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0 Introduction

0.1 Useless forewords

The study of supersymmetric (SUSY) quantum field theory (QFT) by physicists has led
to a few mathematical conjectures, such as mirror symmetry and the relation of instantons
and vertex operator algebras. This clearly shows that the QFT itself should be a rich
subject for mathematicians. Indeed, there have been many mathematical formulations
of QFTs. But none of them really explains how physicists can sometimes mysteriously
come up with new mathematical results, because the formulations so far available were
based on QFTs as understood by physicists a few decades ago. It seems to the author,
therefore, that it would not be completely useless if someone tries to formulate the concept
of QFTs mathematically once again, so that it captures what physicists do with them in this
21st century. The author likes to compare mathematicians with civilized city-dwellers and
physicists with barbaric tribes in the rainforests. Civilized city-dwellers are puzzled how



those barbarians, speaking a strange tongue, can sometimes dig out precious stones from
their soil. However, these should not stop civilized city-dwellers to try to make contact with
them. Every language has a grammar, even the one spoken by unseemly barbarians. With
the general method of linguistics at hand, civilized city-dwellers can start deciphering their
language, and communicating with them. It might even happen that some of the barbarians
have already learnt to speak English, albeit with a very strong accent, and that s/he can
help explain barbarians’ cultures to the city-dwellers. Once the city-dwellers are somewhat
acquainted with the barbaric way of life, they can directly come to the rainforests, introduce
the civilization to the barbarians, and effectively excavate all the precious materials from
their land. As a barbarian who has a partial knowledge of English, the author thinks that he
might be able to help the city-dwellers understand how barbarians speak to each other. This
lecture note contains the author’s first attempt in this direction. It does not contain a fully
developed grammar of the barbarians’ language, because it is clearly beyond the author’s
ability. The real grammar of the barbarians’ language needs to be written by civilized
city-dwellers themselves in the future. Hopefully that will not induce civilized city-dwellers
coming to the rainforests en masse, burning down all the beautiful trees here without caring
the rights of the barbaric inhabitants here...

Let us now turn to a more practical side. There are many mathematical papers where
QFTs are analyzed using the language of (higher) categories. The prototypical example is
the Atiyah-Segal formulation of the topological QFT, where the TQFT is formulated as a
functor between two categories.

The author’s opinion is that we need to push this view point one step further, by re-
garding QFTs themselves as objects in something like a category. The important point is
that one can think of a QFT (although not usually rigorously constructed mathematically)
a mathematical object, much like a group, a space or an algebra. Then, similarly to those
more familiar mathematical objects, we can consider morphisms between two QFTs and
various operations on QFTs. In this review a central role is played by the concept of a
G-symmetric QFT, for a group G. This is not a QFT with a G-action in a naive sense.
But it has almost all the familiar properties of “something with G-action”. For example,
given a G-symmetric ) and a subgroup H C G, one can be forgetful and think @) as an
H-symmetric QFT. One can construct from G;-symmetric QFTs Q; a G; X Go-symmetric
Q1 X @2, and from G x H-symmetric QFT @ we can construct H-symmetric Q)/H, once
the operations x and / need to be defined with care. One can also extract various invari-
ants from ). One is the vacuum map M,,.(Q), which gives a Riemanninan manifold with
G-action from a G-symmetric QFT (). Then M,,. can be thought of as a functor from the
category of QFT's to the category of Riemanninan manifolds.

Another point is that the difficulty of QFT's is often associated to the difficulty of making
sense of the concept of the path integrals, i.e. an infinite-dimenisonal integral over the space
of maps. There is definitely a lot of truths in this statement, but physicists have learned a lot
from experience when the path integrals make sense to which extent, and these properties
can be stated quite precisely. Then mathematicians might be able to work on them as a



kind of a set of axioms from which one can be inspired, rather as in the situation when
Weil supposed the existence of a certain good cohomology theory yet to be constructed,
but with a good properties, to deduce many interesting conjectures. Also, not all QFTs
can be defined as a path integral, and there are many QFTs which can be at present only
defined as something which satisfies the basic axioms of QFTs with a certain number of
additional known properties. Therefore, there seem to be many parts of the QFTs which
even mathematicians can learn, formalize and work on without completely ironing out the
details of what a path integral is.

0.2 Organization of the contents

In Sec. [1] we develop a pseudo-mathematical language describing quantum field theories
(QFTs) in general. We basically follow the formulation of Atiyah and Segal, adopted to
QFTs in the presence of the Riemanninan metric. A d-dimensional G-symmetric QFT Q.
Very naively, it gives a complex number Zg(X) given a d-dimenisonal manifold X with
Riemannian metric, together with a G-bundle with connection on it. We call Zy(X) the
partition function of () on X. We introduce three central concepts:

e The product of two QFTs Q1 and Q2. It is simply given by Zg, x0,(X) = Zg, (X)Zg,(X).

e The operation which we call gauging. Given a G x F-symmetric QFT @, this operation
produces /G, which is an F-symmetric QFT.

e The functors called free bosons By and free fermions Fy. They map a finite-dimensional
representations of V' to d-dimensional QFTs. Moreover, By(V&W) = By(V) x By(W),
and similarly for F}.

In this section we state the properties of QFTs matter-of-factly, and the reader is not
expected to understand this section. The section concludes with the discussion of the
Standard Model of the particle physics phrased in the language of this review.

In Sec. 2, we develop the concept of four-dimensional N' = 2 supersymmetric QFTs. For
each such QFT @, we discuss the Donagi-Witten integrable system DW (Q) — M coulomp (@)
and the Higgs branch Mpges(Q) which is a hyperkéhler manifold, and various other invari-
ants associated to ). Correspondingly to the three operations in Sec. [I} we will discuss

e The product of two N' = 2 supersymmetric QFTs. This is just the same as the
non-supersymmetric version.

e N = 2 supersymmetric version of the gauging. Given a G x F-symmetric N' = 2
supersymmetric QFT @, this operation creates @) ///G which is an F-symmetric N' = 2
supersymmetric QFT.

e The functor called Hyp. Given a pseudoreal representation V' of G, Hyp(V) is a
G-symmetric N = 2 supersymmetric QFT.



An N = 2 supersymmetric QFT of the form Hyp(V)///G is called an N' = 2 supersymmetric
gauge theory. To determine its Donagi-Witten integrable system is what is usually referred
to as the Seiberg-Witten theory in the physics literature. This is related but distinct from
what is called the theory of the Seiberg-Witten invariants of four-dimensional manifolds,
about which we do not have the space to discuss in this review. We discuss many examples of
the Donagi-Witten integrable system for the theories of the form Hyp(V)////G, and discuss
the relation to the Hitchin system on an auxiliary Riemann surface with punctures.

In Sec. [3, we first introduce the concept of the dimensional reduction. Very roughly, the
idea is the following. We start from a d-dimenisonal QFT @ and a d’-dimensional manifold
Y. Then we define the d — d’-dimensional QFT Q[Y] by declaring Zgy(X) = Zo(X xY).
We introduce a class of six-dimensional theory Sr, where I is a simply-laced Dynkin diagram.
Let G be a simple group of type I'. Given a Riemann surface C' with punctures p; labeled
by nilpotent elements ¢;, the dimensional reduction Sp[C, {e;}] is a four-dimensional N' = 2
supersymmetric [, G%-symmetric theory. These are the class S theories. In particular,
when e = 0 the symmetry is G° = G itself. One of the most important features is Gaiotto’s
gluing operation, which maps the gluing of two Riemann surfaces to the gauging of the
product of N' =2 QFTs:
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We also explain various cases when Sr[C, {e;}] is an N/ = 2 gauge theory. Together with the
general fact that the Donagi-Witten system of Sp[C, {e;}] is the G-Hitchin system on C' with
singularities given by the dual orbit of ¢;, it explains the form of many of the Donagi-Witten
system of N = 2 gauge theories.

After these preparations, we discuss in Sec. 4| and in Sec. 5| two applications. In Sec.
we study of Nekrasov’s partition function of the class S theories. Nekrasov’s partition
function of an N' = 2 gauge theory is a certain equivariant integral over the moduli space of
instantons. When the N = 2 gauge theory is a class S theory, we will argue, based on the
general properties developed in the preceding sections, that Nekrasov’s partition function of
it has another interpretation as the conformal block of the W-algebra. In Sec. |5, we consider
the partition function of class S theories on S® x S'. We explain that this is governed by an
elliptic generalization of Macdonald functions. In a certain limit, this provides an explicit
formula of the Hilbert series of various hyperkhaler cones, including instanton moduli spaces
of exceptional groups.
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1 QFTs

Pick an integer d, and an additional structure S one can put on a compact manifold of di-
mension d. Here, S can be a Riemanninan metric, or a G-bundle together with a connection,
or just a smooth structure, etc. A d-dimensional S-structured QFT @ is a mathematical
object, consisting of its partition function Zg, its space of states Hq, and its submanifold
operators V, satisfying various axioms.

1.1 Partition function

First, we have the partition function
Zgel(M,L) (1.1)

where M is the moduli space of the d-dimensional compact manifold with structure S
without boundary and L is a line bundle with connection on M. When L is a trivial line
bundle with trivial connection, @) is called S-anomaly-free, and Zj, is really a function

Zo:M—=C, X Zo(X). (1.2)

We will consider extensions to noncompact X in Sec. [I.19]

1.2 Space of states

Second, for a compact (d — 1)-dimensional manifold Y with structure S, we have a vector
space
Y = Ho(Y) (1.3)

such that HQ(Yl U }/2) = /HQ(Y&) & ,HQ(}/Q)7 /HQ(Q) = (C, HQ(—Y) = HQ(Y>*



Given S-structured Y; and Y5, consider an S-structured manifold X such that 90X =
Y LU —Y;5. We call components of Y7, Y5 the incoming and the outgoing boundaries, respec-
tively. Let My, y, be the moduli space of S-structured compact d-dimensional manifold
with incoming boundaries Y; and outgoing boundaries Y5. Then we have

ZQ,YhYQ € F(MY1,Y2> V) (14)

where V' is a Hom(Hq (Y1), Ho(Y2)) = Ho(Y: U —Y3) bundle with a connection.

This Zg v, v, should behave naturally with respect to the gluing of d-dimensional mani-
folds with boundary, and reassignment of boundary components from incoming to outgoing,
i.e. we require a natural identification

ZQ,Y17Y2 = ZQ,Y1L|—Y2,® (15)

and
ZovivaZQyays = U 2Qyvi v, (1.6)

where ¢ : My, y, X My, y, = My, y, comes from the gluing of two d-dimensional manifolds
at a common subset of boundary Y5.
When @ is anomaly-free, for 0.X = Y; U —Y5 we have

Zg(X) € Hom(Hq(Y1), Ho(Y2)) (1.7)

satisfying the gluing axiom. This will make the QFT @ a functor from the category of
cobordisms with structure S to the category of vector spaces. The non-triviality of the
bundle L over M when @) is not anomaly-free will play a crucial role in our discussion in
this review.

1.3 Submanifold operators

Third, a QFT @ comes with a ‘space’ of submanifold operators
Vo, Vo VE?E VEDS (1.8)

so that the whole structures described so far can be generalized to the moduli space of
d-dimenisonal compact manifold X with a subspace W = U;W; with markings v; € Vgim Wi
for each of the connected component W;. We allow W to intersect transversally with the
boundary of X. Therefore, for Y of dimension (d — 1) with submanifolds W = U;W;, we

have a vector space

Ho(Y, (Wi, v:)) (1.9)
where v; € Vé;dim Wi and we have the section
Zay, Wiy, (wiw) € DMy, vy, e, V) (1.10)

where V' is an Hom(Hq (Y, (Wi, v;)), Ho(Y”, (W], v})))-bundle over the moduli space, etc.

i Y
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The author does not understand yet how to precisely formulate the mathematical nature
of V% in general. The axioms of V%, when the structure S is the complex structure for real
two-dimensional surfaces, are those of the vertex operator algebras. We discuss in Sec.
a possible formulation of V% when S is the Riemannian structure with the metric. The
objects ng for d > 1 are some version of (higher) categories. We will abbreviate Vg by Vg.

The (d — 1)-dimensional submanifold observables in V?~! is somewhat special, as a
(d — 1)-dimensional submanifold cuts the original manifold X into two: X = X; Uy X,
where Y C 0X; and —Y C 0Xs. Then we can consider putting the QFT @); on Xy, and
the Q2 on X5. Then for v € Vg;lQQ we have

29, 0.0, € (M, L) (1.11)

where M is now the moduli space of X with a splitting X = XLy X5. This ngé, associated
to (d — 1)-dimensional manifolds needs to be distinguished from #¢ which are associated to
(d — 1)-dimensional boundaries, as the (d — 1)-dimensional submanifold of which v € ngl,
is a mark can intersect transversally with the boundary of X. So, for a (d — 1) dimensional
manifold with a splitting, Y = Y; Uz Y5, we have a vector space

Ha10.0:(Y1 Uz Ya). (1.12)

The point is that Vg;lQQ is the space of morphisms between )7 and ()s in the category of
QFTs, and the category of d-dimensional QFTs themselves is in some sense the space V¥ of
d-dimensional observables.

1.4 Generalized QFTs
We can also consider generalized QFTs with S structure, where we associate
Zg e (M, E) (1.13)

where the vector bundle E has rank more than one even for the moduli space M of the d-
dimensional compact space without boundary. The formulation of the gluing law is beyond
the author’s comprehension.

1.5 Products of QFTs

Given two d-dimensional S-structured QFTs @) and @, its product Q)1 x Q)5 is defined by
an obvious formula

ZQixQy = 21 ZQs> Hoixq, = Ho, @ He,- (1.14)

There is a natural unit object, triv, in the category of QFTs where H; (Y) = C, L — M
is trivial and Zy,;, is just a constant map. This is a unit of the multiplication of the QFTs.
An element of vgi—v{Q is called a boundary condition of @), or just a brane of Q.
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1.6 Physical unitary QFTs

Mathematicians are already familiar with the topological QFTs where the structure S above
is the smooth structure, or the two-dimensional conformal QFTs where the structure S on
a two-dimensional manifold is the complex structure. In these cases, the axioms in the
previous section, once precisely formulated, should reduce to the Atiyah’s axioms of TQFT
and the Segal’s axioms of conformal field theory, respectively.

In the high energy physics theory community, people mostly care about the case when
the structure S consists of a spin structure, a Riemannian metric together with a G-bundle
with a connection[]] Let us call a d-dimensional QFT with this structure S a d-dimensional
G-symmetric QFT. It is easy to see that if H C G there is a forgetful map which makes
a G-symmetric QFT a H-symmetric QFT. Also, the product of a G;-symmetric (); and
Go-symmetric Qo is G X Go-symmetric. When G; = Gy = G, we can take the diagonal
subgroup G C G x GG and consider ()7 X ()2 as G-symmetric.

Physicists also usually impose the unitarity condition, which says that

e Ho(Y) has the Hilbert space structure (i.e. a positive definite sesquilinear form on it)
and therefore there is a canonical conjugate-linear identification Hq(Y) ~ Ho(—Y).

e This conjugate linear identification is compatible with the sections
Zoy € T(My, V), Zo _y € D(My, V). (1.15)
This is called the reflection positivity.
In the following, we only deal with unitary QFTs.

1.7 Point operators

Let us discuss the properties of the space of operators Vg = Vg for a G-symmetric QFT Q.
This is a C-linear space with the following properties

e V is a representation of G x Spin(d), and is filtered by D € Rxq
Vp CVp CV, (d < d,) (1.16)

such that Vp is a finite-dimensional representation of G x Spin(d). When v € Vp, it is
said that v has mass dimension less than or equal to D.

e There is a linear map V
vEVHVoeRI @ V. (1.17)

This satisfies
VVp CRY® Vpyq. (1.18)

LComparison against experiments require a QFT when S consists of a four-dimensional Lorentzian metric
of signature (— + ++), instead of a Euclidean Riemanninan metric. As there is a one-to-one map between
unitary Lorentizan QFTs and unitary Euclidean QFTs, we formulate everything in terms of Euclidean
QFTs in this review.



e V has a family of non-commutative products o, parameterized by z € R?\ {0}:
(v,w,r) €V x V xR\ {0} > vo, w eV (1.19)

called the operator product expansion. This is continuous in x, compatible with the
Spin(d) action on V and R?, and when v € Vp and v’ € Vp the limit

lim |2|PHP 0 oy o (1.20)
exists.

e The family of products o, are associative in the following sense:

(v o, V) ow V" =voy . (V oy ). (1.21)

e The product o, and the derivative V is compatible, in the sense that
d(v o, w) = (Vv) o, w (1.22)

where 0 on the left hand side is the partial derivative with respect to x.

1.8 Multipoint functions

Let X be a d-dimensional compact spin manifold with a metric with distinct marked points
D1, - -+, Pn, with a G-bundle P with connection. Let

FaxspinayX = P Xx Fspin@X — X (1.23)

where Fgpin@)X is the frame bundle of the spin structure, together with the connection
determined by the metric. Then consider the bundle

VX = V" Xaxspin(d) Foxspin@X- (1.24)

Then the markings for the marked points p; are given by v} € V*X|,, for each i. We then
have

Zo(p1,v],p2, 05, .., P, vy) € T(M, L). (1.25)
The left hand side determines a section of a bundle
yx&vxg---&wg%)(” (1.26)
n times
which we denote by
(vi(p1)v2(p2) - - vn(pn)) x- (1.27)

This is called the n-point function. Note that for vector bundles F; — X;, i = 1,2 and
pi: X1 X Xo — X, we define By K Ey = pi(Fy) ® p3(E»).

The n-point function is compatible with the product structure on V in the following
sense: Then
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e The derivative V satisfy

(VO)(p1) - - onlpn)) x = V(0(p1) - - - vn(pn)) x (1.28)

where 0 on the right hand side is the covariant derivative with respect to p;.

e Pick v € V; and v/ € Vy. Pick a patch of X by taking {0} CU C R and ¢ : U — X.
Then we have

2| (1(2))0' (£(0)) - - vn(pn)) x (1.29)
and
2| (v 0g v) (1(0)) -+ vn(pn)) x (1.30)

become the same in the limit z — 0.

1.9 Energy-momentum tensor and currents

Given a d-dimensional QFT @), let us consider the behavior of Zg((X,gx)) under an in-
finitesimal change of the metric
gx — gx + €dg (1.31)

where dg is a section of Sym* TX. The dependence of Zg with respect to dg is given by an
element T € Vg 42, transforming as Sym? R? under the Spin(d) action, as follows:

Za((X,gx + 69)) = (g € [ (D)) g B9)dvolx

peX

E2

+ (T(P)T(q))x,gx,09 X dg)dvoly.x

2 (p,g)eX XX
€
+ 3 (T(p)T (T (1)) x,g5,09 KIgRdg)dvolyyxx +--- . (1.32)
(p,g,r)EX XX xX
This point operator T is called the energy momentum tensor. The leading divergence of
T o, T when x — 0 has the form
lirr(l) 122D o0, T — ¢(Q)X (1.33)
Tr—r
where ¢(Q) is a positive real number called the ¢ central charge of @), and X is a certain
Spin(d)-invariant element in Sym?(Sym? R¢) fixed by convention. This c is additive: ¢(Q; x
Q2) = c(Q1) + c(Q2).

For some choice of dg, (X, gx) and (X, gx + €dg) can correspond to isometric manifolds
related by a certain diffeomorphism on X. This implies that divT = 0, where divT is a
projection to R? of VT, which transforms as R? ® Sym? R? under Spin(d).

Similarly, given a d-dimensional G-symmetric QFT @) and a manifold X with G-bundle
P — X with connection D, we consider an infinitesimal change

D — D+elA (1.34)
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where JA is a g-valued one-form. We have an element J € Vg 4_1, transforming as g ® R?
under the G x Spin(d) action, such that

Zo((P,D +edA)) = (1>p,D+6/ ((J(p))p,p,0A)dvolx

peX
2
€
T3 ((J(p)J(q))p.p, AR SA)dvoly x
(p,g)EX XX
3
+5 / ((J()J(q)J(r)) p.p, SAR SAR §A)dvolxsx +--- . (1.35)

6 (p,g,r)EXX XXX

This operator J is called the G-current. The leading divergence of J o, J when x — 0 has
the form
lim [z[**2J o, J = (,) ®id € (Sym? g) ® (Sym? R%) (1.36)

z—0

where (,) is a positive bilinear form on g, and id is the standard bilinear form on R¢. When
g is simple, the form (,) is just given by a positive number, and is denoted by kq(Q). This
kg is additive: kg(Q1 X Q2) = ka(Q1) + kg (Q2).

