
in the sense of set theory. The only properties we use concerning 4d N=2 SUSY QFTs are the
following:

• Given a reductive group G over C, there is a subcategory Q(G ) of ‘4d N=2 SUSY QFTs
with G symmetry’.

• Given a homomorphism ϕ : H → G , there is a functor from Q(G ) to Q(H ), satisfying
expected properties.

• There is a canonical object triv ∈ Q(G ) for any G , which behaves naturally under the
functors given above.

• Given Q1 ∈Q(G1) and Q2 ∈Q(G2), we have an operation × such that Q1×Q2 ∈Q(G1×G2).

• In particular, using the diagonal embedding G ⊂G ×G , we see that for Q1,2 ∈ Q(G ) we
have Q1×Q2 ∈Q(G ). triv is the unit under this product operation.

• Given Q ∈Q(F ×G ), there is Q /−/−/−G ∈Q(F ).
1A 4d N=2 SUSY QFT Q here corresponds to, in the terminology in [1], a largest family containing a 4d N=2

SUSY QFT. In [1], we used the letter G to refer to a compact Lie group and used GC to denote the corresponding
reductive group over C. The author made this change so that there is less clutter in the note.
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In a word, the categoriesQ(G ) behave rather like the category of G -spaces, with the operation
/−/−/−playing the role of the quotient operation.

Concrete mathematical conjectures arise when one associates already-well-defined math-
ematical objects to a SUSY QFT Q . Before discussing them, we need to describe two major
known ways to construct N=2 SUSY QFTs.

2.2 SUSY gauge theories

The first method is the following. Let V be a pseudoreal representation of G . Equivalently,
let V be aC-vector space with G action, together with a G -invariant holomorphic symplectic
formω. Then there is

Hyp(V ) ∈Q(G ), (2.1)

called a half-hypermultiplet based on V . The basic properties are

Hyp({pt}) = triv, Hyp(V ⊕W ) =Hyp(V )×Hyp(W ). (2.2)

Given a pseudo-real representation V of F ×G , we have Hyp(V )/−/−/−G ∈Q(F ). A 4d N=2 SUSY
QFT of this form is called a 4d N=2 SUSY gauge theory.

2.3 Class S theories

The second method is the following. Let G be a simply-laced, simply-connected reductive
group over C. Pick a closed 2d surface C with punctures pi , labeled by nilpotent orbits Oi of
g. Using the Jacobson-Morozov theorem, we can equally label the puncture pi by a nilpotent
element ei up to conjugation. We mostly stick to this latter convention.

Then we have a 4d N=2 SUSY QFT associated to this marked surface

SG (C ,{(pi , ei )}) ∈Q(
∏

i

G (ei )) (2.3)

where the reductive group G (e ) for a nilpotent element e is defined as follows. There is a
triple {e , h , f } ⊂ g, unique up to a conjugation, generating an su(2) subalgebra: [h , e ] = 2e ,
[h , f ] = −2 f , [e , f ] = h . We then let G (e ) =G {e ,h , f }, the subgroup fixed by the adjoint action
of e , h and f . The three basic properties are the following:

• When there is a homeomorphism mapping (C ,{pi , ei }) to (C ′,{p ′i , e ′i }), we have

SG (C ,{(pi , ei )})' SG (C
′,{(p ′i , e ′i )}). (2.4)

• Let eprin be the principal nilpotent element. Then we have

SG (C ,{(pi , ei )}t {(p , eprin)})' SG (C ,{(pi , ei )}). (2.5)

In other words, having a puncture p marked with eprin is equivalent to having no punc-
ture p at all.
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• Suppose we have two marked surfaces (C ,{(pi , ei )}i=0,1,...) and (C ′,{p ′i , e ′i }i=0,1,...), such
that (p0, O0) = (p , 0) and (p ′0, O ′

0) = (p
′, 0). Then G (e0) =G (e ′0) =G , and let

Gdiag ⊂G (e0)×G (e ′0) (2.6)

be the diagonal subgroup.2 The crucial property we have is that [9]

�

SG (C ,{(pi , ei )}i=0,1,...)×SG (C
′,{(p ′i , e ′i )}i=0,1,...)

�

/−/−/−Gdiag

= SG (C p0
+p ′0

C ′,{(pi , ei )}i=1,... t{(p ′i , e ′i )}i=1,...). (2.7)

Here, C p0
+p ′0

C ′ is the 2d surface obtained by smoothly connecting the point p0 on C
and the point p ′0 on C ′. Note that both sides of the equation are in Q(

∏

i=1,... G (ei ) ×
∏

i=1,... G (e
′
i )). More pictorially, we denote this relation as



SG (
e=0
)×SG (

e=0
e'
e''
)



/−/−/−Gdiag = SG (
e'
e'' ). (2.8)

There is a similar relation where we connect two punctures labeled by e = 0 on one and
the same surface. It should be emphasized that only punctures labeled by e = 0 can be
connected this way.

2.4 Mathematical objects associated

Given an N=2 SUSY QFT Q ∈Q, we can associate various mathematical objects which can be
discussed in already-well-established fields of mathematics. Those discussed in this paper
are summarized in Figure 1. In the figure, the solid black line from A to B means that the
object B to should in principle be obtained from the object A, and the dashed red line from A
to B says that the object B can be easily obtained from A within the understanding at present.
The objects pointed to by the dashed red lines starting from class S theories SG (C ,{ei }) and
SUSY gauge theories Hyp(V )/−/−/−G are rather complementary. Physics arguments tell us that
Hyp(V )/−/−/−G = SG (C ,{ei }) for certain nice choices of V , G , C and {ei }, and this gives rise to a
host of conjectures.

Let us list the objects appearing in the figure:

• MHiggs(Q ) is a hyperkähler manifold called the Higgs branch. We treat it as a holomor-
phic symplectic variety in this paper. We discuss it in Sec. 3.

• DW (Q ) is an holomorphic integrable system called the Donagi-Witten integrable sys-
tem.

2More precisely, when G is a simply-laced group with order-2 outer automorphism, the embedding is defined
by sending g ∈Gdiag to (g , o (g ))where o is a non-inner automorphism of order 2.
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N=2 SUSY QFT

pseudoreal vector space

(C, {e})

Hyp(V)

marked 2d surface

V

SG(C, {e})
/�/�/�Hyp(V) G

Q

DW(Q)

MCoulomb(Q)

MHiggs(Q)

ch C[MCoulomb(Q)] ch C[MHiggs(Q)]

ZSCIp=0,q,t(Q)

ZSCIp,q,t(Q)

ZSCIp=0,q=t(Q)

VOA(Q)

Figure 1: Mathematical objects associated to N=2 SUSY QFTs. Solid black lines show logical
relationships, while dashed red lines mean that the computational method is known.

• MCoulomb(Q ) is an affine space which is the base of the integrable system DW (Q ). Both
DW (Q ) and MCoulomb(Q ) are discussed in Sec. 5. An aspect of DW (Q )will be dealt with
in Sec. 8, too.

• V O A(Q ) is a vertex operator algebra, recently introduced in (unpublished). This will be
described in Sec. 7.

