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Seiberg duality



® a conventional field theory consists of:
® Free matter fields
® Gauge fields coupled to flavor currents

® (Gauge invariant interactions



® X :Free matter fields ® Y :Free matter fields

® A :Gauge fields ® B : Gauge fields

® V :Interactions ® \/V :Interactions

N4

the Same Infrared Limit
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® a conventional field theory consists of:
® Free matter fields
® Gauge fields coupled to flavor currents

® (Gauge invariant interactions



® a non-conventional field theory consists of:
® Nontrivial Conformal Field Theories
® Gauge fields coupled to flavor currents

® (Gauge invariant interactions

Georgi, “Unparticles”
Meade-Seiberg-Shih,“"GGM”



® Nontrivial Conformal Field Theories

® can be an infrared limit of other
conventional theories.

® can come from 6d construction.
® can have multiple realizations

® What determines the dynamics of the
combined system is the CFT per se.



® a non-conventional field theory consists of:
® Nontrivial Conformal Field Theories
® Gauge fields coupled to flavor currents

® (Gauge invariant interactions
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® X :CFTs ® Y :CFTs

® A :Gauge fields ® B : Gauge fields
® V :Interactions ® \V :Interactions
. /
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\ 4

the Same Infrared Limit



® X :Free matter fields ® Y :CFTs
® A :Gauge fields ® B : Gauge fields
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N=2 SU(2) with 4 flavors q, g

at coupling T \

N=2 SU(2) with 4 flavors q, g
at coupling T’=1/(1-T)

N=2 SU(2) with 4 flavors q, g /

at coupling T'=—1/T

Seiberg-Witten



N=2 SU(N) with 2N flavors q, g
at coupling T

N

N=2 SU(2) with | flavor g, g
at coupling T”’=1/(1-T)
coupled to I'n theory

N=2 SU(N) with 2N flavors g, /

at coupling T=—1/T

Argyres-Seiberg, 2007



® VWhat would be the N=1| version of
Argyres-Seiberg duality!?

® |t turned out to be subtler than | expected.



SU(2) with 4 flavors q, g

Seiberg

SU(2) with 4 flavors q, g
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SU(2) with 4 flavors q, g

Csaki-Schmaltz?
Skiba-Terning

SU(2) with 4 flavors q, g
and |2 singlets M
W=Mqq + Mqq
We're going to generalize this
conventional-conventional duality to...



SU(N) with 2N flavors g, g

Something non-
conventional.

To a conventional-non-conventional duality.



|. Trifundamentals and TN theory

2. Argyres-Seiberg duality

3. Another dual for N=1 SQCD



Tri-fundamentals
and [N theory



SU(2) with 4 flavors q, g

SU(2) with 4 flavors q, g
and |2 singlets M
W=Mqq + Mqq



SU(2) with 4 doublets g
and 4 doublets g

SU(2) with 4 flavors q, g
and |2 singlets M
W=Mqq + Mqq



4 doublets g of SU(2)



4 doublets g of SU(2)

dax: a=1,2;x=1,2,3,4



4 doublets g of SU(2)

dax: a=1,2;x=1,2,3,4

qaui: a=|,2;u=|,2;l=|,2

makes only SU(2)3 manifest

but generalizable to SU(N)?



SU(2) with 4 flavors q, g

SU(2) with 4 flavors g, g
and |2 singlets M

W=Mqq + Mqq



SU(Z) with Jaiu and E]akx

SU(Z) with Jaiu and qakx
and gauge singlets M), Mwy, My, My

W=M<ij)(glf_l)<ij> + M(uv)((ﬁ)(uv)
+ My (3q)ky + My)(G9) xy)



SU(N) with Ty and T

SU(N) with Ty and T
and gauge singlets Ma, Mg, MA’, Mg

W= tr Mala+ tr Mgls
+ tr MA'UA’ T+ tr MR’ U’

’



The TN theory

® T, = gqjuwith SU(2)? symmetry

® T3 = Minahan&Nemeschansky’s E¢ theory
E<oSU(3)3

® TN =an N=2 supersymmetric
non-Lagrangian theory
with SU(N)3 symmetry
Gaiotto, 2009



The Tn theory = the infrared limit of

C%/Zn
| y CZ/ZN

C2/Zn

N M5 branes



® C?/Znsingularity in M-theory has SU(N)
gauge symmetry on It.

® So,Tn has SU(N)3 flavor symmetry.

® The Seiberg-Witten curve is known,
from this M-theory construction.



® Many other properties are now known.
® Chiral operators and their relations
® Central charges

® Superconformal indices



® TN isan N=2 supersymmetric theory
with SU(N)a XSU(N)s XSU(N)c
flavor symmetry.