For some choice of §A, (P, D) and (P, D + €/A) can correspond to isometric manifolds
related by a gauge transformation on P. This implies that divJ = 0, where divJ is a
projection to g of V.J, which transforms as R ® g ® R? under G x Spin(d).

1.10 CPT conjugation

When the theory is unitary, the Spin(d) C-representation on V is extended to Pin(d) R-
representation such that elements in Pin(d) connected to the identity is represented C-
linearly and those not connected to the identity is represented conjugate-linearly, i.e. an
element g € Pin(d) \ Spin(d) determines a conjugate linear map

Vav—=ue. (1.37)

This map is called the CPT conjugation. This Pin(d) action is compatible with the filteration
by the mass dimension, the derivative, and the product. Most importantly, this is compatible
with the reflection positivity of the n-point function, i.e.

(01(p1)va(p2) -+ - vn(pn)) x = (01 (P1)V2(P2) -+ - Vn(Pn)) -x (1.38)

where —X is X with the reverse orientation, and the conjugate linear map v; — ©; are
chosen according to the orientation reversal at p;.
On Spin(d)-invariant part of V, the part of the Pin(d) action disconnected to the identity
gives a unique real structure
o YSpin(d) _y )Spin(d), (1.39)

The subspace Re V3P4 fixed by ~ plays an important role in Sec. m
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1.11 Renormalization Group

We have an action of the multiplicative group R+ on the space of Riemanninan QFTs.
Namely, given a QFT @, we define RG; () via the formula

Zrg, (X, 9)) = Zo((X, 1g)). (1.40)

If Q@ ~ RG;(Q the theory @ is called scale-invariant. In this case the space of operators
become not just filtered but graded, and we have

VQ = @dVQ,d‘ (1.41)

Then RG, acts on Vg4 by the multiplication by ¢~¢. When @ is unitary, a scale-invariant
Q is automatically conformally invariant, in the sense that Zg((X,e /g)) for a function
f X — R can be written in terms of Zo((X,g)). Furthermore V has an action of the
conformal group Spin(d, 1).

1.12 Free Bosons

After all these abstract discussions, it would be appropriate to discuss a few examples. First
is the free boson theory. Let V' be a real representation of a group G. For any d > 2, there is
a d-dimensional G-symmetric QFT By(V), called a real boson valued in V. For a compact
Riemannian manifold X with a G-bundle with connection P — X, we define the partition

function of B4(V') there via
1

T det Ay

where Ay is the natural Laplacian on the real vector bundle V' x5 P — X, and det is a
regularized determinant. We have

Zpyv)(X) (1.42)

The space of operators Vp,(v) is, as a vector space, equal to
Vi,v) = C® Sym*[Sym*[RY] @ V], (1.44)

i.e. a polynomial algebra on V' together with an action of a formal differential operator V
in the vector representation of SO(d). Here V' is in Vy/o—1. The CPT conjugation fixes V.
For v; € V*, we can consider a multi-point function

Zpav) (P = X520, 01502, v9; -+ 5 T, Vn) = (01(21) -+ van(w20)) x (1.45)
1
e dot AV Z H(Uiy K(ZL’Z, ZL’j)Uj) (146)

where K is the Green function of Ay, and ) [] is taken as in a Gaussian integral.
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When V is a complex representation of a group G, we define By(V') mostly similarly.
This is called a complex boson. For a real representation V' and its complexification we
have

Ba(Ve) = Ba(V) x Ba(V). (1.47)

When G is simple, kg (V') for a complex representation V' is given as follows. We decom-
pose

into irreducible GG representations R;, and then

2

ka(B(V)) = 3 Z co(R;) (1.49)

where co(R) is the eigenvalue of the quadratic Casimir operator normalized so that ca(ge) =

hY(G).

1.13 Free Fermions

Another fundamental example is the free-fermion theory. As its property is intrinsically
linked to that of spinors, its precise definition depends on d mod 8. Here we just discuss
the case d =4 and d = 6.

In four dimensions Recall that Spin(4) has two spinor representations S* such that
S*t* = 5% and S™* = S~. Given a spin 4-manifold X with G connection, let Fxspin(4)X
be its frame bundle. Given a complex representation V' of G, consider the Dirac operator
¢ which is a linear operator

¢ : F(V ® S+ X @xSpin(4) FGXSpin(4)X) — F(V ® S~ X GxSpin(4) FGXSpin(4)X) (150)
Using this we define the free fermion theory Fy(V') by
Zpyvy € (M, Det D) (1.51)

where Det ¢ is the determinant line bundle and Zg, (v is the natural section. We have the

property
E(VaeW)=F(V)x Fy(W). (1.52)

The point operators are given by
Ve =ASym* Rc@ (Ve StaeV e S7). (1.53)

The CPT conjugation maps V ® S* to V ® S~.
We then have

ZF4(V)(x17U1;y1awl; e ;xnavn;y’ruwn ZF4 ZH w’w yz»x] U]) (154)
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where v; € V ® ST and w; € V ® S™. Again K(z,y) is the Green function of the Dirac
operator ;D, which is a section of

V @ ST Xaxspin() Faxspn@X BV @ ST X axspin) Faxspin(a)X- (1.55)

Finally we note that Fy(V') is not generally equivalent to Fy(V).
When G is simple, kg(F(V)) is given as in the free boson case. We have

ka(Fa(V)) = 2ka(Ba(V)). (1.56)

In six dimensions Recall that Spin(6) ~ SU(4) has two spinor representations S* such
that S™ =S~ and S* = ST.

Given a spin 6-manifold X with G connection and a representation V' of GG, consider the
Dirac operators pi

p_‘— : F(V ® S+ X @xSpin(6) FGXSpin(G)X) — F(V ® S+ X G'xSpin(6) FGXSpin(6)X)7 (157)
pi . F(V & S_ XGXSpin(G) FGXSpin(ﬁ)X) — F(V & S_ ><G><Spin(6) FGXSpin(G)X)' (158)

Based on these we can define two distinct free fermion theories Fy (), via the relation
Zrx ) € T(M, Det P¥). (1.59)

For simplicity of the exposition, we only discuss Fy (V) below.
We have the property

Ff(VeWw)=F§(V)x FH(W). (1.60)
The point operators are given by
VFG-(V)+ = A'[Sym'[Rd]@ X (V ®ST @ 1% X S+)] (1.61)

The CPT conjugation maps V ® S* to V ® S™.
We then have

Zre(vy+(T1, 013 Y1, W15+ 5 Ty Un Yy Wn) = Zrg(vy+ ZH(wi, K (yi, 25)v)) (1.62)

where v; € V ® ST and w; € V ® S*. Again K(x,y) is the Green function of the Dirac
operator ¢+, which is a section of

V @S~ Xaxspin) Faxspin®X BV @ S~ Xaxspin(6) Faxspin(6)X- (1.63)

We note that Fgf (V) is equivalent to Fg (V).
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1.14 Anomaly polynomial

For a G-symmetric d-dimensional QFT @), recall
Z(X)el'(M,L) (1.64)

where M is the moduli space of compact spin d-manifolds with Riemannian metric and
G bundle with connection. The anomaly polynomial Ay encodes ¢;(L) in the following
way. We have the universal G-bundle P over the universal family X of d-dimensional spin
manifold over M,

P—X =M. (1.65)

Then Ag is a degree (d+2) characteristic class on X of T'X and P such that the push-forward
T A(Q) = c1(L).

B(V) is an anomaly-free theory, so Agw) = 0. F(V) is not in general anomaly-free.
The anomaly polynomial is given by the family index theorem,

~

Arw) = (AX) (V) (1.66)

where V = V xg P. Note that Ag = 0 does not necessarily mean () is anomaly-free.
There can still be an anomaly, called Witten’s global anomaly. Take G = Sp(n) and
V = C?", the defining vector representation. One can consider a family of G-connections
on S* parameterized by S!, corresponding to the nontrivial generator K Sp(S®) ~ Z/Z,. In
this case the determinant line bundle Det ¢ — S1 has a nontrivial holonomy —1 around it.

1.15 Path integrals and QFTs

The free boson theory B(V') has a path-integral definition. Namely, we consider the space

of maps
B=T(X,V xg P) (1.67)
and the action functional S on it
1
5(6) = 5 [ (D6 Do)dvoly (1.68)
X
Then we have
(Vi1(21) V2 (T2n)) x = / v1(B(1)) - - - Vo (D(w2n) e F P dvols. (1.69)
B

The integration measure needs to be defined that a formal Gaussian integral can be then
applied.
The free fermion theory Fj(V') has a path integral definition too. Namely, we take

F = F(Xa Ve S+ X GxSpin(4) FGXSpin(4)X> (170)
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and
F=T(X,V &S5~ Xgxspint) Faxspn@)X)- (1.71)

Then for ¢ @ 1) € F ® F we define the action functional
S, §) = / 7, Pi)dvoly. (L.72)

Then the Berezin integration over F and F gives
ZF4(V)(P — X521, 00591, Wi - 5 Ty U Yy W)
= /vl(w(aﬁl))wl(w(m)) U () ) (D () e PP dvolz dvolz . (1.73)

In view of the path integral definitions of the free fields above, it is tempting to pick V,
W, consider a more general functional S(¢,,1)) on

B(V)® F(W) @ F(W) (1.74)
and try to define a QFT Q(S) via

ZQ(S) (X) = _S(¢’¢’@d VOlB(V) d VOl]:(W) d VOl]i-(W) . (1 75)

/B(V)eaf(W)eaf(W)

Physicists have accumulated knowledge when and to what degree and in which sense this
is possible, for which class of functionals S. A rather literal pseudo-mathematical trans-
lation of what physicists usually say is the following. We pick an element L(¢,1),v) €
Re Vpvx F(W)Spm and consider S(¢, 1, 1) = f < L(¢, 7, Y)dvolx. We also pick something
called a renormahzatlon regularization scheme RRS which encapsulates various algorith-
mic procedure which removes infinities appearing in the intermediate computations. The
famous ones are the “naive momentum cutoff”, M'S, MS, DR, DR, etc. Then we say

e (Perturbative renormalizability) Q(L, RRS) can be defined as an effective QFT:

Zowrrsy(P — X) = / ~ RRS[eIP D a0l dvol gy dvol ).
B(V)eF(W)eF (W)

(1.76)
Here the effectiveness is used in the technical sense that things make sense only as
an asymptotic series of various parameters. QFTs, when emphasized against effective
QFTs, are often called ultraviolet-complete QF T's.

o (Regularization independence) If L € Re Vp(v)x F(W)Spm(d)d, then for any other regu-
larization scheme RRS’ we have another L' € VB(v)x F(W)Spin(d),d such that

Q(L,RRS) = Q(L',RRS"). (1.77)
Recall that the subscript d is the degree in the filtration, called the mass dimensions.

These properties are well-established mathematically, in the sense that at least there should
not be any serious obstacles to make the physics statements into a rigorous mathematics.
Usually experimental results are reported by specifying L and RRS.
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1.16 Deformations of QFTs

An equivalent but more invariant statement, perhaps preferable to mathematicians, is as
follows. Given a QFT @ (not necessary defined via path integrals as above), there is a
family of effective QFTs Q,cs such that QQ = @y at 0 € U and moreover

TU|umo ~ Re V. (1.78)

The statements in the previous sections are what we would get when @ is a free theory,
Q=B(V)x F(W).

For a G-symmetric QFT @, there is a natural action of G on U which is compatible with
the identifcation , so that there is an equivalence

Qu =~ Qgu (1.79)

for g € G. Also, there is a subfamily of effective G-symmetric QFTs Q,cyy¢ where

TUC|,—g =~ Re Vi 07¢. (1.80)

1.17 Gauging of QFTs

Another important operation we need to discuss is the coupling to the gauge field, or
gauging in short. This is an operation creating a G x H-symmetric QFT @ creating a
family of H-symmetric effective QFT @/G. This is defined via a path integral. Denote by
F' the curvature of a G-bundle with connection P — X. For simplicity assume G is simple
or U(1). Then we try to define a one-parameter family Q/Ger-,

Zoja.(X) :/ RRS[Zo(P — X)e s xEMP ol ] (1.81)
Ma,x

where Mg x is the moduli space of G-bundles with connections on X, and u and 1/g*
are related by RRS. For this to make sense, first of all we need to require that @) is
G-anomaly-free so that Zg(P — X) is really a function] We then have

e (Perturbative renormalizability) The left hand side exists as an effective theory when
d < 4. This is proved.

e (Nonperturbative existence, d < 4) The left hand side exists as a UV-complete theory
when d < 4. It should not be hard to prove this.

e (Nonperturbative existence, d = 4) The left hand side exists as a UV-complete theory
when d = 4 and

ka(Q) <

%hV(G). (1.82)

2It is often suggested by the audience that one might be able to choose dvolprq, to be a section of a
compensating bundle to allow for non-anomaly-free (). We consider such nontrivial d volx, to be another
QFT @' by definition. Then it is a gauging of @ x G’ which is anomaly free.
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The last item implies that trivy/G for any simple G should exist since kg(trivy) = 0. Any
reader is encouraged to prove this statement and receive the Clay prize. The RG acts within
the family triv/Gyer., by changing u.
The space of operators is given by
Vo/a = (Sym®[g ® /\QRd} X VQ)G. (1.83)
The elements in g ® A2R? correspond to the curvature of the G-connection.
When d = 4, we can slightly generalize the construction so that we have
12 .
200G o(X) = / RRS[Zo(P — X)e o Ix{EMEIHO L EAD g o), (1.84)
Ma,x
where 0 takes values in R/Z. When d = 3 we can instead consider
12 .
Zgic, o (X) = / RRS[Zo(P — X)e 3 Ix{ENEIFRCSE) gyo) ] (1.85)
Ma,x

where C'S(P) is the Chern-Simons invariant of P, and k takes values in Z. The usual
Chern-Simons theory with group G of level £ is in this notation trivs/G .

The discussions above can be generalized to the case when G is reductive and @) itself
comes in a G-symmeric family Q,cp. Then there is a family Q/G,cx where there is a
non-canonical identification

X ~ U X (space of invariant positive bilinear form on g). (1.86)

1.18 The Standard Model

After all these preparations, we can state what is the Standard Model, which describes all
of the real world, including you who is reading this review, and the activity in the neurons
in your brain trying to make out the meaning of this sentence.

Take Gy = Spin(10) and its irreducible spinor representation S of dimension 16. Take
a standard subgroup U(5) C Spin(10), whose embedding is induced from C° ~ R!® as R
vector spaces. Let G be the Levi subgroup

G =U(1) x SU(2) x SU(3) C U(5) (1.87)
which is the stabilizer of U(1) € G € U(5), where we embed eV~ € U(1) to
eV ~1diag(2:22,-3,-9)t ¢ J(5). (1.88)
Under G, the representation S decomposes as
S=WeVeaTl)e(WeaT* e WeT*®*)e(VeT*)eTaC (1.89)

where T'~ C, V ~ C? and W =~ C? are the defining representations of U(1), SU(2), SU(3)
respectively.
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We consider a G-symmetric four-dimensional QFT
Fi(SDSDS) x By(V T, (1.90)

This is anomaly-free, because Fy(S®S®S) is anomaly-free as a Gy-symmetric theory, since

~

[A(TX) ch(S x¢g, P)]¢ = 0 due to the simple reason that there is no characteristic class of
Spin(10) of degree 2 or 6.
Then we can form the family

SMy, anos = [Fi(SBS D S) x By(VRT®))/Glay.cnrs- (1.91)

over (ag, g, a3) € R¥,. This family is a subfamily of a bigger family SM,cpy where U is
of real dimension 39. The real world is a fiber of this family SM,, at a particular point
Uy € U.

The deformations of this family can be found by studying

Re Vi(S Mg, ag.05) 0. (1.92)

Recall (SO S®S) ® ST € Vi, (sasas)3/2- We denote an element of it by ¢y @ 1), @ 15. We
further decompose ; according to (|1.89)) and denote

Vi=Qi®u;dd; ®E; de S (1.93)

Note that Fy(S®S®S) isa G xU(3)g x U(3)z x U(3);x U(3)g x U(3)s x U(3)z-symmetric
theory, where U(3)x acts on X;—123.

Recall also V @ T®? € Viweres)1. We denote an element of it by ¢. Next, recall
(g ® A2(R))Y € Vg /G2, corresponding to invariant polynomials of curvatures of the G-
connection. We denote an element of g ® A2(R%) by Fy @ F, @ Fj, according to the direct
product structure G = U(1) x SU(2) x SU(3). Terms in V, involving V are known not to
generate genuine deformations. Then, possible deformations in are

m?|¢?],  Alg?f (1.94)
called the Higgs mass and the Higgs quartic coupling,

Re Z Y;;#Qit;, Re Z yioQid;, Re Z y;;0E:€j,  Re Z Y0 Eiv; (1.95)
T i i i

called the up-type Yukawa couplings, the down-type Yukawa couplings, the lepton Yukawa
couplings, and the Dirac neutrino mass terms, and

Re Z ,uijﬁiﬁj (196)
tj
called the Majorana neutrino mass terms, and
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called the gauge coupling constants, and the theta angles.

2 u,d,e,v . P
m*, A, o; and 6; are real, and y;; and p;; are complex. p;; is symmetric in its two

subscripts. U(3)g x U(3)a x U(3)4 acts on on the space of y and yf,. The stabilizer of
a typical point is U(1)p, which is called the baryon number symmetry. U(1)p acts on
0y by shifting it, due to 't Hooft anomalies. This effect is not explained in this review.
U(3)e x U(3)z x U(3)5 acts on on the space of yf; and yg. The stabilizer of a typical point
is again U(1)y, which is called the lepton number symmetry. This U(1); acts on the space
of p;;. So in total we have

24+6+72412—-54=38 (1.98)

parameters in the Standard Model.

1.19 Vacua of QFT

So far in this review, given a QFT @, Zg(X) is defined only for compact X. When () is uni-
tary, by studying the large volume behavior of Zg(X), one can extract a finite-dimensional
Riemannian manifold

Miac(Q) (1.99)

called the moduli space of vacua of ). A point u € M,,.(Q) is called a vacuum of ). Then,
for (d — 1)-dimensional noncompact Y with infinite volume,

Ho(Y,u) (1.100)
can be defined. For d-dimensional noncompact X with infinite volume, we can also define
Zou € 'Mx, L) (1.101)

where M is the moduli space of d-dimensional noncompact spin manifolds X’ such that
X\K=X"\K (1.102)

for compact submanifolds K and K’ respectively. L is a line bundle with connection on
M.
The vacua and the OPE algebra ) are related as follows:

e The continuous functions on My,.(Q) is a subspace of V:
O™ (Myac(Q)) C V. (1.103)

The action of Spin(D) on C®(MyaeQ) is trivial. The algebra structure does not
necessarily match.

o For f € O®°(M,(Q)) CV, we have

(f(P))xu = flu). (1.104)

The left hand side is the one-point function Zg ,(X;p, f), and the right hand side is
the evaluation of a function at w.
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The theorem by Coleman, Mermin and Wagner states that when d < 2, M,.(Q) is
discrete.

From the axioms it follows that Hg(R9™! u) with a standard flat metric on R4! carries
an action of its isometry Spin(d — 1). This is known to enhance to an action of Spin(d, 1).
Once the contents of this section are fully formally developed, it should be straightforward
to restrict the axioms to the case where X = R¢, which should reproduce the standard
Osterwalder-Schroeder axioms.

2 Supersymmetric QFTs

2.1 Generalities

A supersymmetric d-dimensional QFT is, morally speaking, a QFT for a d-dimensional
manifold with super-Riemannian structure. In each spacetime dimension d, there are a
few kinds of super-Riemannian structure, first of all labeled by N, the so-called the num-
ber of the supersymmetry. Even with d and N fixed, there are usually several different
super-Riemanninan structures known in the physics literature, usually called the off-shell
supergravity multiplets. However the author does not know a concise definition of what a
super-Riemannian structure on a manifold is, encompassing various known version. There-
fore the discussions that follow are phrased in a rather ad-hoc manner. The structure of
the supersymmetry also depends strongly on d mod 8, and it only exists when d < 11. In
the following we only discuss the case d = 4. In the next section we will have a little to say
about the d = 6 case.