• For Q ∈ Q(G ), Z SCI
p ,q ,t (Q ) is an element in KG (pt)[[p , q , t 1/2]]. In the most generality this

will be discussed in Sec. 6, but its limit when p = q = 0 will appear early in Sec. 4.

3 Holomorphic symplectic varieties

There is a functorMHiggs from the categoryQ(G )of 4dN=2 SUSY QFTs to the category of holo-
morphic symplectic varieties with Hamiltonian G action together with an action of τ ∈ C×
sendingω→τ2ω, whereω is the holomorphic symplectic form. The functor MHiggs satisfies
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the relation

MHiggs(triv) = {pt}, MHiggs(Q1×Q2) =MHiggs(Q1)×MHiggs(Q2) (3.1)

and
MHiggs(Q /−/−/−G ) =MHiggs(Q )///G (3.2)

where the operation on the right hand side is the holomorphic symplectic quotient, namely
that on a holomorphic symplectic variety X with Hamiltonian G action given by the moment
map µ : X → g∗, we have

X ///G =µ−1(0)/G . (3.3)

We have a basic equality
MHiggs(Hyp(V )) =V , (3.4)

and therefore
MHiggs(Hyp(V )/−/−/−G ) =V ///G , (3.5)

whose right hand side is a holomorphic symplectic quotient of a linear space. This includes
Nakajima’s quiver varieties.

Mathematical conjectures arise by considering the compositionMHiggs◦SG . First, we have
the basic property

MHiggs(SG ( )) = T ∗G . (3.6)

Here and in the following, it is to be understood that unmarked punctures in the figures are
marked by the nilpotent element e = 0. More generally, we have

MHiggs(SG (
e )) = {(g , x )⊂G ×g' T ∗G | x ∈ e +Se } ⊂ T ∗G (3.7)

where e +Se is the Slodowy slice at e :

e +Se = {e + x | [ f , x ] = 0, x ∈ g}. (3.8)

Holomorphic symplectic structures on these varieties were constructed in [10].
Recalling that a puncture marked with the principal nilpotent element is equivalent with

not having a puncture, we have

MHiggs(SG ( )) = {(g , x )⊂G ×g' T ∗G | x ∈ eprin+Seprin
} ⊂ T ∗G (3.9)

The property (2.8) becomes, after applying MHiggs:

MHiggs(SG (
e'
e'' )) =



MHiggs(SG (
e=0
))×MHiggs(SG (

e=0
e'
e''
))



///Gdiag. (3.10)
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More explicitly, the right hand side is given as

{(x , y ) ∈ X ×Y |µX (x ) =µY (y )}/Gdiag (3.11)

where X , Y are two holomorphic symplectic varieties in the numerator, and µX , µY are the
moment maps.3 Note that if MHiggs(SG (C ,{(pi , 0)})) is known, MHiggs(SG (C ,{(pi , ei )})) can be
obtained by gluing the spaces (3.7) via the procedure (3.10).

Let us define
WG ,n :=MHiggs(SG (S

2, n points with e = 0)) (3.12)

where Cg is a genus-g surface. This is a holomorphic symplectic variety with Hamiltonian
action of

Sn oG = Sn n [G ×G × · · ·×G
︸ ︷︷ ︸

n times

] (3.13)

where the permutation group Sn acts on G n by permuting them; the action of Sn arises from
the property (2.4). Then we have the following conjecture

Conjecture 1. Let G be a simply-connected simply-laced reductive group overC. Let UG be the
holomorphic symplectic variety (3.7). Then there are holomorphic symplectic varieties WG ,n

with a Hamiltonian action of Sn oG such that

• WG ,1 is the space given in (3.9) and WG ,2 = T ∗G , and

• (WG ,m ×WG ,n )///Gdiag =WG ,m+n−2.

Some mathematicians might find a different formulation of the conjecture given in [2] in
terms of a 2d topological quantum field theory taking values in the category of holomorphic
symplectic varieties more appealing. Ginzburg and Kazhdan had informed the author that
they constructed WG ,n which satisfy these two conditions.

For G = A1 these varieties are easy to describe. We start from the known relation that

SA1
( ) =Hyp(V1⊗C V2⊗C V3) (3.14)

where Vi 'C2 so that Vi is acted naturally by SL(2). Therefore we have

WA1,3 =V1⊗C V2⊗C V3. (3.15)

It is instructive to check that the action of S3 o SL(2) preserves the natural holomorphic sym-
plectic structure. By the gluing property, we have

WA1,4 =MHiggs(SA1
(

x

y

u

v
)) = [Vx ⊗Vy ⊗V ⊕V ⊗Vu ⊗Vv ]///SL(V ). (3.16)

3The outer automorphism in footnote 2 is inserted to have µX (x ) = µY (y ), instead of µX (x ) +µY (y ) = 0 in
this equation.
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Here, the subscripts x , y , u , v are put in the figure to distinguish distinct copies of SL(2) action
associated to the punctures. The right hand side should be invariant under the exchange
Vy ↔Vu but this is not obvious in this notation. The right hand side, when written as

V ⊗RR8///SL(V ), (3.17)

is the ADHM construction of the minimal nilpotent orbit of SO(8)⊃ SL(Vx )×SL(Vy )×SL(Vu )×
SL(Vv ), and the exchange Vy ↔Vu is given by an outer automorphism of SO(8).

For G = A2, it is conjectured that

WA2,3 =MHiggs(SA2
( )) =minimal nilpotent orbit of E6 (3.18)

where the overline denotes the closure. This has S3 oSL(3)⊂ E6 Hamiltonian action. Then

MHiggs(SA2
(

x

y

u

v
)) = (WA2,3×WA2,3)///SL(3). (3.19)

The action of S4 oSL(3) is not manifest.
As a natural generalization of (3.16) and (3.18), we have the following conjectures. On

a flat C2 ' R4, we consider the anti-self-dual equation of Gcpt-connection F + ?F = 0 with
the condition that

∫

C2 tr F ∧ F = −16π2h∨(G )n , where n is a positive integer. Here Gcpt is the
compact Lie group associated to the reductive simply-laced simple group G overC, and h∨(G )
is the dual Coxeter number. The moduli space MG,n of solutions of this equation, up to the
gauge transformation trivial at infinity, is called the non-centered framed n-instanton moduli
space of group G . This is a holomorphic symplectic variety of dimension 2h∨(G )n , with a
natural Hamiltonian action of G ×SL(2). The action of G comes from the action of Gcpt at the
asymptotic infinity ofC2 'R4, and the action of SL(2) comes from its natural action onC2. The
action ofC× onC2 becomes an action of τ ∈C× on MG,n sending the holomorphic symplectic
form ω by ω 7→ τ2ω. The non-centered framed moduli space naturally is a product MG ,n =
C2 × M̃G ,n , where M̃G ,n is called the centered framed moduli space. It is known that M̃G ,1 is
the minimal nilpotent orbit of G .