® As such, there are dimension-2 scalar chiral
primary operators

MA, UB, HC
that are adjoints of SU(N)AXSU(N)exSU(N)c



For example, T3 is just qaiy
with SU(2)a xSU(2)s xSU(2)c
flavor symmetry.

Then
(HA)ab= Jaiu qbjv gl gw,

(MB)ii = Qaiu qbjv €V €%,
(|JC)uv= Jaiu dbjv g g,

We can then check
tr |JA2= tr |J|32=tl’ |,lc2

This is known as Cauchy’s hyperdeterminant.



® The same identity holds for Tn:
tr Ja?=tr Ug2=tr HUc?

® But there’s no known way to write Pag,c in
terms of something simpler.



Argyres-Seiberg duality



You can couple them to either

|. an N=| SU(N) vector multiplet
2. an N=2 SU(N) vector multiplet



Let’s couple them to

an N=2 SU(N) vector multiplet.



SU(N)a

N

SU(N)g

TN

N=2 SU(N)
vect. mult.

TN

!

SU(N)A’

SU(N)g’



SU(N)a SU(N)A’

!

SU(N)g ) " SU(N)g’
Length ~ /g2

of SU(N) vector mult.



SU(N)a \. SU(N)A

—

dual SU(N) vector mult.

SU(N)z SU(N)g’



coupled to N=2 SU(N) vect. S-dual

at coupling T
HA / ’
N » A
IN—He MG —IN
I'nd T ,
MA MA
/
\TN

coupled to N=2 SU(N) vect. ~~ ©°
at coupling T=—1/T ~ g

|
TN
/
U .

’

HMB



® For SU(2), this is the standard S-duality of
N=2 SU(2) with 4 flavors.

® For SU(N), this is the S-duality of
N=2 SU(N) coupled to two copies of
non-Lagrangian theory TN.



Non-conventional theory

A

S-dual

\4

Non-conventional theory



There’s an easy way to modify it to

Conventional theory

A

S-dual

\4

Non-conventional theory



® Recall Pa scare SU(N) adjoints.

® Give a vev

<|JC> — ps —

OO0 |0

=

1 10| O
O(l]O
010|0
010|0










<HC> — ps




® |t becomes an SU(N)a X SU(N)g

bifundamental,
with free neutral hypermultiplets.



coupled to N=2 SU(3) vect. S-dual

at coupling T
MA / ’
N » A
Ts—pHPe Y& —T3
I'nd T ,
MA MA
/
N T,

coupled to N=2 SU(3) vect. " ©°
at coupling T=—1/T ~ g

|
T3
/
U .

’

HMB



coupled to N=2 SU(3) vect.

at coupling T
UA / ’
N \ P
T3 —Ug U —T73
s ANTR
Give vevs
HA=HA=Ps !

S-dual




coupled to N=2 SU(3) vect. S-dual
at coupling T

/o \

MB = > MG MG = > HB

~ ~J

d,q d, 9 ;
3 flavors 3 flavors AN T3/

coupled to N=2 SU(3) vect. ~ ©°
at coupling T=—1/T ~ g

|
T3
/
U .

’

HMB



coupled to N=2 SU(3) vect. S-dual
at coupling T

/o \

MB = > MG MG = > HB

~ ~

CI»CI q’q

3 flavors 3 flavors one doublet

~

q9,.q
coupled to N=2 SU(2) vect.
at coupling T=—1/T ~ g

|
T3’
/
e

’

HMB



N=2 SU(3) with 6 flavors at coupling T

N=2 SU(2) with one flavor at coupling —|/T
coupled to one T3 theory

This is the original Argyres-Seiberg duality.

We'd like an N=1| supersymmetric version.



Another dual for
N=1 SQCD



coupled to N=1 SU(N) vect. dual

IJA\ /\ |

IN—HGc MG —TN
/

HMB
with W=0

297



coupled to N=2 SU(N) vect. S-dual

at coupling T
HA / ’
N » A
IN—He MG —IN
I'nd T ,
MA MA
/
\TN

coupled to N=2 SU(N) vect. ~~ ©°
at coupling T=—1/T ~ g

|
TN
/
U .

’

HMB



coupled to N=1 SU(N) vect. S-dual

at coupling T
HA / ’
N N
IN—He MG —IN
I'nd Sug ,
with W=tr ®(Lc— Hs') HA\T /”A
N

coupled to N=1 SU(N) vect. ~~ ©°
at coupling T=—1/T ~ g

with W=tr ®(Uc— HG') N
/ N A
HB

’

HMB



coupled to N=| SU(N) vect. dual

at coupling T
HA / ’
N N
IN—He MG —IN
I'nd Sug ,
with W=tr ®(Lc— Hs') “A\ /”A
+m trd? TN

coupled to N=1 SU(N) vect. ~~ ©°
at coupling T=—1/T ~ g

with W=tr ®(Uc— HG') T‘ ,
+m trd? HB/ AN

’