An N-extended supersymmetric QFT @ is a QFT with a lot of additional properties.
First, Q is SU(N)-symmetric. We write by R ~ CV the defining representation of this
SU(N). Second, the space of point operators Vg has an action of the super Lie algebra

(su(N) xso(d) x (R*"®STIRDS ®R) (2.1)

where the even part R?* corresponds to the action of V, the part ST @ R @ S~ ® R is the
odd part. The commutator between an element in S* ® R and S~ ® R is given by the
tensor of the natural maps S*® S~ ~ R* and R® R — C. Therefore they map an element
of Vp to Vpy1/2. The elements in ST@R & S~ ® R are called supersymmetry generators.
An N-extended supersymmetric QFT is automatically N’-extended supersymmetric QFT
for any NV < M. A l-extended, 2-extended or 4-extended QFT is usually called an N = 1,
N =2, N = 4 supersymmetric QFT, respectively.

An N-extended super-Riemannian structure on a 4-manifold X includes at least an
SU(N)-bundle with connection. Write its frame bundle as Fsyn)xspin(eyX — X. Then,
from (£2.1)) we have the vector bundle

TXeST XS X = (R4 BSTORPS ® 7?,) X su(N) xs0(d) FSU(N)XSpin(4)X (2.2)
over X. This determines three vector bundles TX, STX and S~ X over X. The first is the

standard tangent bundle; the second and the third are what can be called the super-tangent
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bundles. A certain nice section of T'X is an infinitesimal isometry; similarly, a certain nice
section of STX or S~ X is an infinitesimal super-isometry. A subcase is when the section is
in fact convariantly constant. In this review we only explicitly use this case. The partition
function Zg(X) and the n-point functions of a supersymmetric QFT @ is invariant under
the action of a super-isometry, just as those of a Riemannian-structured QFT are invariant
under the action of an isometry.

A G-symmetric N-extended supersymmetric QFT @ is an N-extended supersymmetric
QFT where G-action commutes with the action of the supersymmetry generators. The
SU(N) symmetry acting on R is called the SU(N') R-symmetry to distinguish from the non-
R symmetry G just introduced above. A U(1) R-symmetric N-extended supersymmetric
QFT @ is one where @ is U(1)-symmetric such that it acts on R by a scalar multiplication.

2.2 N =1 supersymmetric QFTs

There are many interesting topics with N' = 1 supersymmetry, but we state only the bare
basics to study N = 2 supersymmetric QFTs. Let us consider NV = 1 susy QFT. Take a
supersymmetry generator § € ST®R and fix it. We have 62 = 0 from the super-Lie-algebra
structure mentioned above. Furthermore, d has the following properties with respect to the
OPE product, namely

o If v,w € Vg are d-closed, v o, w is finite when z — 0.
e If furthermore w is d-exact, v o, w is 0 when = — 0.

This means that the OPE product o, with z — 0 induces a standard super algebra structure
on H(Vg,d). This is called the chiral ring x of the theory.

These properties follow by considering n-point functions on a flat R*, where & generates a
superisometry. As the OPE product is determined by the short-distance behavior of n-point
functions on arbitrary manifold, we can extract the statements above from the properties
on R*.

The vacuum M, cuum (@) should be thought of as the bosonic part of a supermanifold
M'(Q), on which there is a natural action of the supersymmetry. The fixed loci of the
supersymmetry action, Mgsyvac(@) C M'(Q), is then a non-super manifold which is a
submanifold of Myacuum(@). This subspace is naturally Kéhler. It satisfies the important
relation

H(V,6)™? = C[Mausyvac(Q)] (2.3)
and this is compatible with the property

VD% (Muae(Q)) (2.4)

as vector spaces.
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2.3 N =2 supersymmetric QFTs

Below, we deal with N/ = 2 supersymmetric QFTs with and without U(1) R-symmetry.
An N = 2 supersymmetric QFT with U(1) R-symmetry is called a superconformal N' = 2
supersymmetric QFT.

Given a G-symmetric N' = 2 QFT @, its vacuum moduli space Mgusyvac(@Q)) has two
projections

Msusyvac(@) — MCoulomb<Q)7 Msusyvac(@) — MHiggs(Q) (25)

such that
Msusyvac(@) — MCoulomb(Q) X MHiggs(Q) (26)

is an embedding.

The Coulomb branch Mcouemp(Q) is a base of a holomorphic integrable system as
discussed below. As a complex variety it is an affine space ~ C", although there is no
canonical vector space structure on it. The number 7 is called the rank of (). The G action
on it is trivial. The Higgs branch Mpiges(Q) is a hyperkéhler manifold with a triholomorphic
G action with moment maps. SU(2) >~ SO(3) R-symmetry acts on Mpyiges(Q)) by rotating
three complex structures.

When @ has U(1)-symmetry, we can define more invariants. First, we have numbers

ny(Q),  nu(Q) (2.7)

If @ is G-symmetric, we have numbers

kG’o (Q) (28)

for each simple factor Gy C G. They are coefficients of the anomaly polynomial of () as
a linear combination of a conventionally-chosen characteristic classes. Namely, A(Q) is a
degree-6 characteristic class in terms of T'X, Py, Psu(2), Pa:

ka

AQ) = Z 761(73U(1))62(77@)+

1 1
(ny — nh)[_ﬁcl (Puy)p1(TX) + 341 (PU(l))g] + nyc1(Puay)cz(Psug))- (2.9)

k¢ is also given by the short-distance behavior of two G-currents, and similarly ¢ = n, /6 +
ny/12 is given by the short-distance behavior of two energy-momentum tensor. They are
the same quantities discussed in Sec. [I.9]

In this case Mcouwomp =~ C" has an action of U(1) R-symmetry. In other words there is
a natural C* action giving a degree on its function ring. Let us write, then,

(C[MCoulomb] = (C[ul, e ,ur] (210)
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where u; has well-defined degrees. Then
no(Q) =) _(2deg(u;) — 1) (2.11)
in a standard convention where R in (2.1]) has degree 1/2 as always.
For Q1 x ()2, n,, ny, kg are additive

(@1 X Q2) = nu(Q1) +14(Q2), (@1 X Qa) = 1 (Q1) + nu(Q2), (2.12)

ka(Q1 X Q2) = ka(Q1) + ka(Q2), (2.13)
whereas Miiges and Mcoulomb are multiplicative

MCOU]Omb(Ql X QZ) = MCOUIOHlb(Ql) X MCoulomb(Q2>7 (214)

Mitiggs(Q1 X Q2) = Mitiggs(Q1) X Miiggs(Q2)- (2.15)

2.4 Hypermultiplets

Let us take a pseudoreal representation V' of G, or equivalently if V' has a quaternionic
structure and we have a homomorphism G — Sp(V). Then there is a natural complex
action of G x SU(2) on V. We denote this G x SU(2) representation by V'; the underlying
vector space is the same as V. Then there is a free G-symmetric N' = 2 QFT which we
denote by Hyp(V) :

Hyp(V) = By(V') & Fu(V). (2.16)

This is called a half-hypermultiplet based on V. When V = W @ W for a complex repre-
sentation W of G, Hyp(W @ W) is called a hypermultiplet based on W .
We have

M coutomn (Hyp(V)) = {pt}, (2.17)
Muiggs(Hyp(V)) =V, (2.18)
ny(Hyp(V)) =0, (2.19)
ny(Hyp(V)) = dimg V. (2.20)

For a simple component Gy C G, kg, (Hyp(V)) is given as follows. We decompose
V =&;R; (2.21)
into irreducible G representations R;, and then

ke, (Hyp(V)) =2 e R (2.22)

where c2(R) is the eigenvalue of the quadratic Casimir operator normalized so that ca(goc) =
h¥(Gp). This also follows from k¢, (B(V)) and kg, (F(V)) given in Sec. and Sec. [1.13]

A hypermultiplet Hyp(V') is G-anomaly-free, unless G has a simple component Gy =
Sp(n) and kg, (Hyp(V)) is odd. This is related to Witten’s global anomaly discussed previ-
ously in Sec. [1.14]
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2.5 Quotients
Given a G x F-symmetric N =2 QFT @ with no G-anomaly, we consider
(@ x Fi(gc ® R) x By(gc)/Glacrso,0cr /272 (2.23)

For simplicity we assume G is simple. This family of effective QFT is embedded in a bigger
family of QFT, whose complex-dimension-1 subfamily is again N' = 2 supersymmetric; one
needs to add a deformation to (2.23)) given by |ig|? C Vg, where

/IG : MHiggs(Q) — g ® RS (224)

is the hyperkdhler moment map of the G action. This is an F-symmetric effective QFT
which we denote by

Q]G5 (2.25)
This is a UV complete QFT if k¢ (Q) < 4hY(G). Suppose @ is U(1) R-symmetric. Then
(Q///G) is scale invariant if and only if kg (Q) = 4hY(G). Otherwise the U(1) R-symmetry

acts nontrivially on 7. The action is given as follows: define ¢ and A via

q= 62m‘7 _ A2hV(G)—kg(Q)/2 (2.26)
and say that A has degree 1.
Let Q" = Q///G. Then
n,(Q) = ny(Q) +dim G, nu(Q') = 14 (Q) (2.27)
and
MHiggS(Q/) - MHiggS(Q)///G' (2'28)

Here on the right hand side the symbol /// stands for a hyperkédhler quotient. As complex
varieties

MCoulomb(Q,) = MCoulomb(Q) X Specc[gC]GC (229)
where gc has degree one. This is compatible with (2.11]) because
Cloc)”® = Cluy, - .., u,] (2.30)

where degu; = e; + 1 and e; is the i-th exponent of G, and
dim G = "[2(e; +1) — 1]. (2.31)

2.6 Examples of V' = 2 gauge theories

A straightforward subclass of effective N' = 2 supersymemtric QFTs are the set of

Hyp(V)///G (2.32)

for all possible V and G. These are called NV = 2 gauge theories. We are mostly interested
in UV complete ones, i.e. those with kg, (Hyp(V)) < 4hY(Gy) for all simple component Gy
of G. Let us see some examples.
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2.6.1 Pure theory

Take a simple gauge group GG. The pure theory is
trivy/// G|, (2.33)
This is a special case of (2.32) where V' is zero dimensional, so that Hyp(V') = trivy.

2.6.2 N =4 theory

Take a simple gauge group G, and consider

(N =4,G), = Hyp(gc @ g¢)/// G|+ (2.34)
As kg(gc @ gc) = 4hY(G), this gauge theory is conformal. By decomposing we see that
(N = 47 G)‘r = (B(QR KR R6) X F(gC ®c C4))/G‘T,propertly deformed (235)

and there is in fact an action of NV = 4 supersymmetry; the SU(4) R-symmetry acts naturally
on C* and on R via the isomorphism SU(4) ~ Spin(6).
It is believed

(N =4,6), = (N = 4,6")_1/0um (2.36)
where G is the group Langlands-dual to G and n is the ratio of the length squared of long
roots and short roots. This is called the S-duality of the N' = 4 super Yang-Mills theory,
and underlies the proposed relation between geometric Langlands program and the gauge
theory.

2.6.3 SQCD
Let V ~ CM and W ~ C"s. Let G = SU(V) and F = SU(W). We have
ke(VoWaeW V) =2Ny. (2.37)
Then we can consider the theory
Hyp(Ve@W e W @ V)//G (2.38)

when 2Ny < 4N, i.e. Ny < 2N,. These are called N' = 2 supersymmetric quantum chromo-
dynamics (SQCD). N, and Ny are called the number of colors and of flavors, respectively.

Similarly, let V ~ RN and W ~ HM. Then Hyp(V @z W) is SO(V) x Sp(W )-symmetric.
We find

ksoy(Hyp(V @r W)) = 4M, kspowy (Hyp(V ®@r W)) = N. (2.39)
Since hY(SO(V)) = N — 2 and hY(Sp(W)) = M + 1, we find
Hyp(V @r W)///SO(V)|- (2.40)

for M < N — 2 and
Hyp(V ®r W)/// Sp(W)]- (2.41)

for N < 4(M + 1), N even, are UV complete. Note that in the latter case odd N is not
allowed due to the anomaly.
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2.6.4 Quiver gauge theory

Let I' be an unoriented graph

" /\q . (2.42)

For each vertex v, introduce complex vector spaces V,, and W,. Let

VF = @(vh(e) ® ‘Zg(e) @ V;f(e) ® Vh(e)) @ @(V;u ® Wv @ W’U ® ‘711)7 (243>
Gr = [[SUWVL). (2.44)

We want to consider
Hyp(VF)///GF|(TU)E(upper half plane)#vertices . (245)
This is UV complete when

2dimV, > dim Wy, + Y dim V, (2.46)

for all v, where the summation on the right hand side is over the vertices v’ connected to v
via an edge. This means that I" is either a Dynkin graph or an affine Dynkin graph. In the
latter case we also see W, is all zero dimensional.

2.6.5 An enumeration problem

As shown, the classification of UV-complete N = 2 gauge theory Hyp(V)///G, if we restrict
V and G to be associated to a quiver as above, is equivalent to the classification of the affine
and non-affine Dynkin diagram. Therefore the classification of all UV-complete Hyp(V')///G
is a natural enumerative problem generalizing that question. It should not be too difficult
a problem but this classification has not been done to the author’s knowledge. Let us see
below a few typical examples of a UV-complete N' = 2 gauge theory.

2.6.6 Trivalent gauge theory

Here we consider a different way to associate V' and G given a combinatorial object. Let '

be a trivalent graph
e - mkernal

ol [ /v,l
o &\@ , (2.47)
o'

i.e. we only allow univalent or trivalent vertices. An edge connected to two trivalent vertices
is called internal, and an edge connected to a univalent vertex and a trivalent vertex is called
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external. For each edge e, introduce V, ~ C?, and let

Vroi= @ ‘/;il(’l]) Rc ‘/;iz(v) c %3(1})7 (248)
v:trivalent

Gr:= [] su(w). (2.49)
e:internal

where e 2 3(v) are the three edges connected to a trivalent vertex v. Then we consider

Hyp(VF>///GF|(Te)€(upper half plane)#int. edges . (250)
This is a FTr symmetric theory, where
Fr:= [[ suw). (2.51)
e:external
As we have
kSU(VE)(Vp) =8 = 4hv(SU(2)), (2.52)

this theory is always conformal with respect to all SU(V,). This does not generalize to any
bigger simple group G if we only consider Hyp(V)///G.

2.6.7 Exceptional gauge theories

Let G = Fg, V ~ C% its miniscule representation. This is a complex representation, with
ke, (Hyp(V @ V)) = 12. As h¥(Es) = 12, we can consider

Hyp(V @ CY* @ V @ CN*)/// Eq|~ (2.53)

for 0 < Ny < 4. This is an U(Ny)-symmetric theory.
Let G = E7, V ~ H?»® ~ C% its miniscule representation. This is a pseudoreal represen-
tation, with kg, (Hyp(V)) = 12. As hY(E7) = 18, we can consider

Hyp(V @ R™Y)/// Ex|, (2.54)

for 0 < Ny < 6. This is an SO(Ny)-symmetric theory.
Let G = F,, V ~ R? its nontrivial real 26-dimensional representation. We find
ke, (Hyp(V ®g H)) = 12. As hY(F) =9, we can consider

Hyp(V @r H') /// Ful, (2.55)

for 0 < Ny < 3. This is an Sp(/Ny)-symmetric theory.
Let G = Gy, V ~ R7 its nontrivial real 7-dimensional representation. We find kg, (Hyp(V ®g
H)) = 4. As h¥(G3) = 4, we can consider

Hyp(V ®@g H?) ///Go|. (2.56)

for 0 < Ny < 4. This is an Sp(Ny)-symmetric theory.
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2.7 Mass deformations

When @ is F-symmetric, there is a standard deformation @),, where m is a semisimple
element of gc. The parameter m is called the mass. Q,, and @),/ are equivalent if m and m/’
are conjugate. @,, is F™-symmetric. When @ is U(1) R-symmetric, the mass m has degree
1 under the U(1) R-symmetry.

As a complex manifold we have

MCoulomb(Qm) = MCoulomb(Q) (257)

but other structures on them are different. The most important one is the following.

2.8 Donagi-Witten integrable system

Let @Q be an F-symmetric N = 2 supersymmetric QFT. We have the Donagi-Witten inte-
grable system

DW(Qm) — MCoulomb(Qm)- (258)

The basic requirements are that
e dim DW(Q,,) = 2 dim Mcoutomb(@m) = 2r.
e The generic fiber is an r-dimensional principally polarized Abelian variety.

e There is a holomorphic symplectic form €2 on DW such that its restriction to a generic
fiber T is trivial: Q|r = 0. These are why it is called an integrable system.

e There is a meromorphic one-form Agy,, called the Seiberg-Witten differential, such
that 2 = dA SW -

e The polar divisor D of Agy has the structure

D= ] Du. (2.59)

Some of D,, can be empty.

We let L = H(T'\ D), with a skew-symmetric form (,) on it given by the polarization.
There is a sequence

Pr— Hy(T\ D) — H,(T). (2.60)

Here and in the following, Pr and Qg stands for the weight and the root lattice of F.
Therefore L has a skew-symmetric form with signature (+", =", 0"%) Denote by Sp(L)
the group of automorphism of L preserving this skew symmetric form. The differential Agy,
determines a homomorphism a : L — C. Its restriction on Pg is constant on M coulomb, as
dAsw is holomorphic. This constant homomorphism Pp — C is identified with m € f¢ up
to conjugation.
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Let Disc(Q,,) be the discriminant of the fibration. We have an Sp(L) local system over

MCoulomb<Qm) \ DiSC(Qm)' (261)

Locally we can take a basis of A
Qry ey 05 By By V1 - o Yrank B (2.62)
such that (a;, B;) = d;;, otherwise = 0. We let
a; = a(ey), aP =a(B), m;=a(y). (2.63)

We identify the sublattice generated by v; with Pr. Then (my, ..., Mk r) is identified
with m of @,,. We denote by Lg the maximally isotropic sublattice generated by {alpha;}

and {v;}.

Locally (aq,...,a,) gives a coordinate system on M couomb(@m)- As the fiber is a polar-
ized Abelian variety, we find that there is a holomorphic function F(ay, ..., a.;m, ..., Meank r)
such that oF

D
D _ 2.64
- 260
and furthermore 2F
= 2.65
7ii 8ai8aj ( )

is the period matrix of 7', and in particular Im 7;; is symmetric positive definite.

The prepotential F' is defined with respect to the choice of the maximally isotropic
sublattice Lg C L. The relation (2.64) means that when we change the choice of Lg the
prepotential is transformed by a Legendre transformation.

2.9 Donagi-Witten integrable system and gauging

It would be useful to consider a further fibration
DW r(Q) — fe/Fe (2.66)

where the fiber at m € fc is DW(Q,,). When @ is G x F-symmetric, it should be possible
to characterize DW »(Q///G|,) in terms of DW p(Q), but the author does not currently
know how to do it. Instead let us just state the condition when @) = Hyp(V') where V is a
pseudoreal representation of G X F'.

Let us then consider Hyp(V)///G|; . Here 7 can be non-canonically identified with
invariant positive bilinear form (,) on g. Let us write G = [[, G, where G, is simple.
Define 7, by (, )|g. = 72(, Jo where (, )o is the invariant product normalized so that the length
squared of the long root is 2. Note that Im 7, is positive. We then set ¢, = 2™V "1™, Ag
stated in (2.26)), ¢, has degree 2hY(G,) — k¢, (Hyp(V))/2 under U(1) R-symmetry, whereas
a and m has degree one.