For the centered moduli spaces, we have the following:

Conjecture 2. Let us denote nilpotent elements of An−1 by a partition of n, which we write as
[n1, n2, . . .]with

∑

ni = n. We also use the standard abbreviations such as [3, 2, 2] = [3, 22]. Then
we have:

MHiggs(SA3n−1
(S 2; [n 3], [n 3], [n 3])) = M̃E6,n , (3.20)

MHiggs(SA4n−1
(S 2; [2n , 2n ], [n 4], [n 4])) = M̃E7,n , (3.21)

MHiggs(SA6n−1
(S 2; [3n , 3n ], [2n , 2n , 2n ], [n 6])) = M̃E8,n . (3.22)

Here, the left hand side is to be defined using WG ,n constructed in Conjecture 1 and the spaces
(3.7) in terms of the holomorphic symplectic quotient (3.10). On the right hand side, the over-
line denotes Uhlenbeck compactification. On the left hand side, we have a manifest action of
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∏

i G (ei ) =
∏

i SL(ki ) where (k1, k2, k3) = (3, 3, 3), = (2, 4, 4), = (2, 3, 6) for E6,7,8, respectively, and
a suitable finite quotient of

∏

i SL(ki ) is a natural maximal subgroup of Er .

For non-centered moduli spaces MEr ,n , we have the following:

Conjecture 3. For n > 1, there are the equivalences

MHiggs(SA3n−1
[S 2; [n 2, n −1, 1], [n 3], [n 3]) =ME6,n , (3.23)

MHiggs(SA4n−1
[S 2; [2n , 2n −1, 1], [n 4], [n 4]) =ME7,n , (3.24)

MHiggs(SA6n−1
[S 2; [3n , 3n −1, 1], [2n , 2n , 2n ], [n 6]) =ME8,n . (3.25)

On the left hand side, we have spaces defined by starting from WG ,3 in Conjecture 1 and gluing
spaces (3.7) via the holomorphic symplectic quotient (3.10). On the right hand side, we have the
non-centered instanton moduli space MEr ,n =C2×M̃Er ,n , and the overline denotes Uhlenbeck
compactifications. There is a natural action of SL(2) coming from its action onC2 preserving its
holomorphic symplectic structure. The space on the left hand side has a manifest Hamiltonian
action ofC××C××SL(k2)×SL(k3)where (k2, k3) = (3, 3),= (4, 4) and= (3, 6) for E6,7,8 respectively,
which is a natural subgroup of SL(2)×Er .

4 Hall-Littlewood polynomials

Let us study the ring of functions of WG ,n . If the readers are uncomfortable with working with
spaces not rigorously constructed yet, take G = A1, for which we know WA1,3 (3.15). They
are holomorphic symplectic varieties with Hamiltonian G 3 action, together with an action of
τ ∈C× sendingω→ τ2ω whereω is the holomorphic symplectic form. The action of τ ∈C×
on WA1,3 =V1⊗V2⊗V3 is by a constant multiplication. Consider the character ofC[WA1,3]under
SL(2)3×C×, which is

trC[WA1,3]a b cτ=
∏

±±±

1

1−a1
±1b1

±1c1
±1τ

(4.1)

where we used a notation a = diag(a1, 1/a1) ∈ SL(2). It is possible to rewrite it in terms of
Hall-Littlewood polynomials of type A1. To write it down, it is more convenient to consider
arbitrary G , but then the relation has to be stated as a conjecture [4]:

Conjecture 4.

trC[WG ,3]a b cτ=
K0(a )K0(b )K0(c )

Keprin

∑

λ

Pλ(a )Pλ(b )Pλ(c )

Pλ(τ2ρ)
. (4.2)

Here, Pλ(z ) is defined to be =NλPλ(z ) where Pλ(z ) is the standard Hall-Littlewood polynomial
of type G when z ∈G is regarded as an element z = (z1, . . . , zr ) ∈ T r ⊂G where T r is the Cartan
torus of G . Nλ is a normalization factor so that Pλ is orthonormal under the following measure:

δµν =
1

|WG |

∫

T r

Pλ(z )Pµ(1/z )
1

(1−τ2)r

∏

α:roots of G

1− z α

1−τ2z α

r
∏

i=1

d zi

2π
p
−1zi

(4.3)
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where |WG | is the order of the Weyl group, and we used the standard abbreviation z α =
∏

i z αi
i

for a weight α = (α1, . . . ,αr ) of G . Then τ2ρ is an element of G given by τ and the Weyl vector
ρ. For example, τ2ρ = diag(τ, 1/τ) for G = A1.

The prefactors K are given by

K0(z ) =
1

(1−τ2)r

∏

α:roots of G

1

1−τ2z α
, (4.4)

Keprin
=

r
∏

i=1

1

1−τ2di
(4.5)

where d1, . . . , dr are the exponents plus one of G . For example, (d1, d2, . . . , dn−1) = (2, 3, . . . , n )
for G = An−1.

Assuming the validity of the conjecture above, we can easily compute the character of the
ring of functions of WG ,n , due to the following relation between the holomorphic symplec-
tic quotient and the Hall-Littlewood polynomials. Suppose X is a holomorphic symplectic
variety with a Hamiltonian action of G × F , such that the stabilizer at generic points of the
action of G is trivial. Suppose furthermore that there is an action of τ ∈ C× such that the
holomorphic symplectic form ω is acted as ω 7→ τ2ω. Recall the definition of the holomor-
phic symplectic quotient (3.3) and note that the C× action on the moment map is given by
µ 7→τ2µ. Then, for an element y ∈ F , we have

trC[X ///G ] yτ=
1

|WG |

∫

T r

(trC[X ] y zτ)

�

(1−τ2)r
∏

α

(1−τ2z α)

�

∏

α

(1− z α)
r
∏

i=1

d zi

2π
p
−1zi

(4.6)

=
1

|WG |

∫

T r

(trC[X ] y zτ)K0(z )
−2 1

(1−τ2)r

∏

α

1− z α

1−τ2z α

r
∏

i=1

d zi

2π
p
−1zi

. (4.7)

Then, we find

trC[WG ,n ]a1a2 · · ·anτ=

∏

K0(ai )
K n−2

eprin

∑

λ

∏

i Pλ(ai )

Pλ(τ2ρ)n−2
. (4.8)

So far we have been considering the function rings of WG ,n (3.12), with all points marked
by the zero orbit. In favorable circumstances, it is possible to write down the character of
the function rings when the points are marked by non-zero nilpotent elements, since a point
marked by 0 can be converted to a point marked by other nilpotent orbits e by gluing (3.7)
using (3.10). At the level of function rings, this just means to set the moment mapµ associated
to the point to lie on the Slodowy slice µ ∈ e +Se . Assuming that this equation determines a
subvariety which is nice in some sense, we have the following:

Conjecture 5. In favorable circumstances, the character of the function ring of

X =MHiggs(SG (S
2,{pi , ei }ni=1)) (4.9)
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is given by

trC[X ]a1a2 · · ·anτ=

∏

Kei
(ai )

K n−2
eprin

∑

λ

∏

i Pλ(aiτ
2hi )

Pλ(τ2ρ)n−2
. (4.10)

where ai ∈G (ei ) and hi is a semisimple element such that (ei , hi , fi ) is an sl(2) triple. The pref-
actor Ke (a ) for a ∈G (e ) is given as follows. Using the sl(2) triple (e , h , f ), we can decompose g
according to sl(2)×G (e ) as

g=⊕d Vd ⊗Rd , (4.11)

where Vd is the irreducible representation of dimension d of sl(2). Then

Ke (a ) =
∏

d

∏

w :weights of Rd

1

1−τd+1a w
. (4.12)

Note that Keprin
defined in (4.5) is a special case of this construction.