HMB



coupled to N=1 SU(N) vect. dual

HA / ’
N \ A
ITN—HUc MG —IN
ps ~ Spg ,
with W= c tr (Mg~ HG')? IJA\ /HA
TN
|
_~ He
coupled to N=1 SU(N) vect.
. o ., UG
with W= ¢! tr (UG~ HG') |
/TN’\ :

HB HMB



coupled to N=1 SU(N) vect. dual

LA / A
AN \ / -
ITN—HUc MG —IN
ps ~ Sug ,
HA HA
with W= c tr PUg? -2 c tr Ug U¢c’ \T /
+ctr Ug’ 2 ‘N
7 He
coupled to N=1 SU(N) vect.
- — 2 _9 o , UG
withW=c™' tr Ug* =2 ¢! tr Uc Ua |
+ ¢l tr g’ ? /TN’\ |



coupled to N=1 SU(N) vect. dual

LA / A
AN \ / :
ITN—HUc MG —IN
ps ~ Sug ,
HA HA
with W= c tr PUg? -2 c tr Ug U¢c’ \T /
+ctr Ug’ 2 ‘N
_~ He
coupled to N=1 SU(N) vect.
~ — | 2 _9 | . UG
withW= c™' tr Ua® =2 c™' tr Ug Uc |
4+ o~ | )
c'tr PRI N



coupled to N=1 SU(N) vect. dual

/
IN—He UG —IN
ps Sug ,
. _HA HA
withW=c tr Ug? -2 c tr Ug UG' ML \T /
+ ¢ tr g’ 2 ‘N
_~ He

coupled to N=1 SU(N) vect.
with W= c tr Ma?+ tr Maa S ¢’
=2 ¢ tr UG UG’ | Mg
+ ¢ tr Mg? + tr Mglg’ /TN\ s



coupled to N=1 SU(N) vect. dual

/
ITN—HUc MG —IN
ps ~ Sug ! ®
A A
with W= -2 ctr Y UG ML~ N/
N
|
_~ He
coupled to N=1 SU(N) vect.
with W= +tr MaPa S UG’
=2 ¢ tr UG UG’ | Mg

+ tr Mglg’ J/ TN’\ /



coupled to N=| SU(N) vect.

HA /o \ PA
\ / o ’
TN—HUG M6 —TN with W= -2 c tr Uc Ua

/ \UB’

dual ¢

coupled to N=| SU(N) vect.

HMB

—Ma Ma , with VW=
IJA\ / \ >IJA tr MAUA +tr Mglig
IN—He M6 —IN + tr MA'MA” +tr Mg'Ug’

Lig 4 N |JB, -2 cCtr |JG|JG’



coupled to N=| SU(N) vect.

LA / ’
N \ MA

/
IN—HMc MG —IN with W= 0
/ \HB,

dual ¢

coupled to N=| SU(N) vect.

HMB

uxMa / \ Ma UA with W=

R (FEETHTREE ¥ tr Malla +er Mele

g J . g + tr MA’UA’ +tr Mg’ g’
~ 4



For SU(2), we have

SU(Z) with Jaiu and E]akx

SU(Z) with Jaiu and qakx
and gauge singlets M), Mwy, My, My

W=M<ij)(glf_l)<ij> + M(uv)((ﬁ)(uv)
+ My (3q)ky + My)(G9) xy)



SU(2) with 4 flavors q, g

Csaki-Schmaltz-
Skiba-Terning, 1997

SU(2) with 4 flavors q, g
and |2 singlets M
W=Mqq + Mqq



SU(N) with Ty and T

SU(N) with Ty and T
and gauge singlets Ma, Mg, MA’, Mg

W= tr Mala+ tr Mgls
+ tr MA'UA’ T+ tr MR’ U’

’



Non-conventional N=1 theory

A

“Seiberg” dual

\4

Non-conventional N=1 theory



There’s an easy way to modify it to

Conventional N=I theory

A

“Seiberg” dual

\4

Non-conventional N=1 theory



coupled to N=| SU(N) vect.

LA / ’
N \ MA

/
ITN—He M —IN
/ N

dual ¢

coupled to N=| SU(N) vect.

—Ma Ma’ y
|JA\ / \4 > MA

Us M’

Ug / AN Ug tr MalA +tr Mglg
\MB Mg’ / + tr MA'UA’ +tr MR’ U’



coupled to N=| SU(N) vect.

uA / \ IJA’ .
N 7 Give vevs
IN—He M6 —IN S '
s 7 N HATHA=Ps !
dual ¢
coupled to N=1 SU(N) vect. Give vevs
— ’ Ma=Mr’=pD-. !
T Ma / \ Ma ~pp A A —Ps
h d ith W=
IN—He U —IN with W=
7 DN tr Mala +tr Mgls
HB uB ) ’ ’ ’
~ Mg Mg’ / + tr Ma' WA +tr Me'Us



coupled to N=| SU(N) vect.