31



Then our aim is to find the fibration is

DW (Hyp(V)///G) = Mcowomn(Hyp(V)///G) = bc/W (2.67)

where b is the Cartan subalgebra of g and W is the Weyl group. This fibration depends
furthermore on ¢, and m. We pull back this family to

DW = be. (2.68)

Let
he DUk ={a € be | |a(a)] > K and |w(a ® m)| > K} (2.69)

where « runs over all roots of G and w is over all weights of V. Note that a & m is in the
Cartan of G x F' and therefore there is a natural pairing with a weight w of V.
A standard perturbative computation shows that the family restricted to Uk for a suf-
ficiently large K,
DW — Uk (2.70)

satisfies the following properties.

e The monodromy of the local system on Uk preserves an isotropic sublattice P x P C
L, where we identify Ps with the weight lattice of g.

e Let us then take a basis aq,...,a, of Pg. Locally on Uk, we can choose (1, ..., [0,
generating the complementary sublattice Qr such that L = P ® Qr ®Pr. We identify
Qr with the root lattice of g.

e We let a; = a;(a) be the coordinate functions of a € hc. We also introduce a € b via
o;(a) = a; = [, Asw. Both the set {a;} and the set {a;} give a coordinate system in
Uk.

e The most crucial condition is that the prepotential F'(a) has the power series expansion
in terms of {¢,}

F(a,m) = Z Fia,3(a,m) Hqu (2.71)

d;>0 T

such that the leading term is

Fuplom)=(@a)~ 3 je@)t+y Y fw@em) @70

v:roots of g w:weights of V/
where . ) 5
X
x) = “logzr — —2* 2.73
1) = 5 g lowe - 32 273

is a function such that f”(x) = 1/x, and other Fq4,y(a, m) are rational functions of
{a;} and {my}. The degree of F'(a,m) under U(1) R-symmetry should be two. Recall
that a and m has degree 1 and ¢, has degree 2hY(G) — kg, (Hyp(V))/2.

Note that the branch cut of f(z) together with (2.64)) determines the Sp(L) local
system on Uy uniquely.

32



e The next condition is not so crucial as the previous one. It is on the property of a, as
a function of a;, ¢, and m. Namely, g, has a power series expansion in terms of g,

a; =Y fian(am) ] o (2.74)
de>0 T

such that the leading term is
figa=0y(a,m) = a; (2.75)

and other f; 4(a, m) are rational functions of {a;} and {my}. @; should furthermore
have degree 1 under the U(1) R-symmetry. This just says that the coordinate a;
defined by Agw and a; defined by the underlying h are not very different.

The physics intuition says that such fibration should exist and is furthermore essentially
unique, in the sense that if we have two solutions

Fla,m,{q¢:}),  F(a,m,{q.}) (2.76)

then there are power series with a definite degree under U(1) R-symmetry,

Go= Y Gugay(m) [ ¢ (2.77)
Yy

dy>0

where
Qx,{dyzo} =dz (278)
and other ¢, (4,1(m) are rational in m, so that

Fa,m, {g:}) = F(a,m, {G:}). (2.79)

Before proceeding it is to be mentioned that there is a one-parameter family of hy-
perkéhler structure on DW(Q,,) which is compatible with the holomorphic symplectic
structure discussed above.

2.10 Examples of Donagi-Witten integrable systems

It is not known how to construct the DW integrable system given Hyp(V')///G in complete
generality. Even describing them is tricky. The methods often employed are the following.

1. One can start from a family of curves

ESW — MCoulomb (280)

and take the Jacobian (or a nice subspace of it such as Prym) at each point on the
base. In this case one needs to check that the resulting family is integrable. gy is
called the Seiberg-Witten curve.
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2. One can start from a Riemann surface C' and a G'-Hitchin system on it, where G’ is a
group related to G. Then DW — M coulomn is identified with a small modification of
the Hitchin fibration. Given a representation R of (G, one can construct an associated
spectral curve X — Mcouomnp Which can then be regarded as the Seiberg-Witten
curve.

3. One can also start from a family of compact Calabi-Yau 3-fold over the moduli space
of its complex structure. In this case the fibration of its intermediate Jacobian is an
integrable system but it is not principally poralized and Im 7;; is not positive definite.
One needs to take a certain limit to extract a positive-definite subsystem. We usually
end up with a family of non-compact 3-fold which is a fibration of deformed simple
singularities over a Riemann surface C'; X — M coulomp. This family can also arise as
a spectral geometry of a Hitchin system on C.

4. Finally there are also cases where DW (@) is given by the moduli space of anti-self-dual
G'-connections on a certain open four-manifold.

We review below some of the typical Donagi-Witten integrable system of Hyp(V)///G.
We do not explain how to check that the conditions explained in Sec. are satisfied. In the
literature some of them were checked. There are some cases where the conditions have not
been checked, although DW (Q) is believed to be correct from various other considerations.

2.10.1 G-Hitchin system

We begin by a quick review of the Hitchin system. Let C' be a Riemann surface with
punctures p1, ...p, with labels. Let P — C be a G¢-bundle with a reference connection d”.
We take

Qb S Ql’o(g(c XGe P— C), A e QO’I<Q(C XGe P — C) (281)

D" = d" + A” is a connection. Labels determine the singularities allowed for ¢ and A.
Suppose a singularity p is at the origin of a local coordinate z = 0. A tame (or regular)
singularity is labeled by a gc-orbit O, and ¢ is of the form

d
¢~ XFZ + less singular terms, X eO. (2.82)

A wild (or irregular) singularity is one where ¢ has a pole of order more than one.
We let
G={f:C— Gc}. (2.83)

Then
{D"¢=0}/G = Ma(C) (2.84)

is a holomorphic symplectic manifold and there is the Hitchin map

7 Mg(C) — @aHO(Kgd“ + D)) (2.85)
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where p(,) is a linear combination of py, ..., p; determined by the labels. The Hitchin map
7 is given by
Tio u(d) - D un(9) (2.86)

where we fixed the isomorphism
Clgs)%c ~ Cluy, . . ., u,] (2.87)

so that u, has degree d,. Given a representation R of G' we can consider the spectral curve
of the Hitchin system. For example, when G = Ay_1, we take the vector representation as
R and consider

detp(A — @) = MV +ug(@)A 2+ - +un(p) =0 (2.88)

as an equation giving a curve within T*C, where A is the tautological one-form on T*C.
M (C) is recovered as its Jacobian.

The spectral curve has a spurious dependence on R. When G is simply-laced, a more
invariant object is its spectral geometry. Let us illustrate the construction by considering
two cases. First consider the case G = FEg. The deformation of the simple singularity of
type Ejg is given by

W, = 2] + o5 + 23 + ugd> 1y + usT1To + UgTs + UsTy + UgT1 + Uso (2.89)

where 21, x5 and x3 have degree 3, 4, 6 respectively and u; are the generators as in
where the subscripts are renamed to correspond to the degree. The whole expression has
the degree hY(Fg) = 11.
Then, given ¢ as in , we consider a three-fold X in the total space of the vector
bundle
KPP oK o KE —C (2.90)

given by

0 = 2] + 25 + 23 + u2 ()i w2 + us(P) w179 + U (P)x] + us(P) T2 + ug(P) 1 + ur2(9) (2.91)

where x1, T, x3 are now sections of K%’g, K%’A‘, Kg’ﬁ, respectively. Then the fiber of the
Hitchin system is given by the intermediate Jacobian of X.
Next, let us consider the case G = Ay_1. In this case the spectral geometry is given by

0 = 2ow3 + 2 +ug(P)zY 2 + - +un(e) (2.92)

: N-2
where 1, x4, x3 are sections of K¢, Kgm, Kg)( )

equivalent to the spectral curve (12.88)).

, respectively. Note that this is essentially
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2.10.2 Pure theory

For a simple gauge group G, consider the pure theory ) = trivy///G|,. We use the parameter
g = A" = e®™V=17 introduced in (2.26). This has degree 21" under the U(1) R-symmetry.
Its Donagi-Witten integrable system DW(Q) is the Toda integrable system of type G
when G is simply-laced. For non-simply-laced G, it is the twisted Toda system associated
to the Langlands dual of G.
For type Ay_1,

M oulomp(Q)) = Spec C[g@]GC = Spec Clug, . .., un]. (2.93)

and the Seiberg-Witten curve is the spectral curve of the Toda system of type Ay_1 given

by
N

A
ANz + - = o +uga™N TP 4 uy (2.94)

By defining the one-form A\ = zdz/z we have

d AN d
AV b (22 g (uy + AN+ S (B =0, (2.95)
z z "z
This is of the form of a spectral curve of SU(N)-Hitchin system on a sphere, with two
marked points at z = 0 and z = oo. wu;(¢) for i < N has degree < i poles at 0 and oo,
but uy(¢) has order N + 1 poles there. The points 0 and oo are therefore irregular (wild)
singularities.
For type Eg, say, the Seiberg-Witten geometry is given by
AL2

A12Z + 7 = .73‘1L + I% + l’g + UQZ‘%IQ + Uusr1T9 + Uﬁl’% + ugTo + Ugx1 + U2 (296)

and this is of the form of the spectral geometry of the Fg-Hitchin system on a sphere with
two marked points at z = 0 and z = oo, with

ui(¢) = udz—z (i #12),  wa(d) = (urp + A%z + %u)iz—;. (2.97)
The points 0 and oo are again irregular (wild) singularities.
2.10.3 N =4 theory and N = 2* theory
Pick a simple g. Consider the N' = 4 system introduced in Sec. [2.6.2}
Q- = Hyp(gr ®r H)///G,. (2.98)

This is a Sp(1)-symmetric N' = 2 supersymmetric theory, and therefore one can consider
the mass deformation Q.,, where m is in the Cartan subalgebra of su(2)c, i.e. a complex
number up to sign. The theory when m # 0 is called the AN/ = 2* theory.
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Here ¢ = e*™V~17 is degree zero. The Donagi-Witten integrable system for simply-laced
G when m = 0 is the G-Hitchin system on the elliptic curve with modulus ¢ without any
puncture. When G is not simply-laced, it is given by the twisted Hitchin system associated
to the Langlands dual of G. In either case, the prepotential is just given by

F(a) = 7(a,a)o. (2.99)

When m # 0, DW(Q,,) is given by the elliptic Calogero-Moser system of type G when
G is simply-laced, and by the twisted version associated to the Langlands dual of G when
G is non-simply-laced. When G = Ay _; it is given by a SU(N)-Hitchin system on a torus
with one puncture at z = 0, such that the gc-valued one-form ¢ at z = 0 has a residue

conjugate to
R_eosqbwmdiag(l,l,...,l,l—N). (2.100)

There is no known way to construct (twisted) elliptic Calogero-Moser systems of other types
as a Hitchin system.

2.10.4 SQCD
Consider the SQCD introduced in Sec. [2.6.3}

Q- =Hyp(VeWaeWV)//SU(V), (2.101)

where V ~ CV and W ~ C»7. This is an U(W)-symmetric theory, and therefore we can
introduce mass deformations by m = (my, ..., my;). The maximum N allowed is 2/V.
The Seiberg-Witten curve is given by the family

N
ot qu:fI(‘T —m;)
z

Ysw D (2,2) : 4+ f w24 fun =0 (2.102)
and A = xdz/z. Here z has degree N and ¢ = has degree 2N — N;. From this one can
construct

DW = Jac — MCoulomb- (2103)

The one-form on DW is induced from the one-form A\ = xzdz/z on gy . It is a good exercise
to check that indeed this fibration satisfies the defining conditions stated in Sec. We
note that for Ny < 2N we can identify m; = m,, but for Ny = 2N, m, = m; + O(q).

Consider the conformal case Ny = 2N. Let us rewrite as the spectral curve of
the Hitchin system. We first redefine z to have

Ne 2N
zH(x—mz)—i—g H (x —my) + 2™ +upz™ 4+ ... uy = 0. (2.104)
i=1 i=Ne+1

We make a few rewrites: first, we gather the same powers of x to have

(4 2+ DoV +in(2)2V 4o i(2) = 0. (2.105)

37



By dividing by z + ¢/z + 1 and redefining &pew = Toig — u1(2)/(2 + ¢/2 + 1)/N, we have
oV 4 Gy(2)aN T 4 - Fan(2) = 0. (2.106)

Now g (z) has degree k poles at z., where zy are two zeros of z + ¢/z +1 = 0.
This last expression is of the form of the spectral curve of a Hitchin system,

Mt up (@AY 2 -+ upn () = 0. (2.107)

where A = xdz/z and uy,(¢) = Gx(2)dz"/zF. The field ¢ has four singularities on a sphere
parameterized by z, all of which are regular. The cross ratio of four points is a function of
q. When all m; are generic, we find the following:

e At z =0, 00, we have a pole of the form
¢ ~ diag(my,...,my)dz/z, ¢~ diag(my,...,my)dz/z, (2.108)
so that Y m; = > m; = 0.
e At z = 24, we have a pole of the form

d d
¢ ~mdiag(1,1,...,1,1-N)——— ¢ ~mmdiag(1,1,...,1,1— N)——
z—zy Z—z_

. (2.109)

We thus see that there are two types of residues with distinct Levi types.
When some of the parameter, say m, is taken to zero, the residue of ¢ is no longer
semisimple. Instead, we have

dz

z—zy

¢~ (@D D) (2.110)
~—_———

N-2

where Ji is a k X k Jordan block. We will have more to say about it in the next section.
Note that in the pure case we find wild singularities. An experimental fact is that when
we write the Seiberg-Witten curve in terms of a Hitchin system we usually have

e some wild singularities if 2hY(G) > kg and
e all singularities are tame when 2hY(G) = kg.

Let us consider a particularly simple case where N = 2 and Ny = 4. Then (1,1 - N) =
(1,—1) are both generic and the four singularities at z = 0,00, z;, 2z are all of the same
type. This is in fact the simplest case of the trivalent theory, with

Vi v,
r= >7< : (2.111)
Va Ve



2.10.5 Trivalent theory
Let us then consider a general trivalent theory Qr , introduced in Sec. Given

e wternal

o [V 4 /Vl
I = mm\@ , (2.112)
L

recall we have the theory @ = Hyp(V1)/Gr which is Fr-symmetric, see (2.48), and
. Note that mass deformation is given by m = {m¢}eexternal- We associate to ' a
Riemann surface by picking a three-punctured sphere P! for each vertex v, and for each
edge with 7. associated, we make the identification zz' = ¢, = €27V~ 17e:

(2.113)

Note that each external edge e becomes a puncture p, on C. Let us say p,. is at the origin
of the local coordinate z. = 0. Then we consider an SU(2)-Hitchin system on this Riemann
surface with the boundary condition

dz,

e

O ~

diag(m., —me) (2.114)
at each puncture. This gives the Donagi-Witten integrable system of Qr + .

2.10.6 An exceptional gauge theory

Consider the theory

Hyp(V @ CYr @ V @ CN*)/// Eq|- (2.115)
as introduced in Sec. [2.6.7] where V' ~ C?7 is the miniscule representation of Fg, and 0 <
Ny < 4. As this is U(Ny)-symmetric, introduce the mass deformation m = (my, ..., my;).

q = ™17 has degree 24 — 6N;.
The Seiberg-Witten geometry is given by

o aI1 X (o, 2w}, {uat mo)
zZ

where Wy, was given in (2.89) and

z = Wg,({x1, 2, 23}, {ua}) (2.116)

1
X({z1, 29, 23}, {ugy, m) = —8(z% — v/ —1xs + §u6) — 4uyxy
+ dmus + m?(ui — 12x5) — 8m>x; + 2m*wy +mb. (2.117)
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Note first that when Ny = 0 it reduces to the geometry of the pure theory, (2.96). In
particular it is the spectral geometry of a Eg-Hitchin system with two wild singularities.
The polynomial X above has the following important property. Consider

2 X ({x1, o, w3}, {ua}t, m) = Wg,({x1, 22, 23}, {ua}) (2.118)

as defining a family X of three-dimesional hypersurface in (2, 2, 72, x3) € C* parameterized
by m and {ug}. By the identification C[hc]" = C[ug] where he is the Cartan subalgebra of
E¢ and W the Weyl group, we can think of X as a family

X—>Cohsmda. (2.119)

Then the fiber develops a singularity of the form x? + 3* + 2% + w? = 0 if and only if there
is a weight of V' such that m = w(a).
Let us next consider the case Ny = 4 so that the theory is conformal. Here it is more
convenient to rewrite (2.116f) to
g X (mg) X (ma4)

2 X (m1) X (mg) + =

As in the rewriting in the conformal SU(N) case starting at (2.104)), we can transform it
into the spectral geometry of a Hitchin system on a sphere with four tame singularities:

= W, (2.120)

e At z =0 and z = oo, the Hitchin field behaves as

6 ~ [3(ma + ma) (03 — v3) + (my — ma)(vs + w)]%, (2.121)
QZ5 ~ [3(7713 + m4)(v2 — U4) -+ (m3 — m4)(v2 + U4)]% (2122)

respectively, where v; is the i-th fundamental weight where the ordering of the nodes

is given by 12345. When m — 0 the residue is nilpotent, whose Bala-Carter label is

Ay + A
e At z =2z, and z = z_ at the zeroes of z+ ¢/z + 1 = 0, we have
d d
¢~ Fg—oe) o By (2.123)
Z— 2y z2— 2z

where E, is an element in the SL(2) triple (E,, Ha, F,,) associated to a simple root.
The Bala-Carter label is A;.
2.10.7 Affine quiver theory

As a final example, consider the quiver gauge theory Qr introduced in Sec. [2.6.4] in a
particular case when the underlying graph I' is an affine Dynkin diagram, of type ', where
', =A,, D, or E,.. The gauge group is

Gr = H SU(Naj;) (2.124)

1=0
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where d; are the marks of the Dynkin diagram so that > d; = h¥(T,). The flavor symmetry
Fr is Gr/Gr where

Gr = [JUWVa)). (2.125)
i=0
The gauge couplings are given by ¢ = ¢>™V~1% for i = 0,...,r. Then the Donagi-Witten
integrable system DW (Q) is given by the moduli space of anti-self-dual I',-connections of
instanton number N on &, x C where &, is an elliptic curve with the complex structure
q=qo" "G
The fibration DW(Qr) — Mcouomb(@r) is given using Loojienga’s theorem, which
states that the moduli of holomorphic I',-bundle on £ is isomorphic to the weighted pro-
jective space WP, ., . Let us denote by x the coordinate on C. Then, restricting the I',-
bundle on the fiber &, at x, one has a holomorphic degree-N quasimap from C to WP, _,, .
More explicitly, we have r 4+ 1 polynomials y; of degree Na; of x:

Xi(2) = g™ + mar™N T b N T U v, (2.126)
so that [xo(z) : x1(z) : -+ xo(2)] € WPy, 4. The coefficients are naturally associated to
the coupling constants ¢;, masses m; of Fr, and the coordinates u; o, ..., u; nq, Which comes

from C[SU(Naj)]**NVai),

When I', = A, or D,, one can also describe the same integrable system as an SU(N)-
Hitchin system or a twisted SU(2/N)-Hitchin system, respectively. For I', = A,., we have an
SU(N)-Hitchin system on T2 with complex structure q as above, with r + 1 punctures with
residue of the form (2.109). For T', = D,, we have a twisted SU(2N)-Hitchin system on a
sphere in the following sense. In addition to r singularities where the residue of ¢ is of the
form , there are four singularities around which there is a monodromy by the outer
automorphism of SU(2N). These descriptions when the Dynkin diagram is of type A or D
are obtained by applying the Nahm transformation to the descriptions given above in terms
of instantons on 72 x R2.

2.11 BPS states and Wall crossing

Given a F-symmetric N' = 2 supersymmetric theory @, consider Hg, (R? p) for p €
M couwtomb(@m) \ Disc(Q,,). This is an infinite dimensional Hilbert space, graded by L

Hq, (R%,p) = G Ha(p). (2.127)

There is an action of the supersymmetry St @ R & S~ ® R on Hg,, (R?,p) compatible
with the grading by L. Recall that we introduced a map a : L — C. Pick 07 € ST ® R and
0" € ST ®R and let

0, =0 +€%5~ (2.128)

for ¢ € R. It is known that

[0, 00)+ = 0,08 + 616, =t — Re(e”*a). (2.129)
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where ¢ is an Hermitean operator on Hg,, (R?, p) called the Hamiltonian.

Therefore, the eigenvalue of ¢ on H, is bounded below by |a(l)|. Let ¢ = Arga(\).
Then d,0 = 0 for v € H;(p) if and only if tv = |a(l)|v. The subspace of H;(p) satisfying
this condition is called the space of BPS states and we denote it by BPS;(p). BPS;(p) is a
7] Zy-graded finite-dimensional vector space. BPS,(p) is locally constant but it can jump
at real-codimension-1 walls. Its wall-crossing behavior is intensively studied.