It is not clear to the author how to state concisely which combination of ei make the config-
uration ‘favorable’.

This conjecture, when combined with a partial knowledge of MHiggs(SG (S 2,{pi , ei }) as con-
crete holomorphic symplectic varieties, gives rise to a number of conjectural identities. First
of all, for G = A1, we have an equality between an infinite product (4.1) and an infinite sum
(4.2). Second, WA2,3 is the minimal nilpotent orbit of E6. The function ring of the minimal
nilpotent orbit of arbitrary g is known to be of the form

C[min. nilp. orbit of g] =C⊕τ2Vλ⊕τ4V2λ⊕ · · · (4.13)

where Vµ is an irreducible representation with the highest weight µ and λ is such that g=Vλ;
τn in each term specifies the action of τ ∈ C×. Then the infinite sum (4.2) for g = A2 should
give the character of the function ring of the minimal nilpotent orbit of E6, given as (4.13).
The same argument should apply to the cases listed in Conjecture 2 when n = 1.

For n > 1, the choices of ei listed in Conjecture 2 are not in the favorable conditions where
the equality (4.10) is applicable, but the choices in Conjecture 3 are. Then we have:

Conjecture 6. The character of the function ring of the framed, non-centered n-instanton
moduli space MEr ,n with n > 1 under SL(2)×Er ×C× is given in terms of Hall-Littlewood poly-
nomials as

trC[MEr ,n ]a b cτ=
Ke1
(a )Ke2

(b )Ke3
(c )

Keprin

∑

λ

Pλ(aτ2h1)Pλ(bτ2h2)Pλ(cτ2h3)

Pλ(τ2ρ)
(4.14)

where

• For E6, the Hall-Littlewood polynomials are of type A3n−1, with e1 = [n 2, n − 1, 1], e2,3 =
[n 3]. We then have a = (t , a ′) ∈G (e1) =C××C×, b , c ∈G (e2,3)' SL(3), and t ∈C× ⊂ SL(2),
(a ′, b , c ) ∈C××SL(3)2 ⊂ E6.
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• For E7, the Hall-Littlewood polynomials are of type A4n−1, with e1 = [2n , n − 1, 1], e2,3 =
[n 4]. We then have a = (t , a ′) ∈G (e1) =C××C×, b , c ∈G (e2,3)' SL(4), and t ∈C× ⊂ SL(2),
(a ′, b , c ) ∈C××SL(4)2 ⊂ E7.

• For E8, the Hall-Littlewood polynomials are of type A6n−1, with e1 = [3n , 3n − 1, 1], e2 =
[2n , 2n , 2n ], e3 = [n 6]. We then have a = (t , a ′) ∈ G (e1) = C× ×C×, b ∈ G (e2) ' SL(3),
c ∈G (e3)' SL(6), and t ∈C× ⊂ SL(2), (a ′, b , c ) ∈C××SL(3)×SL(6)⊂ E8.

and semisimple elements hi are chosen so that (ei , hi , fi ) are sl(2) triples.

These relations have been put to some test in [11, 12, 13].
If the reader finds the function rings of instanton moduli spaces slightly too daunting, we

can also consider the cases when SG (S 2,{e1, e2, e3}) =Hyp(X ) for a symplectic vector space X .
Applying MHiggs to both sides, we have

X =MHiggs(SG (S
2,{e1, e2, e3})). (4.15)

Taking the character, we have the following:

Conjecture 7. For suitable choices we list below of G , e1,2,3 and a pseudoreal representation X
of
∏

i G (ei ), we have the equality

∏

u ,v,w

1

1−a u b v c wτ
=

Ke1
(a )Ke2

(b )Ke3
(c )

Keprin

∑

λ

Pλ(aτ2h1)Pλ(bτ2h2)Pλ(cτ2h3)

Pλ(τ2ρ)
. (4.16)

where (u , v, w ) runs over the weights of X as a representation of G (e1)×G (e2)×G (e3), and as
always, (ei , hi , fi ) are chosen so that they form sl(2) triples. Some of the choices of G , ei , X are
as follows:

• G = A1, e1,2,3 = 0, X =V1⊗V2⊗V3 where Vi 'C2, where we identify G (ei ) = SL(Vi )'G .

• G = An−1, e1 = e3 = [1n ] = 0, e3 = [n − 1, 1], and X =W ⊗V1 ⊗V ∗
3 ⊕W ∗ ⊗V ∗

1 ⊗V3. Here,
Vi ' Cn where we identify G (ei ) = SL(Vi ) ' G , and G (e2) = C× with W its natural one-
dimensional representation.

• G = E6, e1 = E6(a1), e2 = A2 + 2A1, e3 = 0, and X = Vmin ⊗ F ⊕ V̄min ⊗ F̄ . Here, G (e1) = 1,
G (e2) = SL(2)×C× with F its natural two dimensional representation, and G (e3) = E6

with Vmin its minuscule representation of dimension 27.

• G = E7, e1 = E7(a1), e2 = A3 + A2 + A1, e3 = 0 and X = Vmin ⊗R R3. Here, G (e1) = 1,
G (e2) = SO(3) with R3 its natural three dimensional real representation, and G (e3) = E7

with Vmin its minuscule representation of dimension 56.

Note that together with this conjecture, there is a conjectural equality (4.15) where the
right hand side is computed by starting from WG ,3 in Conjecture 1 and gluing spaces (3.7) via
the holomorphic symplectic quotient (3.10).
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5 Hitchin systems and Lusztig-Spaltenstein duality

A reader would surely ask how physicists know for which choices of e1,2,3 we have a symplectic
vector space as MHiggs ◦SG as in (4.15). One necessary condition is that

2 dimG =
3
∑

i=1

dim dLS (Oei
) (5.1)

where Oei
is the G -orbit of ei , and dLS is the duality operation of Lusztig and Spaltenstein.

This is an order-reversing map on the set of nilpotent orbits of G , where the partial order is
defined by the relation O1 ⊂ Ō2, where the bar stands for the closure. The duality operation
satisfies

d 2
LS = id (5.2)

when G = An−1, and is given by the transpose of the partition of n . In general it only satisfies

dLS
3 = dLS . (5.3)

For more, see e.g. [14].
To state where the condition (5.1) comes from, we need to introduce two new concepts.

For a 4d N=2 SUSY QFT Q ∈Q, we have a family DW (Q ) of holomorphic integrable systems
[15]. The base of this integrable system is MCoulomb(Q ), which is an affine space with an action
ofC×. In particular, its function ring is a free polynomial ring. There is a projection DW (Q )→
MCoulomb(Q ). In general, we have

C[MCoulomb(Q1×Q2)] =C[MCoulomb(Q1)]⊗C[MCoulomb(Q2)] (5.4)

and
C[MCoulomb(Q /−/−/−G )] =C[MCoulomb(Q )]⊗C[g]G (5.5)

where we assign degree 1 to a linear functional on g. ThusC[MCoulomb(Q /−/−/−G )] is guaranteed
to be a free polynomial ring assuming C[MCoulomb(Q )] is. For Q =Hyp(V ), we have

C[MCoulomb(Hyp(V ))] =C. (5.6)

The properties satisfied by DW (Q ) for Q = Hyp(V )/−/−/−G are given in detail in [1]. Deter-
mining DW (Q ) explicitly for these cases using these properties is usually called the Seiberg-
Witten theory in the physics literature. Given a Q ∈Q and a four-manifold M , there is a gener-
alized Donaldson polynomial Z (Q , M ). For Q = triv/−/−/−SO(3), Z (Q , M ) is literally the original
Donaldson polynomial. A physics argument tells us that Z (Q , M ) can also be determined
from the knowledge of DW (Q ); this leads to the Seiberg-Witten invariants of M . These are
of course a very important mathematical conjecture arising from the study of 4d N=2 SUSY
QFTs, but are too huge to be considered in this note.

Instead, we concentrate on DW (Q ) and MCoulomb(Q ) for Q = SG (C ,{(pi , ei }) here. Essen-
tially, DW (Q ) is given by the family of the G -Hitchin system on C with singularities given by
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ei , where the family is over the complex structure on (C ,{pi }) regarded as a punctured Rie-
mann surface. Then DW (Q )→MCoulomb(Q ) is given by the associated Hitchin fibration, with

dimMCoulomb(Q ) = (g −1)dimG +
∑

i

1

2
dimCdLS (Oei

). (5.7)

When Q = Hyp(V ), the Coulomb branch is a point, therefore the right hand side should be
zero. This gives the condition (5.1). Let us discuss DW (Q )more carefully following [5], which
lead us to a few conjectures involving Lusztig-Spaltenstein duality.

Let C be a Riemann surface with punctures p1, . . . pk with labels which we describe later.
Let P →C \ {pi } be a G -bundle with a reference connection d ′′. We take

φ ∈Ω1,0(C \ {pi }, P ×G g)A′′ ∈Ω0,1(C \ {pi }, P ×G g). (5.8)

Note that D ′′ = d ′′+A is also a connection. We demand thatφ has a singularity of the form

φ 'αi

d zi

zi
+ regular+ · · · (5.9)

where zi is a local coordinate such that the puncture pi is at zi = 0 and

αi ∈ dLS (Oei
). (5.10)

Not all of the group of gauge transformation

G= { f : C →G } (5.11)

preserves the boundary condition. We let

G0 = { f : C →G | f (xi ) ∈G αi }. (5.12)

Then we can consider the Hitchin map

h : {D ′′φ = 0}/G0→
⊕

a

H 0(da KC + (da −1)
∑

pi ). (5.13)

Here, KC is the canonical divisor and the Hitchin map h is given by

h :φ 7→ u1(φ)⊕ · · ·⊕ur (φ) (5.14)

where we fixed the isomorphism

C[g]G 'C[u1, . . . , ur ] (5.15)

so that ua has degree da .
This fibration is almost DW (Q ) → MCoulomb(Q ), but not quite. First, let us describe the

situation for type An−1. A label e is given by a nilpotent orbit, or equivalently a partition [ni ]

14



of n . The Lusztig-Spaltenstein dual α is given by the transpose partition [ai ]. From this we
define integers pd (α) = d −νd (α)where

(ν1(α),ν2(α), . . . ,νN (α)) = (1, . . . , 1
︸ ︷︷ ︸

a1

, 2, . . . , 2
︸ ︷︷ ︸

a2

, . . . , ). (5.16)

Then we find that the image of the Hitchin map h is in fact onto

h : {D ′′φ = 0}/G0→
n
⊕

d=2

H 0(d KC +
∑

i

pd (αi )xi ) (5.17)

when the choice of the genus and the labels of the punctures is generic enough. The right
hand side is an affine space whose dimension is given by (5.7), and we identify thus:

MCoulomb(SAn−1
(C ,{ei })) =

n
⊕

d=2

H 0(d KC +
∑

i

pd (αi )xi ). (5.18)

Note that we have an equality

MCoulomb(SAn−1
(C ,{ei })) = (g −1)(

n
∑

d=2

(2d −1)L d ) +
∑

i

V (ei ) (5.19)

as elements of KC×(pt), where L ' C is the one-dimensional standard representation of C×

and

V (ei ) =
n
∑

d=2

pd (αi )L
d . (5.20)

For other G (which we assume to be simply-laced), the image of the Hitchin projection
(5.13) is not in general an affine space; however, we have the following conjecture. Due to the
complexity of the full formulation, we first state the conjecture when all e is special, in the
sense that Oe is in the image of dLS :

Conjecture 8. Fix a simply-laced G . Consider the G -Hitchin system on punctured Riemann
surfaces C of genus g with punctures pi labeled by special nilpotent elements ei as defined from
(5.8) to (5.13). Assume that the choice of the genus and the labels of the punctures is generic
enough. Then the Hitchin projection (5.13) factors through an affine space MCoulomb(Q ):

h : DW (Q )→MCoulomb(Q )
finite
−→ h (DW (Q )) (5.21)

where DW (Q ) := {D ′′φ = 0}/G0, the second map is a finite-to-one map, and the maps preserves
the C× action. Moreover, there is a natural equality

MCoulomb(Q ) = (g −1)(
r
∑

a=1

(2da −1)L da ) +
∑

i

V (ei ) (5.22)
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as elements of KC×(pt). Here, r = rankG , and (d1, . . . , dr ) are the exponents plus one. Further-
more, the affine spaces V (e ) attached to nilpotent elements satisfy the following properties:
First, the dimension is given by

dim V (e ) =
1

2
dim dLS (Oe ). (5.23)

Second, writing C[V (e )] =C[t1, . . . , ts ]where s = dim V (e ), we have

∑

i

(2 deg(ti )−1) = 8〈ρ,ρ−
h

2
〉+

1

2
(rankG −dimgh ). (5.24)

Here, h is the element in the Cartan subalgebra such that (e , h , f ) is an S L (2) triple,ρ is the Weyl
vector, 〉, 〈 is the standard inner product on the Cartan subalgebra, and gh is the subalgebra of
g commuting with h. We define the right hand side of (5.24) to be nv (e ).

It is not clear to the author how to state the genericity assumption in the conjecture explicitly.
In practice it suffices if g ≥ 2, or g = 1 with at least one nontrivial puncture, or g = 0 with at
least two punctures with e = 0. But these are not necessary conditions.

A few comments are in order.

• When there is no puncture, the equality (5.22) is just that

r
⊕

a=1

H 0(K ⊗da
C ) = (g −1)(

r
∑

a=1

(2da −1)L da ) (5.25)

when g > 1.

• The relations (5.23) and (5.24) are rather strange, in that the property of the affine space
V (e ) is given in terms of both the original orbit Oe and the Lusztig-Spaltenstein dual
orbit Oα.

• By a direct computation, we see that V (e ) for a nilpotent element e of G = An−1 as
defined in (5.20) satisfies both (5.23) and (5.24).

• For e = 0, we have

V (0) =
r
∑

a=1

(da −1)L da , (5.26)

which satisfies both (5.23) and (5.24), due to equalities expressing
∑

a (da )k in terms of
r and h∨(G ).