2.12 Topological twisting

Let Q a N' = 2 supersymmetric QFT. We define a new QFT Qy,p, which is not a super-
symmetric QFT, as follows. First, the space of point operators is given by

Vo, = H(Vg,0) (2.130)

where ¢ is a fixed element in ST ® R. Next, recall an N = 2 supersymmetric QFT is SU(2)
R-symmetric. Given a spin 4-manifold X, we decompose the frame bundle Fspin4) — X to
Psy(a) Xx PéU(z) — X, and then we feed it to Zg to define Zg,, :

ZQuop(X) = Zg(Psuz) = X). (2.131)
In this way we choose a homomorphism
¢ : SU(2)r — Spin(4). (2.132)

This Q4op satisfies remarkable properties, due to the following reason. The supertangent
to X as defined in (2.2)) is now, due to the identification of SU(2) C Spin(4) and the SU(2)
R-symmetry, given by

STXeS X=(CoMN'TX)oTX (2.133)

where A2*T'X is the bundle of self-dual two-forms. Therefore there is a trivial subbundle
of the supertangent bundle, which then has a covariantly constant section. This gives a
superisometry 9.

Using this superisometry ¢, we can show the following:

® ZQ.,(X) depends only on smooth structure on X. To show this, consider changing
the metric of X from g to g + edg. Then, from the analysis in Sec. [1.9] we have

D g (X) = [ (@) + oV Salp)dvol (2.134)

Oe x

where 7' is the energy-momentum tensor, J is the SU(2) R-current, and ¢ is the map
R* x su(2)z — Sym?R* induced from . Now it turns out the point operator
T + p(VJ) is d-exact, and therefore its one-point function on the right hand side of
(2.134) vanishes. Therefore Zg,, (X) does not depend on the continuous deformation
of the metric.

42



e For the quotient Q///G|, we have
ZaiGlrier = Y 1" / ZQuop(Pa = X) (2.135)
n Mn

where ¢ = ¢~ and M, is the moduli space of ASD G-connections on X with
co = n. Morally speaking, this happens as there is an action of § on the integration
domain of the path integral which is a supermanifold based on the moduli space M
of G-bundles with connections. Then the integral localizes to the integral over the
0-fixed points, which happen to be given by the ASD G-connections. As a corollary,
we see (triv/// SU(2))%P is the Donaldson invariant.

3 6d theory and 4d theories of class S

In this section we study four-dimensional N = 2 supersymmetric QFTs arising from the

so-called dimensional reduction of a class of six-dimensional N = (2,0) supersymmetric
QFTs.

3.1 Dimensional reduction

In general, given a d-dimensional QFT @ and a d’ < d dimensional Riemannian manifold
K, we can define a d — d’ dimensional QFT Q[K] via the relation

Zow(X) = Zo(K x X). (3.1)

The definition of the space of operators Vg|k) requires more care. This operation is called
the dimensional reduction. The resulting theory Q[K]| depends on the Riemannian metric
on K, and is too detailed. We want an operation which depends only on rougher structures
on K so that it is more tractable. This can often be done if the original d-dimensional QFT
is supersymmetric.

For definiteness, we start from a six-dimensional supersymmetric theory. A six-dimensional
supersymmetry algebra is of the form

(sp(NT) x sp(N ") x s0(d)) x R STROR" S  @R™) (3.2)

where R* ~ BV, The R-symmetry group acting on R* is only sp(N*), not u(2A#), in
order for the action to be compatible with the CPT conjugation action on the superalgebra,
which as introduced in Sec. is an action of Pin(6) where the element disconnected from
the identity acts by a conjugate-linear map.

This is called the (N, N7 )-extended six-dimensional supersymmetry, and the sp(N ) x
sp(N ) part is the R-symmetry. An (N, N7 )-extended theory and an (N, N'")-extended
theory are essentially the same by a change of convention. We only deal with the case
(NT,N7) = (2,0), for which the supersymmetry algebra is

(sp(2) x so(d)) x (R°D ST @R"). (3.3)
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Note that sp(2) ~ so(5) in our convention. This is usually called the six-dimensional
N = (2,0) supersymmetric theory.

Given a six-dimensional spin manifold Y with a Riemannian metric, together with an
Sp(2) R-symmetry bundle with connection, we have the frame bundle Fgy2)xspine)Y — Y.
Then the algebra bundle (3.3|) gives rise to the supertangent space

TY ®STY = (R°® ST @ RY) Xgp@)xspin(6) Fop(2)xSpin(6) Y- (3.4)

Now, given a d’-dimensional manifold K, we pick a homomorphism ¢ : so(d’) — sp(2).
Then we have an sp(2) bundle p(Fyoq K x X) over K x X constructed from the frame
bundle of T'K, which we use to define Q[K]

Zqire)(X) = Zo(p(Faoa) K) x X). (3.5)

When ¢(so(d')) has a nontrivial stabilizer G in sp(2) R-symmetry group, Q[K,] becomes
a d — d' dimensional supersymmetric theory with G R-symmetry. This procedure is called
the partial twisting.
In this review we only consider the case when d’ = 2 and the homomorphism ¢ is given
by the diagonal embedding
¢ :50(2) — s0(5) ~ sp(2). (3.6)

Its stabilizer is s0(2) x s0(3) ~ u(1) x su(2). Then the theory Q[K,] is a four-dimensional
N = 2 supersymmetric theory with SU(2) x U(1) R-symmetry. Indeed, one can check
that the supertangent bundle (3.4)) over K x X contains a subbundle pulled back from the
supertangent bundle over X of an NV = 2 theory with SU(2) x U(1) R-symmetry. The
properties of QK| we study only depends only on the complex structure and the total area
of K. This can be shown as in the derivation of the independence of Q)i,, from the metric

given in Sec 2.12

3.2 6d N =(2,0) theory

Now we need 6d N = (2,0) supersymmetric theory to be used in the dimensional reduction
just introduced above. They are known to have an ADE classification, namely, for each
Dynkin diagram I' = A,,, D,,, E,,, we have a 6d N = (2,0) supersymmetric theory Sr. This
is Out(I")-symmetric, where Out(I") is the graph automorphism of I". The theory Sr itself
is constructed by a dimensional reduction starting from 10d quantum gravity system called
string theories.

A d-dimensional gauge theory of the form (/G involves a path integral over the moduli
space of the G-bundles with connections on a d-dimensional manifold X. A d-dimensional
quantum gravity theory should involve a path integral over the moduli space of the Rieman-
nian manifolds of dimension d. But physicists learned that it is almost impossible to start
from a QFT @ and form @/(diffeo. on metric). A quantum gravity theory is constructed
in a rather indirect way, and only a few of them are known to exist. Also, as we need to
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G |rankG  dimG hY(G)
Av_1 | N—1 N2 -1 N
Dy | N N@N-1) 2N -2
Eg 6 78 12
Er 7 133 18
Eg 8 248 30

Table 1: Data of the simply laced groups.

perform an integral over the Riemannian manifolds, we do not expect that a quantum grav-
ity theory gives a number given a compact d-dimensional Riemannian manifold. Rather,
given a d — 1 dimensional Riemannian manifold Y, we expect that the path integral over
the moduli space of d-dimensional Riemannian manifolds with metric whose boundary is Y
would give rise to a number.

A well-established supersymmetric quantum gravity theory is the Type IIB string theory
Styp in 10 dimensions. This means that it can produce a number given a 9-dimenisonal
Riemannian manifold. We can then perform a dimensional reduction to define

Sr = Stup[S?/T) (3.7)

where I is identified with the corresponding finite subgroup of SU(2). Thisis a 6d N' = (2,0)
supersymmetric QFT.
Its space of point operators is not completely known, but it at least satisfies

Vs, DClher (CoCaR)™. (3.8)

Here, b is the Cartan subalgebra of the Lie algebra of type I', Spin(5) acts naturally on
COCPR ~R® and C[h @ R3]" comes from the deformation parameters of a hyperkihler
asymptotically-flat metric filling S3/T.

Sr is a Spin(5)-symmetric QFT. Then its anomaly polynomial A(Sr) is a degree-8 char-
acteristic class in T'X and Pgpin(s), known to be of the form

pQ(PSpin(5))

A(Sr) = (rank G) Iy + dim GhY(G) 54 (3.9)
where G is a Lie group of type I' and
1 1
Iy = 18 pQ(PSpin(S)) —p2(TX) + Z(pl (PSpin(5)) — DN (TX))Q . (3.10)

The data of simply-laced groups are given in Table[l] Note that dim G = rank G(hY(G)+1).

3.3 Dimensional reduction on S*

Before studying Sp compactified on a Riemann surface, let us study S%[S}| where the
subscript ¢ denotes the circumference of the circle. This turns out to be a 5d gauge theory.
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Let G be the simply-laced group of type I'. Then

SF[Sgl] = [deg)(gR X R5) X Fd:S(g(C & H2)/G:| (311)

leR~, properly deformed

This is the N' = 2 supersymmetric 5d gauge theory with Spin(5) ~ Sp(2) R-symmetry,
which acts on R® and H? in a natural way. This has a path integral expression:

Lo ra(X) = e Tdvol 3.12
sprs1(X) /M M (3.12)
where )
1:/ Z[<gB,A¢>+<F,*F>+<1M>¢>+---}dvolX, (3.13)
X

M is the moduli space of principal G-bundles P — X with connection, and sections ¢ of
(gr @ R®) X P — X, and sections ¢ of (gc ® C*) X¢ P X C* X Pepin) X
When X = S}, x Y, and take the limit £/ — 0 keeping ¢’ /¢ fixed, we have

Zssn(X) = / e L dvol v (3.14)
M

where M is now the moduli space of P, ¢, ¥ over Y, and

I:/Y%[<$,A¢>+<F,*F>+<1Z¢z/z>+m}dvoly. (3.15)

The holonomy of G-connection around S} gives another gg-valued function on X, and so ¢
is now a section of gr ® R°. In total we have

SF[SI} X Sl},] —
[B(QR ® RG) X F(g(C ® C4)/G]T:M’/Z,properly deformed — HyP(QC @ gC)///G|T:i€’/Z‘ (316)

This is the four-dimensional N' = 4 supersymmetric Yang-Mills with simply-laced gauge
group G, introduced in Sec. 2.6.2, From the 6d construction we have the symmetry ¢ <> ¢,
which is a nontrivial symmetry 7 <» —1/7 from the 4d point of view.

3.4 Properties of nilpotent orbits

Before continuing it is necessary to gather here the properties of nilpotent orbits and other
conjugacy classes of g. Given an element x € g, it can be uniquely decomposed to x = e+m
where e is nilpotent and m is semisimple and is in g°. A subalgebra [ of g of the form [ = g™
for a semisimple m is called a Levi subalgebra.

We denote the g-orbit containing x by O,. This has a natural holomorphic symplectic
structure on it. There is only a finite number of nilpotent orbits. Given two nilpotent
orbits O, and O, , we define a partial ordering O, < O, if and only if O. C O.. There
is a maximal object in this partial order called the principal orbit. The minimal object in
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the partial order is of course the zero orbit, and the next-to-minimal object is the minimal
nilpotent orbit.

Below, we often use the generators of su(2) given by (e, h, f) with the commutation
relations

[h,e] =2e, [h,fl==-2f, le, f]=nh. (3.17)

A triple (e, h, f) in g satisfying the relations above is called an SL(2) triple. The theorem
of Jacobson and Morozov says that any nilpotent element e in g can be completed to an
SL(2) triple unique up to conjugation, and that classifying an SL(2) subalgebra in g up to
conjugation is equivalent to classifying e up to conjugation. Given e, the subspace

e+S.={e+z|[f,z] =0, z € g} (3.18)

is called the Slodowy slice at e.

A nilpotent element of g = Ax_ is classified by its Jordan normal form, i.e. by a partition
of N which we denote by [n1,na,...] where N = > n; and ny < ny < --- . Nilpotent elements
in classical algebras are similarly labeled by partitions with certain constraints. In general, a
nilpotent orbit is specified by picking a nilpotent element e in it and specifying the smallest
Levi subalgebra which contains e. This Levi subalgebra does not always uniquely specify a
nilpotent orbit, in which case we add a discrete label. This pair of a Levi subalgebra and a
discrete label if needed is the Bala-Carter label of a nilpotent orbit. The weighted Dynkin
diagram is just the element h as specified as the set of «;(h), where «; is the i-th simple
root and h is conjugated to the positive Weyl chamber.

Given a Levi subalgebra [ and an element x € [, it is known that = 4+ e where e is a
generic nilpotent element outside of [ is in a fixed conjugacy class. This conjugacy class is
denoted by Ind} z and called the induced orbit. There is an order-reversing map drs on the
set of nilpotent orbits of g called Lusztig-Spaltenstein map. This satisfies

di ¢ =id (3.19)
when g is type A but it only satisfies
di g =drs (3.20)
if not. When g is type A, dps is given by the transpose of the partition specifying the
nilpotent orbit. One important property of dyg is its compatibility with the induction,
Ind? d} 4(O.) = d5 4(Indf O,). (3.21)

A nilpotent orbit which is in the image of d; g is called special. Given a special orbit O,,
the set of nilpotent orbits O, such that d? 5(O.) = O, is the special piece of O,. Within the
special piece of O, O, itself is the maximal element. The partial order among the special
piece is encoded in a subgroup C(0O.) C A(O.), where A(O,) is a reflection group defined
as a certain quotient of the component group A(O.) = G/(G°)°. Then when two orbits in
the special piece of O, then

O < Our <> C(Oe/) D) C(Oe//). (3.22)
In particular C(O,) = {id}.
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3.5 4d operator of 6d theory

From now on we fix a simply-laced Dynkin diagram I" and a corresponding group G. We
know that the theory Sr has various 4d operators, and therefore we have

Zs (XS > DIUDIL- ) (3.23)

where each four-dimensional submanifold D} carries a certain label. So far two classes of
labels are known:

e Tame or regular operators. The label is a pair (O, m) up to conjugacy, where O, is
a nilpotent orbit of gc and m a semisimple element of G§.

e Wild or irregular operators. The author does not quite know what are the available
labels.

In this review we mainly talk about the regular operators. In the following we sometimes
indicate the dimension of a manifold by putting the dimension as a superscript.
To study a 4d operator, we consider the following setup:

X6:Y4><<5§3>. DY!'xe=D" (3.24)

We can dimensionally reduce around S* of the cigar. Then we can study Sr[S'] on
X? =Y"* x segment D Y* x @ = D*, (3.25)

Now we have a four-dimensional operator at a boundary of five-dimensional spacetime. We
have a boson B(gr ®R®) on X° and a G-bundle P — X with the connection. We decompose

gr ® R° = gc @ gr ® R?, (3.26)

and denote the section of gc X ¢ P by ® and the section of (gr @R?) x ¢ P by (¢1, ¢2, ¢3). The
50(2) ~ u(1) R-symmetry acts on ® and the s0(3) ~ su(2) R-symmetry acts on (¢1, ¢, ¢3).

Let us introduce a coordinate s perpendicular to the boundary so that the boundary is
at s = 0. A regular four-dimensional boundary operator is defined by the requirement that
the fields ¢y 23 to approach a singular solution of the Nahm equation

d d d
20 = (P2, d3], 202 = (93, d1], o0 = (1, p2] (3.27)
given by
¢i = p(oi)/s (3.28)
where 0123 are the standard generators of su(2) and
p:su(2) — g (3.29)
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is a homomorphism. We then require
P —m € g (3.30)

By the Jacobson-Morozov theorem, we can use the nilpotent element p(e) instead of p to
label a regular 4d operator. We often just write e instead of p(e).

Note that with nonzero m we do not have U(1) R-symmetry any more, as nonzero m is
not fixed by U(1) action. In constrast, even with nonzero p, the SU(2) R-symmetry action
can be absorbed by a gauge transformation of the G-bundle P thanks to the form (3.28)).
Also note that when m = 0, one can introduce G*-bundle with connection on the boundary
D* without ruining the boundary condition above. This means that the 4d operator (p,0)
is a GP-symmetric 4d operator. We note that G*

Two extreme types of regular 4d operators are:

e c =0, ie p: sly — gc is the zero map. Then G° = G. So, if we insert a 4d
operator with the label (e = 0,m = 0), there is an additional G-symmetry. Under an
S* reduction, this corresponds to the Neumann boundary condition for ¢; 23 and the
Dirichlet boundary condition for ® at s = 0.

® ¢ = €pin, a principal nilpotent element, and ppn @ $la — gc is a principal embedding.
GPn = {1}. This 4d operator corresponds to the absence of a 4d operator in 6d:

X0 =Y* x D (3.31)

X® =Y* x segment (3.32)

and its S! reduction is

with the boundary condition ¢; — pprin(0;)/s. We have Neumann boundary condition
for ®.

It might be slightly counter-intuitive that nothing in 6d corresponds to a principal embed-
ding, and that a G-symmetry in 6d corresponds to a zero embedding.

A 4d operator with a label (p,0) has its own anomaly polynomial of degree 6, in terms
of characteristic polynomial of Pspin3), Pspin(2), Par, T'D and ND where N D is the normal
bundle of D within X. The coefficients are known to be given by formulas involving p(h).

3.6 4d theory of class S

Given a Riemann surface C' with points x1, ...,z and labels (e;,mq), ..., (ex, my), let us

define a 4d QFT Q = Sr[C; x4, (€1, mq), ..., zk, (e, my)] via
Zo(YY) = Zs (Y4 x C 5 LY x {2:)) (3.33)

with the given labels. We implicitly perform the topological twisting by ¢ given in ({3.6)),
but for simplicity we do not explicitly denote them in the expressions. A 4d theory of class
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S is an N = 2 supersymmetric QFT (Q obtained this way. When m; = 0 for all ¢, this is
a [ [, GP-symmetric N' = 2 supersymmetric QFT with U(1) R-symmetry. Apart from the
labels, the theory depends only on the complex structure of the Riemann surface C' with
punctures and the total area.

The anomaly polynomial of Q = Sp[C; z;, (e;,0)] is obtained from the anomaly polyno-
mial of St integrating over C' summed to the contributions of 4d operators. We have

n,(Q) = va(ei) + (g - 1)(2rY(G) dim G + rank G), (3.34)
nn(Q) = inh(ei) +(g— D(AnY(G) dim G). (3.35)

where |
male) =80+ (p— 5)+ 3 dimguya, mule) = 8p- (p— 2)+ S(rank G — dimgy).  (3.36)

Here p is the Weyl vector and h is the element in b so that (e, h, f) is the SL(2) triple. The
terms proportional to g—1 in and can be easily obtained by integrating A(Sr),
, over C, taking into account the homomorphism , and reading off n, and n; from
the resulting anomaly polynomial by .

When e is principal, h = 2p, and therefore n,(e) = ny(e) = 0. This is consistent with the
fact that a 4d operator with the label e = ppin corresponds to the absence of any puncture.
Therefore it should not add anything to n,(Q) or n,(Q). When e = 0, we instead find

1
n,(e=0)=8p-p+ §(rankG —dimG), nple=0)=8p-p (3.37)

where p - p = hY(G)dim G/12.
As for the flavor symmetry, kp(Q) for a simple component F' C G% associated to the
puncture at x; is given by kp(Q) = kr(e) where

kp(e) =2 a(R;),  gc=&;V;OR; (3.38)
J

where the direct sum decomposition on the right hand side is with respect to p(SU(2)) x F' C
G such that V; is the 2j 4+ 1-dimensional irreducible representation of SU(2) and R; is a
representation of F. As always we normalize the quadratic Casimir ¢y by c2(fc) = hY(F).
For example, F' = G when e = 0, and kg(e) = 2hY(G).

3.7 Gailotto construction

The most important observation by Gaiotto is pictorially given by

St U Scl§ 21| MGanele = 50l =3 (3.39)

€=0 Q=0

20



where on the right hand side two Riemann surfaces are connected via the identification of
the local coordinates z, z’ around the punctures. The area of the surface on the right hand
side is the sum of the area of the two surfaces on the left hand side. This procedure is only
possible when two punctures both have the label (e = 0, m = 0).