• The relations (2.8), (5.4), (5.5) and (5.22) are compatible because

r
∑

a=1

(2da −1)L da = 2V (0) + (g/G ) (5.27)

as elements of KC×(pt).
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• The conjecture states only the dimension of V (e ) and the sum of the degrees of the
generators of V (e ). Of course it is more desirable to describe V (e ) as an element of
KC×(pt) in terms of the nilpotent element e .

For an element V ∈ KC×(pt), let us define

nv (V ) =
∑

i

(2 deg(ti )−1) (5.28)

where ti are the generators of C[V ]with fixed degrees

C[V ] =C[t1, . . . , tdim V ]. (5.29)

We define the right hand side of (5.24) to be nv (e ), then the equality (5.24) itself can be written
as nv (V (e )) = nv (e ). Note also that

nv (g/G ) =
r
∑

a=1

da = dimG . (5.30)

WhenQ =Hyp(V ),MCoulomb(Q ) = {pt}, therefore nv (MCoulomb(Q )) = 0. WhenQ = SG (S 2,{e1, e2, e3}),
MCoulomb(Q ) is given in (5.22), and applying nv to both sides of (5.22) we have

nv (MCoulomb(Q )) =−(
4

3
h∨(G )dimG + rankG ) +

∑

i

nv (ei ). (5.31)

Then, when Q = SG (S 2,{e1, e2, e3}) =Hyp(V ) as listed in Conjecture 7, we should not only have
(5.1) but also have

4

3
h∨(G )dimG + rankG =

3
∑

i=1

nv (ei ). (5.32)

Checking this equality against the cases listed in Conjecture 7 is a fun exercise. We can also
state a conjecture

Conjecture 9. Pick a simply-laced G and three nilpotent orbits e1,2,3 such that the equality
(5.32) is satisfied. Then we automatically have (5.1), and the main equality of Conjecture 7
holds for a suitable symplectic vector space X .

When the nilpotent elements e marking the punctures are not necessarily special, we
need to use a finite group introduced by Sommers and Achar [16, 17, 18] to describe V (e ).
Given a special orbit Oe , the set of nilpotent orbits Oe ′ such that d 2

LS (Oe ′) = Oe is called the
special piece of Oe . Within the special piece of Oe , Oe itself is the maximal element. The par-
tial order among the special piece is encoded in a subgroup C(O ′

e ) ⊂ A(Oe ) where A(Oe ) is a
reflection group introduced by Lusztig, defined as a certain quotient of the component group
A(Oe ) =G e /(G e )◦. Then for two orbits Oe ′ and Oe ′′ in the special piece of Oe , we have

Oe ′ ≤Oe ′′←→C(Oe ′)⊃C(Oe ′′). (5.33)

In particular C(Oe ) = {id}. Now we can state the conjecture when e can be allowed to be
non-special:
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Conjecture 10. Fix a simply-laced G . Consider the G -Hitchin system on punctured Riemann
surfaces C of genus g with punctures pi labeled by nilpotent elements ei as defined from (5.8)
to (5.13). There is a natural projection

π :G0→
∏

i

A(αi )→
∏

i

A(αi ) (5.34)

where A(α) = G α/G α◦ is the component group of the stabilizer of α, and A(α) is the Lusztig’s
component group. Using the Sommers-Achar groups C(ei )⊂ A(αi ), let us define G′0 via

G′0 =π
−1
∏

i

C(ei ) (5.35)

and the Hitchin map

h : {D ′′φ = 0}/G′0→
⊕

a

H 0(da KC + (da −1)
∑

pi ). (5.36)

Define the leftmost side to be DW (Q ). Then the Hitchin map (5.13) factors through an affine
space MCoulomb(Q ):

h : DW (Q )→MCoulomb(Q )
finite
−→ h (DW (Q )) (5.37)

where the second map is a finite-to-one map. Furthermore, MCoulomb(Q ) still has the decompo-
sition (5.22). The spaces V (e ′) for non-special e ′ satisfy both (5.23) and (5.24), and in addition
we have

V (e ′) =V (e )/C(e ′) (5.38)

where Oe = d 2
LS (Oe ′), C(e ′) is the Sommers-Achar group. Note that C(e ′) is a reflection group,

and therefore both V (e ) and V ′(e ) can be affine spaces.

A check of the latter conjecture is provided by the following heuristic study of a special
piece of E8. Take a special piece of e0 = E8(a7). Basic properties of each e in the special piece
are displayed in Table 1. The Spaltenstein dual is e0 for all e in the table. A(e0) is S5, and
the subgroup of S5 assigned to each of the 7 nilpotent orbits by Sommers is also shown in
the table, in terms of the generating reflections (i , i + 1), which act on the set {1, 2, 3, 4, 5}.
Using (5.24) one can compute nv (e ) for each nilpotent orbit, as h for each e is known. Since
dimCOe0

= 208, dim V (e ) = 104 for all e . The degrees of four of the bases can be determined
as follows.

Since A(E8(a7)) is S5, for the special nilpotent orbit e0 we expect

V (e0) =V ⊕V ′ (5.39)

with dim V = 4, dim V ′ = 100 so that S5 acts as the Weyl group of A4 on V and acts trivially on
V ′. Let us say the degree of the bases of V is d . For Then, for e = A4 + A3 degrees of V are
replaced by {2d , 3d , 4d , 5d }. These four numbers should be degrees of Casimir invariants of
E8, {2, 8, 12, 14, 18, 20, 24, 30}. The only possibility is d = 6. Then, for each of the 7 choices in
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E8(a7)

E7(a5)

E6(a3) +A1 D6(a2)

A5+A1 D5(a1) +A2

A4+A3

e h C(e ) nv (e ) known nv

E8(a7)
0

0002000 ; 4064 6, 6, 6, 6 44

E7(a5)
0

0010100 (12) 4076 6, 6, 6, 12 56

D6(a2)
1

0100010 (12), (34) 4088 6, 6, 12, 12 68

E6(a3) +A1

0
0101001 (12), (23) 4100 6, 6, 12, 18 80

A5+A1

0
1000101 (12), (23), (45) 4112 6, 12, 12, 18 92

D5(a1) +A2

0
1010010 (12), (23), (34) 4136 6, 12, 18, 24 116

A4+A3

0
0100100 (12), (23), (34), (45) 4184 12, 18, 24, 30 164

Table 1: A special piece in the set of nilpotent orbits of E8, h given as the inner products of
h with simple roots, the corresponding subgroups of S5 = A(E8(a7)), nv and the degrees of
generators of V (e ) governed by subgroups of S5. The sixth column shows the contribution to
nv just from the known 4 generators.

the table, C(e ) determines the degrees of these four generators , which are listed in the fourth
column of Table 1, while the contribution to nv from just these four generators is listed in
the fifth column. The contribution from V ′ is not known but they should be completely the
same for the 7 nilpotent elements. As a consistency check, the difference between nv (e ) and
the contribution to nv from just the known 4 bases should be a constant. This is indeed so.
The difference between entries on the same row in the third and fifth columns of Table 1 is
always 4020.

6 Elliptic Macdonald polynomials

So far we discussed the characters ofC[MHiggs(Q )] andC[MCoulomb(Q )]. There is in fact another
functor Z SCI

p ,q ,t from the categoryQ(G ) of 4dN=2 SUSY QFTs to the category of representations

of G × (C×)3, so that its suitable limits give both types of characters. Z SCI
p ,q ,t (Q ) is called the

superconformal index of Q . The content of this section is based on a series of papers [19, 20,
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21, 4, 22].
As in Sec. 4, we consider characters of G as Weyl-invariant functions on T r . We use vari-

ables z = (z1, . . . , zr ) ∈ T r ⊂G and (p , q , t 2) ∈ (C×)3, and standard abbreviations z w =
∏

i zi
wi

for a weight w = (w1, . . . , wr ) of G . The elliptic Gamma function Γp ,q (x ) defined as follows will
play an important role in this section:

Γp ,q (x ) =
∏

m ,n≥0

1− x−1p m+1q n+1

1− x p m q n
(6.1)

The basic properties of Z SCI
p ,q ,t are Z SCI

p ,q ,t (triv) = 1, Z SCI
p ,q ,t (Q1 ×Q2) = Z SCI

p ,q ,t (Q1)Z SCI
p ,q ,t (Q2), and

for Q ∈Q(F ×G )we have

Z SCI
p ,q ,t (Q /−/−/−G ) = (

1

Γp ,q (t )Γ ′p ,q (1)
)r

1

|WG |

∫

T r

Z SCI
p ,q ,t (Q )×

∏

α:roots of G

1

Γp ,q (z α)Γp ,q (t z α)

r
∏

i=1

d zi

2π
p
−1zi

(6.2)

where z ∈ T r ⊂G and |WG | is the order of the Weyl group. At the level of the representation
ring, the integration operation acts as

|WG |−1

∫

T r

· · ·
∏

α

(1− z α)
∏ d zi

2π
p
−1zi

: Rep(G × F ) 3 [V ] 7→ [V G ] ∈Rep(F ), (6.3)

i.e. this extracts the invariant part under G .
We also have

Z SCI
p ,q ,t (Hyp(V )) =

∏

w :weights of V

Γp ,q (t
1/2z w ). (6.4)

Note that when (p , q , t ) = (0, 0,τ2), the right hand side of (6.4) equals the character of C[V ]
and the right hand side of (6.2) equals the favorable case of the behavior of the function rings
under the holomorphic symplectic quotient studied in (4.6).

Applying (6.4) and (6.2) to V1⊗V2⊗V3 = SA1
( ), we find that

Z SCI
p ,q ,t (SA1

[
x

y

u

v
]) =

1

Γp ,q (t )Γ ′p ,q (1)
1

2

∮

d z

2π
p
−1z

∏

±

1

Γp ,q (z±2)Γp ,q (t z±2)

×
∏

±±±
Γp ,q (t

1/2u±v ±z±)
∏

±±±
Γp ,q (t

1/2 x±y ±z±). (6.5)

It should be symmetric under the exchange u ↔ x , which is not apparent from the integral
form on the right hand side. This symmetry was proved in [23].

The measure appearing in (6.2) is an elliptic generalization of the Macdonald inner prod-
uct. When p = 0, it becomes

(
∏

n≥0

1−q n+1

1− t q n
)r

1

|WG |

r
∏

i=1

d zi

2π
p
−1zi

∏

α

∏

n≥0

1−q n z α

1− t q n z α
K0(z )

−2 (6.6)
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where

K0(z ) = (
∏

n≥0

1

1− t q n
)r
∏

α

∏

n≥0

1

1− t q n z α
. (6.7)

and
1

|WG |

r
∏

i=1

d zi

2π
p
−1zi

∏

α

∏

n≥0

1−q n z α

1− t q n z α
(6.8)

is the standard measure appearing in the theory of Macdonald polynomials. This means that
the orthonormal polynomials under (6.6) are

K0(z )Pλ(z ) (6.9)

where

Pλ(z ) = (
∏

n≥0

1−q n+1

1− t q n
)−r /2N −1/2

λ Pλ(z ). (6.10)

Here, Pλ(z ) is the standard Macdonald polynomial and

Nλ =
1

|WG |

∫

T r

r
∏

i=1

d zi

2π
p
−1zi

∏

α

∏

n≥0

1−q n z α

1− t q n z α
Pλ(z )Pλ(z

−1) (6.11)

is the norm of the Macdonald polynomial, which has an explicit infinite-product form.
We then have a generalization of Conjecture 7:

Conjecture 11. For suitable choices of G , e1,2,3 and a pseudoreal representation X of
∏

i G (ei )
listed in Conjecture 7, we have the equality

∏

u ,v,w

∏

n≥0

1

1− t 1/2q n a u b v c w
=

Ke1
(a )Ke2

(b )Ke3
(c )

Keprin

∑

λ

Pλ(a t h1)Pλ(b t h2)Pλ(c t h3)

Pλ(t ρ)
. (6.12)

On the left hand side, the product runs over the weights of X as a representation of G (e1) ×
G (e2)×G (e3). On the right hand side, Pλ is defined above in (6.10), and the prefactors Ke are
given by

Ke (z ) =
∏

d

∞
∏

n=0

∏

w :weights of Rd

1

1− t (d+1)/2q n z w
(6.13)

where Rd was defined in (4.11).

We should have a version of the conjecture where we replace the left hand side of (6.12)
by (6.4) and Macdonald polynomials on the right hand side of (6.12) by elliptic Macdonald
functions. As we know not much about elliptic Macdonald functions, it is not clear exactly
how to phrase the conjecture. Some studies have been done in [24].

More generally, we have a conjectural formula about the p = 0 version of the supercon-
formal index:

Z SCI
p=0,q ,t (SG (C ,{pi , ei }ni=1)) =

∏

Kei
(ai )

K n−2
eprin

∑

λ

∏

i Pλ(ai ei )

Pλ(t ρ)n−2
. (6.14)
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where ai ∈ g(ei ), Pλ is defined in (6.10), and Ke is defined in (6.13). However, it is hard to make
this into a mathematical conjecture, since we do not know how to state the left hand side in
a mathematically-defined way.

Another interesting limit of the superconformal index is when u = p q/t is fixed and the
limit p , q → 0 is taken. We have

Z SCI
u=p q/t ,p→0,q→0(Hyp(V )) = 1 (6.15)

and

Z SCI
u=p q/t ,p→0,q→0(Hyp(V )/−/−/−G ) =

rankG
∏

i=1

1

1−u di
(6.16)

where da is one plus the a -th exponent of G ; this follows from the explicit formulas (6.2),
(6.4). In broad generality, it is believed that

Z SCI
u=p q/t ,p→0,q→0(Q ) = trC[MCoulomb(Q )]u (6.17)

where u ∈ C× is the U(1) action on the Coulomb branch of Q , discussed in Sec. 5. Once the
superconformal index with general p , q and t is understood, we can apply this limit to (6.14)
and compare it with (5.22) applied to (6.17). From this we obtain full information necessary
to reconstruct V (e ) discussed in Sec. 5. Let us summarize the discussions above in a very
vague conjecture:

Conjecture 12. The Conjecture 11, depending on two parameters (q , t ), can further be ex-
tended by additional parameter p , such that the left hand side is replaced by (6.4), and the
Macdonald polynomials on the right hand side are replaced by the elliptic Macdonald func-
tions. The three-parameter version of the combination Ke (a )Pλ(a e ) should have the following
limit:

lim
u=p q/t ,p→0,q→0

Ke (a )Pλ(a e ) =
∏

i

1

1−u deg ti
(6.18)

where
C[V (e )] =C[t1, . . . , ts ], s = dim V (e ). (6.19)

Recall that V (e )was introduced in Conjecture 8.