Let us describe the operation more carefully. Let us take two class S theories

QL - SF[CLa Xo, (6 = 07 m = O>7xi7 <€i7mi)]7 (340)
Qr = Sr|[Cg; xy, (e = 0,m = 0), a5, (e}, m})]. (3.41)

Y 77

Both @, and Q is G-symmetric, associated to the puncture zy and xj, respectively. Then
we can form a family

Qr = (@ X Qr)///Gaiag|+- (3.42)

When all m; and m; are zero, both @ and Qg are U(1) R-symmetric. As kq,,, (Qr X
Qr) = ka(Qr) + ka(Qr) = 4hY(G), this family is also U(1) R-symmetric. Let us introduce
Qgauge = €2ﬂ\/j1T-

Let us a family of Riemann surfaces C, from Cp, and Cg by gluing them at zg, yo by the
identification 22’ = Ggeometric, Where xg is at z = 0 and zy is at 2’ = 0. The area of Cj, is the
sum of the area of C, and Cg. We take another family of class S theory

QQgeometriC = SF [Ov Ls, (6i’ mi)v I;7 (627 m;)] (343)
When all m; and m/ are zero, this family is U(1) R-symmetric.
Then these two families are equivalent

QT = QQgeometric (344)
under the identification
Ggauge = {geometric + Z Cnggeometric (345)
n>1

where ¢, is a complicated function of the complex structure moduli of C;, and Ck, etc.
There is not much use in specifying c,, precisely, because neither of ggauge and ggeometry are
canonically defined.

The reasoning behind this important relation is as follows. Start from the right hand

side: ’

e
;‘::( — (3.46)

and perform the S! reduction around the neck:

B v (3.47)

Susg\YM

~N
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we have a 5d super-Yang-Mills on the neck. Let us cut at two points slightly within the
neck. Then the boundary condition for ¢; there is regular finite. Then this is further equal

to
j? ///qé _ (3.48)

€=o o %

Let us check that
nun(Qr X Qr///G) = 1,1 (Q). (3.49)

The left hand side can be computed using (3.34)), (3.35) and (2.27). The right hand side can
be computed using (3.34]) and (3.35). Noting that the genus of C' is the sum of the genus

of Cp and Cf, the equality (3.49) boils down to the statement ({3.37)).

3.8 Donagi-Witten integrable system

For @ = Sr[C; x;, (e;,m;)] its Donagi-Witten integrable system DW(Q) — M coulomb (@) is
given as follows. Consider G-Hitchin system on C', with the following singularities at x;:

dz;
O ~ ai—z + regular + - - - (3.50)

Zi

where z; is a local coordinate such that z; is at z; = 0 and
a; € Indf(m; + d5(e;)). (3.51)
where [ is the smallest Levi subalgebra containing e;. Two common cases are
e When e; = 0, we just have o; = m;, and
e When m; = 0, we just have a; € dps(e;).

The Coulomb branch has the dimension

1
dim M coutomb (ST[C; 24, (65, m;)]) = (¢ — 1) dim G + Z 3 dimg¢ O,,. (3.52)

In the following we concentrate on the case m; = 0. Not all of the group of gauge
transformation

G=1{f:C—Gc} (3.53)

preserves the boundary condition. We let
Go={f:C— Gc| f(z;) € G&'}. (3.54)
Then we can consider the Hitchin map

7 {D"® =0}/Go » @ HOKE™ + (da — 1) Y _ ). (3.55)
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but this is not quite the Donagi-Witten integrable system.

First, let us describe the situation for type Ay_;. A label e is given by a nilpotent orbit,
or equivalently a partition [n;] of N. The dual « is given by the transpose partition [a;].
From this we define integers py(a) = d — v4(«) where

(1 (), a(a),...,vy(a)) =(1,...,1,2,...,2,...,). (3.56)

Then we find that the image of the Hitchin map 7 is in fact onto

m:{D"® =0}/Gy — @ HOKE* + Zpd(ai)xi). (3.57)

The right hand side is an affine space whose dimension is given by , and we identify
it with M coutomn (Sr[C'; i, (€5, m5)]).

When G is not of type A and with general choice of labels e;, the image of the Hitchin
map 7 is not in itself affine. Instead we have the following structure. There is a natural
projection

m:Go — [[Alas) = [ ] A(n) (3.58)

where A(a) = G*/G*° is the component group of the stabilizer of «, and A(«a) is the
Lusztig’s component group. We introduced C(e) C A(«) in Sec. Then we take

Go =" Clen). (3.59)

Then we finally have

DW(Q) = {D"® = 0}/Gy = Mcoutom(Q) (3.60)
where M couomb(Q) is affine and is of dimension (3.52)), such that the Hitchin map
7 DW(Q) = P HO(KE™ + (da — 1)) _ ) (3.61)

factors through Mcouomn via a finite map:

7t DW(Q) = Mcouoms(Q) ™2 7(DW(Q)). (3.62)

3.9 On degrees of generators

Let @ = Sr[C; x4, (e;,m; = 0)] a class S theory. The number n,(Q) is given by the formula
(3.34) as a class S theory. From the general property of N' = 2 theory it is given also by
applied to M coulomb(Q). For C' with genus g without any punctures, the Donagi-
Witten integrable system DW (Sr[C]) is the standard G-Hitchin system on C, and

M coutom(Sr[C]) = @D HO(KE™). (3.63)
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Then it has (2d, — 1)(g — 1) generators of degree d,, and so

no(Sr[C]) =Y (2d, — 1)*(g — 1) = (g — 1)(21Y(G) dim G + rank G). (3.64)

a

In general, we conjecture there is a non canonical way to write

MCoulomb(SF C y Ly ez [@ HO ®da ©® @ V 61 (365)

where V'(e) is a Z-graded affine space. Here the gradation is by the U(1) R-symmetry.
Furthermore, to be compatible with the structure and , we demand that for a
special orbit e, there is a linear action of the reflection group A(dpg(e)) on V(e) compatible
with the grading such that

V(e =V(e)/C(e) (3.66)
when dps(e) = dps(€).
We deduce the following properties from (3.52)) and (3.34)). Its dimension is

1
dimV(e) = 5 dimc O, (3.67)

where O, is the Lusztig-Spaltenstein dual orbit of e. Let us call the basis of V(e) with
definite degrees as u;, i = 1,...,dim V' (e). Then

2(2 degu; — 1) =n,(e) =8p- (p — g) + %(rankG — dim go). (3.68)

7

This is interesting because the structure of V(e) is governed both by e and its Lusztig-
Spaltenstein dual «.

For type A we know what V' (e) is thanks to the explicit description of the base of the
Hitchin fibrtion (3.57]). The degree-d piece has the dimension

V(e)a = pa(a) (3.69)

where « is the dual orbit of e. Then the properties and are straightforward to
check.

As a very nontrivial example, consider G = FEg, C' a genus g Riemann surface with a
puncture with a label e in a special piece of eg = FEg(a7). Basic properties of each e are
displayed in Table . The Spaltenstein dual is eq for all e in the table. A(eg) is S5, and
the subgroup of S5 assigned to each of the 7 nilpotent orbits by Sommers is also shown in
the table, in terms of the generating reflections (i, + 1), which act on the set {1,2,3,4,5}.
Using one can compute n,(e) for each nilpotent orbit, as h for each e is known.
Since dim¢ O, = 208, dim V' (e) = 104 for all e. The degrees of four of the bases can be
determined as follows.
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Es(fh)
E?{as_?

Eg(as3) +A1 Vbﬁ (a2)

As+ AL Dslar) + Ay

A;l + A:s

e ‘ h ‘ C(e) ‘ n,(e) ‘ known ops | known n,
Es(ar) 0002000 0 4064 | 6, 6, 6, 6| 44
E;(as) 0010(1)00 (12) 4076 | 6, 6, 6,12 26
Ds(as) 0100010 (12), (34) 4088 | 6, 6,12,12| 68

Es(as) + A 0101001 (12), (23) 4100 | 6, 6,12,18| 80

0
As+A; 1000101 | (12),(23),(45) | 4112 | 6,12,12,18| 92
0
Ds(a1) + Ay | 1010010 | (12),(23),(34) | 4136 | 6,12,18,24 | 116

0
Ag+As 10100100 | (12),(23), (34), (45) | 4184 |12,18,24,30 | 164

Table 2: A special piece in the set of nilpotent orbits of Eg, h given as the inner products
of h with simple roots, the corresponding subgroups of S5 = A(Eg(ar)), n, and the degrees
of bases governed by subgroups of S5. The sixth column shows the contribution to n, just

from the known 4 bases.
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Since A(Es(ay)) is Ss, for the special nilpotent orbit ey we expect
Vi) =VeaV (3.70)

with dim V' = 4, dim V' = 100 so that S5 acts as the Weyl group of Ay on V and acts
trivially on V’. Let us say the degree of the bases of V' is d. For Then, for e = Ay + As
degrees of V' are replaced by {2d,3d,4d,5d}. These four numbers should be degrees of
Casimir invariants of Fg, {2,8,12,14, 18,20, 24,30}. The only possibility is d = 6. Then,
for each of the 7 choices in the table, C(e) determines the degrees of these four generators ,
which are listed in the fourth column of Table 2] while the contribution to n, from just these
four generators is listed in the fifth column. The contribution from V' is not known but
they should be completely the same for the 7 nilpotent elements. As a consistency check,
the difference between n,(e) and the contribution to n, from just the known 4 bases should
be a constant. This is indeed so. The difference between entries on the same row in the
third and fifth columns of Table 2]is always 4020.

3.10 Higgs branches

Let us study the Higgs branch of the class S theories
Mitiggs(ST[C i, (€5, m; = 0)]). (3.71)

The right hand side is a hyperkahler manifold, which depends on the area A of C' but is
independent of the complex structure of the punctured surface C. We denote this space by
just

na(C, e, A). (3.72)

The dependence on A is also known to be simple, as the underlying space of ng(C, e;,.A) is
independent of A and the metric g4 on it satisfies

ga=A"gam1. (3.73)

The holomorphic symplectic structure does not depend on A.

Let us describe ng(S?, e, €', A) explicitly. We put e and ¢’ at the two poles of S?, and
perform the dimensional reduction around S'. We have the N' = 2 supersymmetric Yang-
Mills theory on a segment of length proportional to A, with the boundary conditions given
by at both ends. The Higgs branch of this system is known to be given by the
moduli space of the Nahm equation with this boundary condition. When e = ¢’ = 0 it is
particularly simple, the result as a holomorphic symplectic manifold is just

T*Ge ~ Ge X go 2 (g, ) (3.74)

which has an action of G x G. The holomorphic moment maps are given by x and gzrg—*.

The property (3.73)) can be checked easily. A more general case is given by

ne(S*e=0,¢)={(g,7) CGec xgc |z €€+ Su} CT*Ge (3.75)
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where €' + S/ is the Slodowy slice at €. The most general case is then
na(S% e €)={(g,2) CGec xgc | grg ' €e+S,, v €+ Su} C T*Ge. (3.76)

Using the gluing property (3.39)) of the class S theories and the behavior of the Higgs
branch under the gauging (12.28)), we have

[nG(Ob e=0, ei) X nG(CRa ¢ = 0, e;)]///G = UG(Cv €i, 62) (3'77)

where C'is obtained by gluing C, and C'y at the two punctures with labels e = 0 and ¢’ = 0.
As ng(S?,e =0,¢€) is already known (3.75)), it suffices to know

We.gn = nc(Cy, n points with e = 0) (3.78)

where Cj is a genus-g surface. This is a hypekahler space with a triholomorphic action of

SplG =8, x [GxGx-- xC] (3.79)

n times

where the permutation group S, acts on G" by permuting them.
These properties, together with the known case ([3.74]), uniquely fixes the dimension of
Ng. We have

1
dimg ng(C;e;) = rank G + Z §(dimG —rank G — dim¢ O,,). (3.80)

By the pants decomposition, the determination of X¢ ;4 ,, boils down to the determination
of
WG = WG,g:O,n:?)- (381)

In an unpublished work Ginzburg and Kazhdan constructed W -, in general and showed
that they satisfy (3.77]). Therefore in principle we know arbitrary ng(C, e;).
For G = A;, it is known that

Wa, = V1 ®c Vo ®c V3 (3.82)

where V; ~ C? so that V; is acted naturally by SU(2). It is instructive to check that this
action of S3¢{SU(2) preserves the holomorphic symplectic structure. By the gluing property,
we have

« 3
Wiy gon=t = Na, (i') =V,eV,eVeVaeV,aV,)//Su). (3.83)
[V

The right hand side should be invariant under the exchange V), <+ V,, but this is not obvious
in this notation. The right hand side, when written as

V ®@r R¥///SU(V), (3.84)
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is the ADHM construction of the minimal nilpotent orbit of SO(8) D SU(V,) x SU(V,) X
SU(V,) x SU(V,), and the exchange V,, <+ V, is given by an outer automorphism of SO(8).
For G = A,, it is conjectured that

Wa, = na, (@) = minimal nilpotent orbit of Ej. (3.85)
This has S31SU(3) C FEg triholomorphic action. Then

s <;> = ) X O SUB). (3.56)

The action of S, SU(3) is not manifest.
As a natural generalization of (3.83)) and (3.85)), it is known that

Miutiggs(Sag, 1 [5% [0%], [0°], [0%], [0%]) = Mp, ., (3.87)
Miutiges(Sag, 1 [5% 0%, [n°], [0]) = Mg, (3.88)
Mutiggs(Say, 1 [S% 20°], [n], [n]) = Mg, n, (3.89)
Mitiges (Sag,_, [S% [3n%], [2n°], [n°]) = Mg n (3.90)

where ./\;lgyn is the centered framed moduli space of G-instantons on R* with instanton
number n, with real dimension 4h"(G)(n — 1); note that the minimal nilpotent orbit of G
is the centered framed one-instanton moduli space of G.

3.11 When Sp[C] is Hyp(V)

Let us consider when @ = Sp[C] = Hyp(V). If this is the case, we should have
e n,(Q) =0,
e rank @) = dim¢ Mcouomb(®) = 0,
e and 1, (Q) = dimy Miiges(Q).

It is believed that any one of these conditions implies all the others. Let us enumerate a
few known cases. Enumerating all possible cases would be an interesting exercise.

3.11.1 Trifundamental of A,
For G = A;, the basic case is
Sa, ()] =Hyp(Vi @ V2 @ V3) (3.91)

where V; ~ C?. From this we can construct N’ = 2 gauge theories associated to trivalent
graphs introduced in Sec. by Gaiotto’s gluing . Then the Donagi-Witten inte-
grable system of the trivalent theories, discussed in Sec. [2.10.5] naturally follows from the
property of the class S theory, discussed in Sec. [3.8] The residue of the Hitchin field ¢ at
the punctures are given by the formula , but it just becomes a semisimple element in

su(2), giving (2.114)).
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3.11.2 Bifundamental of Ay_;

One natural generalization of the trifundamental for A; in Sec.|3.11.1]is the bifundamental

for or G = Ayx_;. We have
Sayl().e=IN-L1e=0e=0=Hyp(Vi®@WaolhalhheoW). (392

Here V; ~ CV on which SU(V;) acts, and W ~ C has an action of GIV=b1 = U(1). A
Cartan element m of this U(1) is given by

m = pdiag(1,1,...,1,1 — N). (3.93)

Let us compute n,(Q) and n,(Q) in two ways. As Hyp(V'), it is determined as in Sec.
then we should have n,(Q) = 0 and n;,(Q) = N?. As a class S theory, we start from

ny(e = 0) = éN(N AN 1), nple=0) = gN(N (N £ 1) (3.94)

and
ny(e=[N—-1,1)=N>*-1, nule=[N-1,1]) = N (3.95)
Plugging them to the formulas (3.34) and ([3.35)), we again find n,(Q) = 0 and nj, = N2
As for the symmetry SU(N)xSU(N), we find ksun)(Q) = ksuv)(e = 0) = 2hY(SU(N)) =
2N as a class S theory. As Hyp(V'), we already studied it in Sec. and found it is 2/V.
Let us take two copies and apply Gaiotto’s gluing construction. We find

SANI(;, e=[N-1,1,e=[N-1,1,e=0,e = 0) = Hyp(VaWaVaW)//SU(V)],
(3.96)

where

W=V, oW, &V, W, ~C*". (3.97)

This is the SQCD introduced in Sec. [2.6.3} with Ny = 2N. Its Donagi-Witten integrable sys-
tem was discussed in Sec. [2.10.4 This now follows from the property of the Donagi-Witten
integrable system of a class S theory, discussed in Sec. [3.8] For example, at the puncture
e = [N — 1, 1], the residue « of the Hitchin field should be in its Lusztig-Spaltenstein orbit.
The dual partition to [N —1,1] is [2, 1V 2], which describes the Jordan block decomposition
of a, and indeed it agrees with what we saw in . With the mass deformation of the
form at this puncture, the residue « of the Hitchin field is given by the formula ([3.51)),
which just gives a = m. This again reproduces what we saw in (2.109)).
We can also construct a gauge theory of the form

Hyp(@!,V; @ Vi1 &V, @ Viy1)/// H SU(V;)

=1

{r:} (3'98)
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where we set V,,,1 = V,,, via Gaiotto’s gluing (3.39). This theory is therefore

= San,[T% [N = 1,1],..., [N = 11] (3.99)

where 7; is encoded in the complex structure of the elliptic curve with n punctures.

This is a case of the quiver gauge theory introduced in Sec. [2.6.4 where the underlying
graph is of type A,y Tts Donagi-Witten integrable system discussed in Sec. , in
the Hitchin system formulation, immediately follows from this construction. Consider in
particular It is known how to represent other quiver gauge theories as a class S theory, if
the underlying graph is not of type E or E, but we will not detail the construction here.

The Higgs branch of the theory above is

(@i @ Vi ® V; ® Vil T SUMS). (3.100)
i=1
This is an SU version of a quiver variety.

3.11.3 E

As an example of enumeration of all class S theories which are Hyp(V'), let us consider
Q = Sk, [@, e1, ez, e3 = 0]. From the formula above,

n,(Q) = —(%hv(G) dim G + rank G) + ny(e1) + ny(e2) + ny(e3 = 0). (3.101)

Scanning through the list of nilpotent orbits of Eg, one finds that there is only one solution
to n,(Q) = 0, namely with

€1 = Eﬁ(al), €9 = A2 + 2A1 (3102)
Here the notation Fg(a;) and As + 2A; are the standard Bala-Carter labels. We then have
dim Mcoutomb (@) =0, dim Mpiges = np(Q) = 54 = 27 x 2. (3.103)

Recall that the miniscule representation of Eg is Vipm ~ C2?7. It is likely, from the
numerical data above, that

Q=Hyp(Viin ® F & Vioin @ F) (3.104)

with F' ~ C2. This has a natural pseuroreal action of Eg x U(2). And indeed, GFs(11) = 1
and E5> 24 = SU(2) x U(1).

Let us first compute kg (Q) in two ways. As a class S theory, this is kg(e = 0) =
2hY(Es) = 24. As Hyp(V'), we saw in Sec. [2.6.7]

ki (HYD (Viin © F @ Vi @ F)) = 24 (3.105)
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and they nicely match.
We can also compute kgy(2)(Q) in two ways, using the formula as class S theory and
using the formula for Hyp(V'). In the former, we need to decompose ¢g by

G ® pe,(SU(2)) ~ SU(2) ® p.(SU(2)). (3.106)
We find
=V Vs Va@ V0V, @V VoV, Vs Vs Vi@V Vs V. (3.107)

It turns out that SU(2) C G* C G is also of type Ay + 2A4;, explaining the symmetry. We
find
kSU(2) (Al + 2A2) = 54. (3108)

In the other way of computation,
kSU(Q) (Hyp(Vmin QF& Vmin ® F)) =27 x2=>54. (3109)

We can use this to determine the Donagi-Witten integrable system of some Fg gauge
theory. Namely, we have

DW[Hyp(Vipin @ F @ Vigin ® F) /// Eg]

" xr
= MHitchin(:7 Eg(ar), Es(a1), Ag + 241, Ag + 241).  (3.110)
v

According to the property of the Hitchin system associated to the class S theories discussed
in Sec. [3.8] the Hitchin system should have two regular singularities with residues in

drs(Ee(ar)) = Ay (3.111)
and two more regular singularities with residues in
dLS(A2+2A1) :A4+A1 (3112)

when there is no mass deformation. For either puncture of type e = Ay + 2A4;, we can
add a mass deformation m in g°. They can be conjugated to avy + bvy where v; is the i-th

fundamental weights where we labeled the nodes as 12345. Then the resiude should be given

by the formula (3.51)):
€6 A2+2A1 o 6 o
Ind%, o0, m+dpg "' (Ay +2A;) = Ind}, 50, m =m. (3.113)

This is exactly what we saw in Sec. [2.10.6| previously.
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3.11.4 E;

Let Q = Sg, [@, e1,e2,e3 = 0]. As in the Eg case, we find only one combination where

n,(Q) = 0, namely with
e1 = E7(a1), ex=As+ Ay + A (3.114)
One can check that automatically we have
dim Mcoutomb (@) =0,  dim Mpyiges = np(Q) = 84 = 28 x 3. (3.115)

The miniscule representation of E; is Vi, ~ H?® ~ C® and is pseudoreal. It is likely,
from the numerical data above, that

Q = Hyp(Vinin ®r R?). (3.116)

This has a natural pseuroreal action of Ez®SO(3). And indeed, G¥7(4) = 1 and E?3+A2+A1 =
SO(3). kg,(Q) can be computed both as a class S theory and as Hyp(V') and they agree; it
is 36.