7 Vertex operator algebras

Filled in once the paper by Beem-Rastelli-van Rees becomes available.

8 Hypersurfaces representing minuscule representations

Given a G -Hitchin system, we often consider its spectral curve, when G = An−1 or =Dn . For
example, when G = An−1, we take the vector representation as R and consider

detR (λ−φ) =λn +u2(φ)λ
n−2+ · · ·+un (φ) = 0 (8.1)
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as an equation giving a curve within T ∗C , where λ is the tautological one-form on T ∗C .
A method which applies to a general simply-laced simple G is to consider its spectral ge-

ometry [25]. Let us illustrate the construction by considering two cases. First consider the
case G = E6. The deformation of the simple singularity of type E6 is given by

WE6
({x1, x2, x3},{ud }) = x 4

1 + x 3
2 + x 2

3 +u2 x 2
1 x2+u5 x1 x2+u6 x 2

1 +u8 x2+u9 x1+u12 (8.2)

where x1, x2 and x3 have degree 3, 4, 6 respectively and uk are the generators as in (5.15)
where the subscripts are renamed to correspond to the degree. The whole expression has the
degree h∨(E6) = 12.

Then, givenφ as in (5.8), we consider a three-fold X in the total space of the vector bundle

K ⊗3
C ⊕K ⊗4

C ⊕K ⊗6
C →C (8.3)

given by

0 = x 4
1 + x 3

2 + x 2
3 + u2(φ)x

2
1 x2 + u5(φ)x1 x2 + u6(φ)x

2
1 + u8(φ)x2 + u9(φ)x1 + u12(φ) (8.4)

where x1, x2, x3 are now sections of K ⊗3
C , K ⊗4

C , K ⊗6
C , respectively. Then the fiber of the Hitchin

system is given by the intermediate Jacobian of X .
Next, let us consider the case G = An−1. In this case the type An−1 singularity is given by

WAn−1
({x1, x2, x3},{ud }) = x2 x3+ x n

1 +u2(φ)x
n−2
1 + · · ·+un (8.5)

and the spectral geometry is given by

0= x2 x3+ x n
1 +u2(φ)x

n−2
1 + · · ·+un (φ) (8.6)

where x1, x2, x3 are sections of KC , K ⊗c
C , K ⊗(n−c )

C , respectively, with arbitrary c . Note that this
is essentially equivalent to the spectral curve (8.1).

Spectral geometries of the Hitchin system, even when its base is zero dimensional, turn
out to have an interesting structure. In Sec. 5, we only consider nilpotent residues in the
singularities ofφ in (5.9). A natural way to introduce m ∈ g(e ) is to generalize α in (5.9) to be
given by

αi ∈ Indg
l (mi +d l

LS (ei )). (8.7)

where l is the smallest Levi subalgebra containing ei and Ind stands for the induction of orbits.
In particular, when ei is principal in l and mi is generic, we just have

αi =mi . (8.8)

Now, by explicitly constructing the spectral geometry of the G -Hitchin systems on C =
S 2 with three punctures e1,2,3 for the cases listed in Conjecture 7 so that SG (C ,{e1, e2, e3}) =
Hyp(V ), we find the following. We put e3 at z =∞, where z is a local coordinate of C = S 2.
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• When G = An−1, e1 = e3 = [1n ] = 0, e2 = [n − 1, 1], and X =W ⊗V1 ⊗V ∗
2 ⊕W ∗ ⊗V ∗

1 ⊗V2.
Here, Vi ' Cn where we identify G (ei ) = SL(Vi ) ' G , and G (e3) = C× with W its natural
one-dimensional representation. The spectral geometry, after a change of variables, is
given by

0= z
n
∏

i=1

(x1−mi −µ)− x2 x3−
n
∏

i=1

(x1−ai ) (8.9)

where (m1, . . . , mn ) ∈ g(e1) = sl(V1), (a1, . . . , an ) ∈ g(e1) = sl(V3), and µ ∈ C = g(e2). Intro-
duce XV ({x1, x2, x3},{ud }, m ) = x1−m . Then we can rewrite the equation above as

0= z
n
∏

i=1

XV ({x1, x2, x3},{ud }, m ) + x2 x3−WAn−1
({x1, x2, x3},{ud }). (8.10)

• G = E6, e1 = E6(a1), e2 = A2 + 2A1, e3 = 0, and X = Vmin ⊗ F ⊕ V̄min ⊗ F̄ . Here, G (e1) = 1,
G (e2) = SL(2)×C× with F its natural two dimensional representation, and G (e3) = E6

with Vmin its minuscule representation of dimension 27. Let (m1, m2) ∈ g(e2) = gl(F ) and
a ∈ e6. By the map e6/E6 ' C6, we can associate (u2, u5, u6, u8, u9, u12). The spectral
geometry, after a change of variables, is then given by

0= z
2
∏

i=1

XVmin
({x1, x2, x3},{ud }, mi )−WE6

({x1, x2, x3},{ud }) (8.11)

where WE6
was given in (8.2) and

XVmin
({x1, x2, x3},{ud }, m ) =−8(x 2

1 −
p
−1x3+

1

2
u6)−4u2 x2

+4m u5+m 2(u 2
2 −12x2)−8m 3 x1+2m 4u2+m 6. (8.12)

The polynomials XV for V ' Cn of G = SL(n ) and XVmin
for Vmin ' C27 of G = E6 have a

common feature, which we abstract into a general conjecture:

Conjecture 13. Given a simply-laced simple G , write the versal deformation of the singularity
of type G as

WG ({x1, x2, x3},{ua }r
a=1) = 0. (8.13)

Take an irreducible representation V of G , such that 2k (V )≤ k (g), where k is the eigenvalue of
the quadratic Casimir operator.4 Then, there is a polynomial

XV ({x1, x2, x3},{ud }, m ) (8.14)

such that the hypersurface

0= z XV ({x1, x2, x3},{ud }, m )−WG ({x1, x2, x3},{ud }) (8.15)

4V is then automatically minuscule. But not all minuscule representations satisfy this inequality.
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as defining a family X of three-dimensional hypersurface in (z , x1, x2, x3) ∈ C4 parameterized
by m and {ud }. By the identification C[h]W = C[u1, . . . , ur ] where h is the Cartan subalgebra
of g and W the Weyl group, we can pull back the family X over the space of m and {ud } to a
family

X→C⊕h 3m ⊕a . (8.16)

Then the fiber develops a singularity of the form x 2 + y 2 + z 2 +w 2 = 0 if and only if there is a
weight w of V such that m =w (a ).

It is very easy to check this statement for G = SL(n ) and V =Cn , using the explicit form of
XV = x1 −m given above. For G = E6 and V = Vmin, it is possible to check the validity of the
statement by a heavy use of a computer algebra system. For all possible V with 2k (V )≤ k (g),
XV have been constructed by using various string dualities, and listed in the Appendix of [3].
The conjecture should, however, be solved by a uniform construction of XV .
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