We can compute kgoes)(Q) in two ways, using the formula as class S theory and using
the formula for Hyp(V'). In the former, we need to decompose ¢; by

G @ pe,(SU(2)) ~ SO(3) ® SU(2). (3.117)
We find
=V Vo VioVioVioVo Vi VioVioVio Vs Vio Ve Vs,  (3.118)
It happens that SO(3) ~ G°* has the type Ay + As. We find
kso@) (€ass arin;) = 224. (3.119)

In the latter,
ksoe) (Hyp(V ®r R?)) = 28 x 8 = 224. (3.120)

The Donagi-Witten integrable system of E; gauge theory is then
DW [Hyp(Viuin ®= R®) /// E7]

u *r
= MHitChin(i}-” E?(a1>7 E?(a1>) AS + AQ + A17 AS + AQ + Al) (3121)

The spectral geometry of this Hitchin system agrees with what was found by Terashima
and Yang via totally different methods.
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4 Nekrasov partition functions and the W-algebras

In the last section we obtained a 4d QFT Sp[C?] by dimensionally reducing a 6d theory S,
on a two-dimensional surface Cs. The partition function was given schematically by

Zspien(X*) = Zg (X x C?) (4.1)

We can switch the role of X* and C?, and consider the 2d theory Sp[X*], whose partition
function is again given by
Zsux1(C?) = Zgp (X' x C?). (4.2)

Therefore we see the equality
Zsrion)(X 1) = Zopxa(C?) (4.3)

which relates two-dimensional QFTs and four-dimensional QFTs. This is not surprising
from the six-dimensional point of view, but for a person who only knows the theories Sp[C?]
and Sp[X*] as defined intrinsically in respective dimensions, this is a rather mysterious
relation.

As seen in the last section, the behavior of Sp[C?] under the cutting and the pasting of
the two-dimensional surface is relatively well understood. It would be nice to have a way to
understand Sp[X?] in a similar manner. Currently we have not come to this point. Instead,
what has been done is to guess Sp[X*] by studying Zg.c2j(X*) using the knowledge of
SE[C?.

So far we have the understanding of Sp[X*] for basically two classes:

1. R* with equivariance, S*, and their variants
2. S' x 8% and its variants

In this section we discuss the former, and in the next section we discuss the latter.

4.1 Nekrasov’s partition function

4.1.1 Definition

We first introduce the concept of Nekrasov’s partition funciton of an N' = 2 supersymmetric
F-symmetric QFT @, which is basically Zg(R?*) with a few qualifications.

e We consider a general mass deformation @), for m € f.

e We consider R* ~ C? with equivariance under a natural U(1)? action. We have an
equality
H{;(I)Q (pt) = C[El, 62]. (44)

We call €; and €5 the equivariant parameters.
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e As R* is noncompact, we need to specify a vacuum p € Mgusyvac(Q)-

e We perform the topological twists to the theory as in Sec. Then the partition
function only depends on the projection of p to M coulomb(@m)-

e We pick an maximally isotropic sublattice Ly C L and introduce the coordinates
a; = fa_ A of Mcoulomb and parameterize the mass deformation by m; = fﬂ/‘ A as
7 J

explained in Sec. [2.8]
Then we define
dek(el, €501, ..., a3 {my}) = Zg, o0 (Rflm,p). (4.5)

It is known that the prepotential as introduced in Sec. is obtained from Nekrasov’s
partition function:

lim €16, 20% (€1, €251, ..., a3 {m}) = F(a1,..., a3 {m}). (4.6)
€1,€2
The transformation of F'(ay,...,a,;{m}) under the change of Ly C L was via the Ledendre
transformation. To reproduce it in the limit € 5 — 0, ZN%*(ay, ..., a,; {m}) should transform

under the change of Ly C L via the Fourier transformation, but the contour to be used in
this Fourier transformation is not well understood. As the properties of ZN° globally over
M oulomp(Q) is not understood, we fix a patch of M couomb(®@) on which the monodromy
of the Sp(L) local system preserves the sublattice Lg.

This is the formalization of Nekrasov’s partition function as used in physics literature,
but it is convenient for our purposes to extend the concept slightly. Namely, For an F-
symmetric QFT @), we can consider

ZQtop (PF — R47p> (47)

where Pp is an F-bundle with connection over R*. The object determines a section
of a bundle over the moduli space of F-bundles. When Pr — R* is further assumed to
be anti-self-dual, this section descends to a closed equivariant differential form on Mg, the
moduli space of framed anti-self-dual F-connections on R*. We denote it by

ZNN(Q) € Hy ey (Mp) @ Frac(Hpyyay:(pt) @ Clay, . .., ar) (4.8)
where we identify
Hiyuye (pt) = Clma, ... mpler, 2. (4.9)
Note that
Hp e (Mr) = @n>0Hp )2 (Mrn) (4.10)

where n is the instanton number and
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We can obtain the standard Nekrasov function (4.5) by projecting the object (4.8]) to the
n = 0 component in the decomposition (4.10)), and evaluating the formal variables €; » and
m; in ([4.9) by assigning numbers. The integer kr(Q) determines the degree of Z7®:

deg ZN(Q)) Mpa(rY) = kp(Q)n. (4.12)

H;xU(l)Q
Therefore when kp(Q) = 2hY(F), Z5®™ determines a middle-dimensional class on Magsp.r,
and when kp(Q) = 4hY(F), dek is a top form on M 4gp r.

4.1.2 For Hyp(V @ V)

Let Q = Hyp(V @ V) for a complex F-representation V. Mcoulomp is a point. Then
ZNE(Hyp(V @ V) € Hp e (Mp) @ Frac(Hp 2 (pt)) (4.13)
is given by

N Hyp(Va V)= ][] Ts(wim)la,e)xe(mdp,) (4.14)

w:weights of V

where ;Dv is the Dirac operator associated to the F-bundle
V xp Pp — R*, (4.15)

Ind jpv is the index bundle determined by ¢V over Mg, e is the equivariant Euler class,

and
1
I'p(z|€1, €2) = regularized version of H —_— (4.16)

i ne me
m,n>0 + 1 2

is the Barnes double gamma function.

4.1.3 For the products

For Q) = Q1 x Q2 Nekrasov’s partition function behaves multiplicatively:

ZNek(Q) — ZNek(Ql) % ZNek(Q2>‘ (417)

4.1.4 For the quotients

Let @ be G x F-symmetric, and suppose we know

ZNek(Q) € ]—IZY‘><F><U(1)2 (MG X MF) ® Frac Hé‘xF<pt) ® (C(alv s 7arankQ)
= Hiy pyuayz(Ma X Mp) @ Frac Hy(pt) @ C(ay, - - -, Grank @; ayy .y pnee)  (4.18)

where we introduced the variables af, ..., al, . via

Hé(pt) = C[allﬁ s 7a;ankG]WG (419)
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where W is the Weyl group of G.
Recall that the Coulomb branches of @) and @)///G satisty the relation (2.29)

MCoulomb(Q///G) - MCoulomb(Q) X SpeCC[gC]GC- (420)
Then Nekrasov’s partition function for (Q///G). for us is defined over the patch
MCoulomb(Q///G) o MCOulomb(Q) X UK (421)

for large K, where Uy was defined in (2.69). Then the algebras of functions on Ui we are
interested in is contained in

Clar, - -, trani) = Frac Hg (pt), (4.22)
and Nekrasov’s partition function for @)///G takes values in
Hp vy Mp) @ Claa, - - Grank@; 01, - - Granic) (4.23)

Then ZNk(Q///G],) is obtained by a natural operation which sends an element in (4.18))
to (4.23). Such a map is defined by using the fundamental class

(Me]| = Snzo[Man] (4.24)

and we have

ZNN(QJf)G)-) = gl
< 1 1 x (M), Z5*)  (4.25)

Ip(ala)ler, e2)l'p(er + €2 — afa)ler, €2)

o:pos. roots

where N is an operator which is a multiplication by n on Hj(Mg,,) and as always ¢ =
2m/—17
e .

Combining and we can define and compute Nekrasov’s partition function
for N = 2 gauge theory Hyp(V')///G, assuming that there is a good control of the moduli
space Mg of antiselfdual G connections and the determinant line bundle Ind ¢V on it.
the Donagi-Witten integrable system of Hyp(V)///G can then be recovered by studying its
small €;€; behavior, . This is best developed when G is of type A, and there are a few
scattered works for other classical G’s.

4.2 Nekrasov’s partition function for class S theories

Now we would like to study ZN¢(Sp[C]). Tts €1,e; — 0 limit determines DW (Sp[C]) =
Mitenin (C). Therefore it should be some kind of a quantization of the Hichin system.

First we consider the case when all the punctures are with the label e = 0. With n
punctures the theory Sr[Cj,,] is G™ symmetric. We write

Frac Hen )2 (pt) = Frac HéxU(l)Q(m (4.26)
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in the understanding that each of G appearing on the right hand side refers to an isomorphic
but different groups, and that the tensor product is with respect to the base field

K = C(e1, €2) = Frac Hyj )2 (pt). (4.27)

In the following we regard that we fixed an evaluation homomorphism K — C which sends
€12 to generic complex numbers.
First let us consider the three-punctured sphere:

2 (S € Ve Xe (129
where
Vo = Heyup)(Mce) @ Frac Hg (pt) (4.29)
and
Xe =C(ay,...,a;) (4.30)

with the coordinates ay,. .., a, of a patch of M coulomb (ST [@]) Therefore

1
r = dimc Mcoulomb(SF[G])> =3 dim G — grank G. (4.31)

We then have, from ((3.39) and (| -

ZNK(S ' = ZN(SP[)] % Sl Getingr) (4.32)
~ (I M. 2SN 2 (439

where the product of (I'g['g)~! stands for the factor in (#.25]). This takes values in

VIt ® XE? @ Frac HE (pt) (4.34)
In more generality, we have
ZNK(Sp[Cyml) € VE™ @ XEX9DH @ Frac H (pt) 230D+, (4.35)

This can be thought of as defining a 2d holomorphic generalized QF T Qr on the Riemann
surface C' via

Zor|Con) = Z(St[Copn))- (4.36)

As ZNek is basically the partition function on ]RE as explained in (4.5)), we regard

Qr = Sr[R? L,)- (4.37)

To study Qr, first let us discuss the properties of a 2d holomorphic QFT in general.
Regard a three-punctured sphere @ to be equipped with three local coordinates zj 23 so
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that the punctures are at z; = 0, respectively. Now let us assume that the local coordinates
are such that the circles |z;| = 1 do not intersect and do not contain each other. Therefore

this is now a sphere with three holes as in z>o A sphere with two holes with parameter

q, in this description, has two local coordinates z and 2’ and zz’ = ¢ with two circles |z| =1
and |2'| = 1. The gluing operation in this language is always done by identifying two local
coordinates z; and z, associated to two punctures by z;z = 1, so that the circles at |z;| = 1
and |zz| = 1 are identified.

This 2d theory Qr should have a space of states Ho,(S'). We take it to be

Hoo (SY) = Vo = Hi(Mg) ® Frac Hi (pt) (4.38)
with the inner product
Ve o v,w— (v,w) = (Mg, v Aw) € Hi(pt). (4.39)

Then we have

2X*(S0(©)) = Zax Zj) Har(S) = Hon(S) @ Xa, (440

ZNek(SF[Q]) = ZQF((@) : HQF<SI>®2 — HQF(‘SI) ® X¢g (441)

where X was introduced in ([4.30)). Here, Ho,(S!) = H: (M) @ Frac H(pt) appearing in
the right hand side of each equation are considered with respect to three copies of distinct
but isomorphic groups G.

Furthermore, we introduce

¢" = Zo:([L0),) : Hor(S) = Haor (51, (4.42)

Here two Hg, (S1) = Hi(Mg)®@Frac HE (pt) appearing in the right hand side are considered
with respect to the same group G.
Then the gluing formula (4.33) can be understood as the decomposition of

Zop( m) t Hor (SN2 — Ho (SH®? @ K&* @ Frac HY: (pt) (4.43)
ZQF<§(<?> - %(@)M@g%(@)- (.49

What is this 2d holomorphic extended QFT Qr? There are two immediate clues:

to
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e For a genus-g surface C; with no puncture, we have
Zor(Cy) = ZN*(Sr[Cy)) € X5V @ (Frac H(pt)) #*0 ) (4.45)
which has transcendental degree (g — 1) dim G, as easily follows from (4.30). This is

the dimension of the conformal block of the W algebra on a genus g Riemann surface.

e Also, the anomaly polynomial of Qr = Sp[R? _ ] can be obtained by integrating the

€1,€2
anomaly polynomial A(Sp) of the 6d theory Sp, (3.9), over R _ in the equivariant
sence. As Qr is a 2d holomorphic QFT, it should have an action of the Virasoro
algebra on its space of states Hg,(S*). The central charge ¢ of this Virasoro algebra

is encoded in the anomaly polynomial, and we find

(61 + 62)

2
c=rank G + hY(G)dim G. (4.46)

€1€2

This is closely related to the formula of the central charge ¢ of the W algebra in the
free field representation:

c=rank G+ (b+ %)ZhV(G) dim G. (4.47)

where b is the background charge.

These two points strongly suggests that Qr is in fact the theory of Wy conformal blocks
itself, with the identification

=L (4.48)
€2

4.3 W-algebras and Drinfeld-Sokolov reduction

Before continuing let us recall the basics of the W-algebras. Given a finite-dimensional
group G, we consider the affine Lie algebra g. For simplicity we assume g to be simply-
laced. There is a way to construct g as a subalgebra of tensor products of r = rank g free
bosons, with background charge b, which is related to the level k of the affine algebra via

1

ﬁ.
Given a nilpotent element e, one can construct from g a vertex operator algebra W(g, e) by
a method called Drinfeld-Sokolov reduction. The central charge of the Virasoro subalgera

k=—h"(G) + (4.49)

1S
p b

. 1 bh
¢ = dimg—o + 5 dim gpr + 24(3 + ) - (% +5

where h is the Cartan element so that (e, h, f) is an SL(2) triple, and p is the Weyl vector.

Let f C g° is the centralizer of (e, h, f). Denote by p; the Weyl vector of §. W(g,e) has a
subalgebra f. For a simple component f, C ¢ the level is

K= =Y eo(Ra) + 1 hvzfo) ; des(Ry) (4.51)

) (4.50)
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where
gc = Ballg ® Vg (4.52)

as before. In particular, W(g,e = 0) = g and Wg = W(g, €principa)- Note that in the latter
case Rprincipal/2 = p and many of the formulas below simplify. We note that the W algebra
has Virasoro quasi-primary fields

Wy,, (a=1,... ,rank Q) (4.53)

of dimension d,, where d, is the a-th exponent of G plus one. In particular, W5 =T is the
energy momentum tensor.

There is a functor which sends a highest-weight g representation to a highest-weight
W (g, e) representation. A highest weight irreducible representation of g is labeled by k and
an element A € h where b is the Cartan subalgebra of g. We denote it by £,. Let us denote
its image under the functor by W,y. All highest weight irreducible representation of W (g, ¢)
is obtained in this manner. In particular, the vacuum representation is the image of the
vacuum representation Ly and therefore is W,. The operator Ly in the Virasoro subalgebra
of W (g, e) acts on the highest weight vector of W, by a scalar multiplication by

1 bh
L0:—§a-a+a-(%+?) (4.54)

The important feature is the shifted Weyl invariance of V,:
Wastpspohs2 = Wavatp/b+bh/2 (4.55)

where w is a Weyl group element of f. The invariance of (4.54]) is just one consequence.
We mainly consider the case when b is real. When

bh
a=v/—TIm+ (g +5).  mebs (4.56)
the eigenvalues of Ly on W, is manifestly nonnegative. In this case there is a unitary
structure on it and furthermore W, is just the Verma module.
For W (g, €principal), given another SL(2) triple (e, h, f), we also consider representations
W, where a is of the form
1 h
a:\/—lm—l—(b—l—g)(p—i), m € bg. (4.57)

This is again a unitary representation. Note that the case (4.56|) is when e = 0. We call
these representations semi-degenerate.

4.4 Class S theories and W-algebras
Let us come back to the study of Qr = Sp[R? _], which we guess is the theory of Wg =

€1,€2

W (g, €principal) algebra, with the parameter b given as in (4.48)). Its space of states Hg,.(S') =
Vi was given in ([4.29)). This involved

Hé(pt) = C[mlv s amrankG’]W' (458)
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We consider an evaluation
m: H.(pt) - C (4.59)

which we regard as an element m € b in the Cartan subalgebra. We thus obtain an infinite
dimensional space V,, from V. Our conjecture is that this V), is, when m is generic, the
Verma module of the W algebra, under the following matching of parameters:

\/% + p(\/g + \/g). (4.60)

We now have a proof of this statement when G is of type A.

/
Voo =W, m' =

Nekrasov’s partition function of a three-punctured sphere gives the following element:
ZNH(Sel]) € Viny ® Viny © Yoy @ X (4.61)

which define an intertwiner

Zar ( i>0) € Vi, ® Viny = Vs ® X (4.62)

Here m; 5 3 are three evaluations of Hf(pt). In the theory of W algebras, it is known that
the space of intertwiners among three generic Verma modules has transcendental degree

%(dimG — 3rank G). (4.63)

which is equal to the transcendental degree of X as shown in (4.30)). For a closed Riemann
surface Cy of genus g without puncture, we have

ZNK(SP[Cy)) = Zo, (Cy) € XE29Y @ Frac H (pt)>0 Y, (4.64)

The right hand side has transcendental degree
4
(g — 1)(§hV(G) dim G + rank G), (4.65)

and is the transcendental degree of the space of the conformal blocks of W algebra with
generic ¢ on the Riemann surface of genus g > 1. Therefore, our conjecture is that Nekrasov’s
partition function of class S theory provides the space of conformal blocks of W algebras.

So far we only considered Riemann surfaces with punctures with label e = 0 only.
For other regular punctures labeled by (e, m), let us denote the space we obtain from the
consideration of the Sr theory by V¢. Again, when m is a generic element in g° we
conjecturally identify it as a semi-degenerate representation of the Wy algebra as defined

in (4.57):
Ve =W, m' = —— 4 (p— ﬁ)( - L (4.66)
" " VELE2 P35 €2 € .
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As an example, consider a puncture labeled by the principal element epyincipal- 1t is equivalent
to not having a puncture. m is necessarily 0, and

VE=W, (4.67)

which is the vacuum representation of the W algebra. This agrees with the idea that
without any puncture in the 2d QFT, the only operation doable on a Riemann surface is to
insert a vacuum representation.

As another example, let us recall that we have, for G = Ay_1,

Sp[@; e=0,e=0,e=[N—1,1]] =Hyp(V1 @ Vo ® Vo @ V}). (4.68)
where V; ~ CN. Then
ZNN(SE[(); (e = 0,ma), (e = 0,ma), (e = [N = L], )]) : Vo, @ VW =V, (4.69)

and y is the equivariant parameter Hy_, . (pt) == Clu]. The intertwiner here is uniquely
determined, as M coulomn(Hyp(Vi @ Vo @ Vo ® V1)) is a point. It was given in as the
Euler class of the determinant line bundle of the Dirac operator associated to V; @ Va. It is
satisfying to know that the space of the intertwiner above, under the identification
and , is known to be unique.

In general, we can consider the theory

Q = SF[@S (617 ml)v (6% m2)a (637 m3)] (470)
and the element
ZNK(Q) 1 VL @ V2 = VS @ Xy enses- (4.71)
Here we have
XG,61,62763 = (C(ala e 7arankQ) (472)

is the algebra of holomorphic functions on a patch of Mcouomn(Q), and rank @) was given
in . When G = Ayx_1, the transcendental dimension of the space of the intertwiner of
W algebra among the representations Vy: , (i = 1,2, 3) is known and it agrees with rank Q.
This is another check of our proposed identification (4.66|).

We can also consider irregular punctures. The only irregular puncture discussed in this
review is the one introduced in Sec.[2.10.2] There, we saw that the Donagi-Witten integrable
system of triv///G for simply-laced G is given by a G-Hitchin system on a sphere with two
irregular punctures at z = 0,00. Correspondingly, we expect that Nekrasov’s partition
function has the form

("4, ") (4.73)

where 1 is a state in the representation corresponding to the irregular puncture. The
formula for Nekrasov’s partition function (4.25)), when applied to the pure theory triv///G,
gives

ZNE (triv ///G) ~ (M), ¢V - 1). (4.74)
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Therefore, we find the representation to be V, we already discussed, where
a: Hi(pt) — C (4.75)
is a point on the Coulomb branch M couemb(triv///Q) ~ Clgc]¢c, and
¥ = [Mq] = ©nz0[Manl. (4.76)

The boundary condition of the Hitchin field, after the application of the Hitchin map,
is in general given by

dz AP GE) gy
ug, ~ O™, (da # 1(G)), vy ~ (Zy©),

(4.77)

z z

We propose in general that ug, is the expectation value of W quasiprimary fields Wy, (z)
(4.53)). In terms of Fourier modes, the standard convention is

Wa,(2) ~ > Wasi . (4.78)

which means that the state 1’ = ¢Nv corresponding to the pure theory is given by the
condition

Wa, ' =0, ((da # 1Y (G)and i > 1) or i >2), Wiyt = AV @y, (4.79)

This is the condition of a Whittaker state in the representation. Note that ¢ = A2""(©) as
seen in (2.26)), and recall that we identified N and Ly. Then the conditions (4.79) boils down
to the conditions

Wi =0, (da #1Y(G) and i 2 1) ori 22), Wiv@a =v.  (480)

Indeed, when G is type A, this statement that ¢ given geometrically by (4.76]) is a Whittaker
state given by these conditions is already proved.

4.5 Nekrasov’s partition function with surface operator

So far we considered the 6d theory Sp on R? _ x C. Let us pick a subspace Rfl x{0} Cc R?

€1,€2 €1,€2

and introduce a 4d operator with the label (e,m) on R? x {0} x C. Then we can repeat
our analysis above, and there should be a 2d theory

QF,(e,m) = SF[R4 D ]R2 ; (6, m)] (4.81)

€1,€2 €17

satisfying the defining relation

Zr o (C) = Z¥5(SE[C(RE, ., D RZ 5 (e,m)). (4.82)

€1,€2 €1’

The questions then are
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e What is the theory Qr (e,m) ?

e What is the 2d operator labeled by (e,m) on R? x {0} C R ., of the 4d theory
SH[C]?

For the former question, an obvious guess is the W-algebra W (g, ) given by the Drinfeld-
Sokolov reduction, briefly recalled in Sec. . From the formula of the central charge (4.50)),
we see that

C<W(g7 6)) - C(W(g, eprincipal))
h €, h h

: L.
= (dim gp—¢ — rank G) — §d1mgh:1 —12p-(p— 5) + a(§ S p). (4.83)

where we used the relation (4.48]). This should be given by the integral of the anomaly
polynomial of the 4d operator of label e integrated over ]Rfl. Note that this is given by a
linear combination of terms

h
2

o | >
| >

dim gp—o —rank G, dimgn=1, p-(p—3), —pp (4.84)
The quantities n, 5 (e) given in (3.36)), which are contributions of a 4d operator to the central
charges n, j,, are also given as linear combinations of the same four terms. This is consistent
to the idea that both n, ;(e) and c¢(W (g, e)) — c(W (g, €principal)) are given by integrating the

anomaly polynomials of the 4d operator of type e. Note that the integrals

1 1
/ 1=—, / 1=— (4.85)
R4 €1€2 R €1

2
€1,€2 €1

would naturally provide coefficients of the form 1/(eje2) or 1/€; in the linear combination.
Here the fact that the formula has terms of the form 1/¢; and no terms of the form
1/(e1€2) agrees with the fact that the 4d operator is on R? x C.

The algebra W (g, €) contains the affine subalgebra g¢. For a simple component f C g¢, its
level k?d is given by . Similarly, a 4d operator of type e gave rise to a G°-symmetric 4d
theory, whose k%¢ is given in . Again, we see that these two expressions are extremely
similar, and in terms of b* = €,/e; we only see the coefficients of the form 1/¢;. This again
gives a small piece of evidence to our general proposal.

To answer the latter question, let us recall the discussions in Sec. There, we consid-
ered the 4d operator with label (e, m) on

X*x C* > X* x {pt}. (4.86)

There, we saw that the Hitchin field ¢ had the residue of the form
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where o was given by the formula . In particular, consider the case when « is semisim-
ple. Let [ be the Levi subalgebra commuting with ae. Then e is given by a principal nilpotent
element of [.

The setup here just has a different four-dimensional subspace

R* x C% D R? x {pt} x C°. (4.88)

Therefore the behavior of the fields transverse to the 4d subspace should be the same. Then,
a natural generalization of the conjecture is that there is a natural action of W (g, e) on

Hé )2 (Maspca) (4.89)

where Masp .o is the moduli space of the ASD connection on R* with a singularity trans-
verse to R? C R* given by a semisimple conjugacy class . When there is no singularity,
a = 0, and e is the principal nilpotent element of g. Then W (g, e) is just W, and we come
back to the original conjecture. When the singularity « is a regular semisimple element,
i.e. when the Levi subalgebra [ is Abelian of rank rank G, then e is zero. Then W(g, e) is
just the affine Lie algebra g. The action of g with the level on the space has
been constructed.

4.6 S* partition function

Recall that in 2d WZW model for the affine Lie algebra g of positive integral level k, we
first constructed a finite-dimeniosnal vector bundle over the moduli of the Riemann surface.
This vector bundle had a finite number of natural sections x;(7), where i labels the sections
and 7 denotes the complex structure of the surface. These are the conformal blocks of g at
level k. The mapping class group naturally acts on the space of sections.

The 2d conformal field theory on the torus is a modular invariant combination

> eini(m)x;(7) (4.90)

where c;; is an integer valued matrix. Usually we have a choice where

> () (4.91)

which is called the diagonal modular invariant.

The 2d WZW models of g at level k are called rational CFTs. Here rationality refers
to the finite dimensionality of the space of conformal blocks. In the case of W algebra at
generic ¢, the dimension of the space of the conformal blocks is infinite dimenisonal, but we
can still form a diagonal invariant. We see in the following that such a diagonal invariant
naturally arises by considering the partition function of Sp[C] on the sphere.

Let @ an N = 2 supersymmetric theory. Consider the following squashed four-sphere

1
Sy = {(z,z,w) ERxC x C|2*+b|z]* + E|w|2 =1} (4.92)
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This only specifies the metric. The N' = 2 supersymmetric extension of the concept of the
metric has a complex function in it, and we choose it appropriately so that the supermetric
has a superisometry. It is known that that

Zo(S)) = /F ZNR(Q)(a) ZNK(Q) (a)day - . . darank o (4.93)

where I is a specific real rank () dimensional cycle in M gouomb-

When @Q = Sr[Cy.], Zg(Sy)) determines a function on the moduli space M, ,, of genus-
g Riemann surface with n marked punctures , and is the diagonal invariant of the Wg
conformal block, if we assume our conjecture that ZN¢(Q) gives a natural section of the
conformal blocks.

This 2d CFT is called the Toda theory for general G, and the Liouville theory in the
simplest case G = A;. The cycle I in this case is determined as follows: on V,, with m € b,
the Virasoro subalgebra acts with
RY(G) dim G 1,

T(b + 5) (4.94)
as already discussed in (4.54). We only pick unitary representaions where Ly > 0. Then it
is natural to take m € v/—1bhg.

LO - _<m7m> +

")

x
In particular, for G = A; and @ = Sa, [:'], using Gaiotto’s gluing (3.39) and the
¥

ly
formula for Nekrasov’s partition function (4.25]), we have

daniii Up(Emi £me £a) [, Up(Ems £me £a)
R [L,.. TB(£2a)Tp(e1 + € £ 2a)

x e T 7o (@, mi; 7) Zin (0, mis ) (4.95)

Zq(Sy) =

where
Zinst(a/7 my, mao; T) = <[MA1]7 qNZNek(Hyp(‘/:l ® le ® sz))> (496)

where V, ~ C? has an action of SU(2) with Hy(pt) = Cla]. As ZNek ig given in (4.14)),
this is a explicitly computable quantity, and is known as the Liouville four-point functions
in the 2d CFT literature.

5 Superconformal indices and Macdonald polynomials

5.1 Definition

For a G-symmetric N/ = 2 supersymmetric theory @ with U(1)z symmetry, let us consider
its partition function on S* x S? with the following flat bundle on it. Namely, we start from
R x S3, and when we identify {x} x S® and {z + 8} x S3, we use the transformations

geG, seU(1), teU)cSU?2), (p,q) € U(1)*C Spin(4) (5.1)
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where U(1) x SU(2) is the R-symmetry and SO(4) is the isometry of S3. Then we have

Zq(S' x 5% 8.p,q,8,t,9) = stry,(ssy e " pgtsg (5.2)

where on the left hand side p, ¢, t and s are considered as complex numbers with absolute
number one, and on the right hand side they are considered elements of the groups acting
on Hg(S?). Also,

e P Ho(S?) — Ho(S?) (5.3)

is the operator defined by Zo([0,] x S?). This supertrace becomes computable when

the background has a superisometry. This translates to the condition that two specific

linear combinations of 3, logt, log s, logp and log q to vanish. We write 8 and s in terms

of p, ¢ and t, and write the resulting partition function as ZgCI(p,q,t, g). This is called

the superconformal index of the theory (). We use physicists normalization of ¢, so that

tree t = tY/2 4 t~1/2. Therefore the expressions below are Laurent polynomials of p, g, t/2.
Note that for general d-dimensional conformal QFT @), there is the identification

Ho(5") = Vg (5.4)

where the left hand side is the state of states on S?~! and the right hand side is the space
of point operators. This is called the state-operator correspondence. The element e
defined in (5.3) acting on Hg(S?) can be identified with the grading on Vg. Therefore, the
superconformal index is basically the graded virtual character of Vg, or an element in the
representation ring of U(1)? x G.

5.2 Basic properties

For @) = Hyp(V) for a pseudoreal representation V' of a group G, we have

ZEIS;(V) (p7 q,t, Z) - H Fp,q(tl/sz) (55)

w:weights of V

where I', ,(x) is the elliptic gamma function

1 _ x—lpm—i-lqn—i-l
Lpqla) = H 1 —aprg (5.6)
m,n>0
and we regard z € G as an element in the Cartan torus z = (z1,...,%,) € T" and 2 =[], 2"

for a weight w = (wy,...,w,). This can be checked by recalling that a hypermultiplet
consists of a free boson and a free fermion Sec. 2.4] and that the partition function of a free
boson and a free fermion is given by the spectrum of the Laplacian and the Dirac operator,

respectively, as we saw in Sec. and in Sec. [.13
Equivalently, we can say that

[HHyp(V)(S3)] _ ® [Sym-(T®1/2®P®mQ®n®V>®/\o(T®—1/2®P®(m+1)Q@(n+1)®v)] (5‘7)

m,n>0
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as an element in the representation ring, where 7', P, () are the one-dimensional represen-
tations for (¢,p,q) € U(1)? respectively.

Next, the superconformal index behaves multiplicatively under the multiplication of
QFTs:

Zsc1(Q x Q) = Zsc1(Q) Zscr(Q'). (5.8)

Also, for a G x F-symmetric theory @, (Q///G), is F-symmetric and its superconformal
index is independent of 7 and is given by

1 , 1 . dz;
Zsel((Q//]G)-) = <Fp,q(t)lﬂ;,7q(1)> W1 ) zl_I1 2my/—1z;

1
CAL oo

a:roots of G~ P4

)Zsc1(@). (5.9)

where z € T" C G and |W| is the order of the Weyl group. At the level of the representation
ring the operation |W/|~" [, []dz/(2mv/—1%) is to take out the invariant part under G.

5.3 Application to the theories of class S

Recall
Sa[C)] =Hyp(Vi ® V2 ® V3) (5.10)
where V; ~ C? is the defining representation of A;. Then
ZSCI SAl H qu tl/zuivizi) (5.11)
o+

where u,v,w € U(1)* C SU(2)3. Then, from the gluing axiom, we have

u x 1 1 dz 1
N R o VR v o | Do row

X H Fp,q(tl/Quivizi H an(tl/%iyizi) (5.12)
44 4

It should be symmetric under the exchange u <+ x, which is not apparent from the integral
form on the right hand side.

The measure appearing in is an elliptic generalization of the Macdonald inner
product. When p = 0, it becomes

1—qg"t! 1—qz _2
(H 1_tq |W|H27T\/_21];[H 1—tq S ) (513)

n>0

where

K(z) =

Sl H tq — (5.14)

n>0
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and

1—qm2"
|W| H 27‘1'\/_21 H H 1— tqq n o (5.15)

is the standard measure appearing in the theory of Macdonald polynomials. This means
that the orthonormal polynomials under (5.13)) are

K(2)P,() (5.16)
where |
Py = (] T=50) 7RG 5.17)

Here, Py(z) is the standard Macdonald polynomial and

M= /H 27r\/_zz HH 1 _tq =hERET) (5.18)

is the norm of the Macdonald polynomial, which has an explicit infinite-product form.
Consider a class theory Q = Sr[C,, €1, ..., e,] associated to a curve C' of genus ¢g with n
punctures labeled by ey, ..., e,. Thisis a [[, G* symmetric theory. Then the superconfor-
mal index is a function of p, ¢, t and z;, where z; is an element of the Cartan torus of G,
which we further regard as an element of the Cartan torus of G.
Then the superconformal index of ) , when p = 0, is conjecturally given by

K., (2 P, (zthi/?
ZZCI(pzo,q,t,{zi})—H“ : Zn’l NGy (5.19)

K 29—24n tp 2g—24n

Here, at each puncture labeled by e;, we pick an SL(2) triple (e;, hs, fi). We regarded
€ G°. As we have the map
G° x p.(SU(2)) —» G (5.20)

which sends
(2,t) > 2t"/2. (5.21)

To define K (z), let us make the decomposition
gc = ®aRa @ Vy (5.22)

as always, where V is an irreducible representation of dimension d of p.(SU(2)). Then

- 1
= H H H 1 — @+ 2gnyuw’ (5.23)

d n=0w:weights of Ry

Note that K.—¢(z) = K(z) defined above. The form ([5.19) makes the associativity trans-
parent.
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When the class S theory becomes just Hyp(V), the general formula (5.19) gives conjec-
tural formula rewriting an infinite product determined by the weights of V' into a sum over
A. We discussed many such cases in Sec. . Let us consider the simplest case . We
now have an identity

H H tl/Qaiaiaiq B

iiin>0
H 1P)\ @17 7Q>t)
= L 5.24
HHl—taq 1—t1—taq Z P, (1121712, ¢, 1) (5:24)

n>0 i=1

where P, is the A; Macdonald polynomial in a nonconventional normalization ([5.17)).
When ¢ = t, the Macdonald polynomial just becomes the character, and the formula
becomes the partition function of a 2d theory called g-deformed Yang-Mills theory
on ("
Zseic,e (S' X S%) = Zydetormed G Yang-miis(C). (5.25)

This means that
Sr[S' x S? =t p=0] = 2d g-deformed Yang-Mills. (5.26)

When p # 0 the generalization will be to set

=111 I

d m,n>0 w:weights of Ry

1 — t(dfl)/meJrlanrlzw
1 — t(d—i—l)/?pmqnzw

(5.27)

and replace P, by ¥, which is orthonormal under the elliptic measure

Hm,nzo, (m,n);ﬁ(0,0)(l - pmqn>
Hm,nZO(l _ tpmqn)(]_ _ t—lpm+1qn+1)

( )"

1—p"q"2
5.28
|W| H 277\/_22 H H tpmqnza)(l _ tflpm+1qn+1za) ( )

m n>0

The problem is that the existence and the properties of ¥, is not quite known in the
mathematical literature yet. At least the associativity of the case I' = Ay, ((5.12)), is shown
by a different method.

5.4 A limit and the Hilbert series of the Higgs branch

Another interesting subcase is when p = ¢ = 0. Then

Zsai(Hyp(V)) = [ [ ! (5.29)

1— 72w
w
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where we set 7 = t!/2. This is the graded character of C[V]. Note also that

Zscl(Hyp(V)///G) =
o [ Mg ==y [lo - [T 650

« «

is the graded character of C[V///G| under favorable conditions. Note that the factor (1 —
)" 1], (1 — 722%) provides the relation imposed by uc = 0 in the hyperkahler quotient.
The conjecture is that in general

ZgPMp=10,qg=0,t =7°,2) = ch C[Muiggs(Q)] = trciMypiee(@)] T2 (5.31)

under favorable conditions. Here 7 is the grading on the Higgs branch and z is in the Cartan
torus of G.
In this case, K.(z) becomes

1
KE(Z) = H H m (532)
d w:weights of Ry

and P, is replaced by H, which is orthornomal with respect to

1 1 — z¢

r 1 - le
(1_7.2) |W| EQTF\/—_LZZ‘ 1;[ 1 — 7250’

(5.33)

The standard Hall-Littlewood polynomial is orthogonal with respect to this measure.

This can be used to obtain a conjectural formula of the graded character of the centered
instanton moduli spaces of E, gauge group, since we believe that these spaces arise as the
Higgs branch of particular class S theories, as we saw in Sec.[3.10] For the instanton number
1, we just have

25 (S4,[8% (1%, [P][1°])ip = ¢ = 0) = ch C[M g 1] (5.34)
25 (S5 127, [1'][11):p = ¢ = 0) = ch C[Mp, 1] (5.35)
25 (S5% 137, [2°) 1)) p = ¢ = 0) = ch C[M py . (5.36)

On the right hand side the character is with respect to C* x E,., and on the left hand side
it is with respect to C* x SU(3)?, C* x SU(2) x SU(4)?, C* x SU(2) x SU(3) x SU(6). Note
that the rank of the both sides agree.

Although we believe that the instanton moduli spaces are obtained as in for
general n, they are not in favoroable conditions where the equality of the superconformal
indices and the graded character of the Higgs branch is applicable. A seemingly related fact
is that Mg, ,, with n > 1 has a nontrivial triholomorphic action of SU(2) x E,, where SU(2)
comes from a triholomorphic action of SU(2) on R* preserving its hyperkéhler structure.
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Instead, we have the relation
Mitiges(Sagn_1 [S% [0, — 1,1], [n%], [n7]) = C* x Mg, = Mpgn,

n
MHiggS<SA4n—1 [527 [2”, 2n ]7 [n4]7 [ 4]) = (C2 X ME7,T7, = ME7,7L7
MHiggS(SAanl [52; [371, 3n — 17 1]7 [2713], [nﬁ]) = Cz X MEs,n = ME‘s,n

where Mg, ,, is the noncentered moduli space. Then we have

ZSCI(SArm 1[82 [n n—1 1],
Zsc1(Sa,, ,[S%2n,2n — 1,1],
ZSCI(SAMA[SQ, [Sn, 3n — ], [

%], [n°]) = ch Mg,
[n*], [n"]) = ch M, n,
2%, [n%]) = ch Mg,

(5.37)
(5.38)
(5.39)

(5.40)
(5.41)
(5.42)

On the right hand side the character is with respect to C* x SU(2) x E,, and on the
left hand side it is with respect to C* x U(1)? x SU(2) x SU(3)?, C* x U(1)? x SU(4)?,

C* x U(1)? x SU(3) x SU(6). Note that the rank of the both sides agree.
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