/ 0\

)/ ’ +
MB = > MG UG = = B neutral

q,q g, G chiral multiplets

N flavors ¢ N flavors

coupled to N=1 SU(N) vect. Give vevs

— ’ Ma=Mr’=pD-. !
T Ma / \ Ma ~pp A A —Ps

h d with VW=

TN—He M —IN
HMB 4 N g’ tr Mala +tr Mgls
~

B
MB MB’ / + tr MA’IJA’ +tr MB’UB’



N=1 SU(N) with 2N flavors * neutral
chiral multiplets

dual

coupled to N=1 SU(N) vect. Give vevs
— ’ Ma=Mr’=pD-. !

T Ma / \ Ma ~pp A A —Ps
h g ith W=
IN—He U —IN with W=
7 DN tr Mala +tr Mgls
HB uB ) ’ ’ ’
~ Mg Mg’ 4 + tr Ma' WA +tr Me'Us



N=1 SU(N) with 2N flavors * neutral
chiral multiplets

dual

coupled to N=| SU(N) vect.

s Ma / \ Ma ~pp with W=’
AN ] ’/ tr PsHA +tr PsHA
/TN —MHe  Hc —IN N +tr MaMA +tr Msls

IJB\ UB"  + tr Ma'pa” +tr Mg'Us’

MB MB’ /



coupled to N=| SU(N) vect.

IJA/MA / \ Ma’ A with W=’

AN ’ ’/ tr PsHA +tr PsHA

/TN —Hc  HGc —IN N +tr Mala +tr Mgz

HB\ /UB’ + tr MA'UA’ +tr Me'Up’
Mg Mg’

0 I|O




010




F+

F3

They generate

an SU(2) subalgebra of
SU(N) symmetry.



F+

F3

They generate
an SU(2) subalgebra of

SU(N) symmetry.



coupled to N=1 SU(N) vect.

—Ma MA' ., with W=
HA\ / \ / HA tr PsHA +tr psuA’
TN—He MG —IN +tr Mala +tr Msle
ug ~ \/UB’ + tr MA'UA’ +tr Me'Up’
S Ms Mg’
I U
] 0 0 ; 1S K
s— A— | M
P ol o H || u2-
0 L~




coupled to N=1 SU(N) vect.

—Ma / MA' . with W=
A A
A \ o o+ A
/TN o IJG IJG _TN \ | +tr MAIJA +tr MBHB
Us HB" + tr MA’UA” +tr MB' g’
~ y /
Mg Mg
I U
; 0 O ; - , ul*ust X
Ps= 0 | o Ha= | M o e s
0 L~




coupled to N=1 SU(N) vect.

M SN s e
N | e

/TN — UG e —Tn ~ +tr Mapa +tr Msle

e - /HB’ + tr MA’UA’ +tr Mg'[g
Mg Mpg’

R-charges are originally

I +
I I u u |,+ IJ2,+
Ro= | | | HA= | Y uO
I I u I,_ HZ,_
I L~




coupled to N=1 SU(N) vect.

—Ma / MA' . with W=
A A
U ~ \4 | ,/U A~ + A
/TN —Hc  HGc —IN N +tr Mala +tr Mgz
HB\ /UB’ + tr MA'UA’ +tr Me'Up’
Mg Mpg’

R-charges should be now

ol phripst
R: qu u3 ul_ IJZ_ IJO
2 L~




coupled to N=1 SU(N) vect.

IJA/MA / \ M SHA
AN /
ITN—Ue MG —IN
HB / \ uB’
\MB Mg’ /

This can be achieved by

R=(Ro= | 1 || )

_(F3=

with W=
A~ + A

+tr Mala +tr Mplg

+ tr MA'UA’ +tr MR’ B’

/2

/2

—V2

—Y>




coupled to N=1 SU(N) vect.

— Ma / MA' . with W=
A
IJA\ \ | P H A + LA
/TN —Hc  HGc —IN N +tr Mala +tr Mgz
Us /UB’ + tr MA'UA’ +tr Me'Up’
S Ms Mg’
which is
0 U+
172 || 1/2 pl*ipz*
3/2 3/2 ul=u%e
2 L~




coupled to N=1 SU(N) vect.

pMa S M e
. | S/ HA~ + HA
/TN — UG e —Tn ~ +tr Mapa +tr Msle
e - /IJB’ + tr MA’UA’ +tr Mg'[g
Mg Mg’

Presence of LA™ breaks

many of SU(N) currents: W a2
HA= | B2 [ O
D2 = 0W = 3 etc. - il L




coupled to N=1 SU(N) vect.

HA/MA / \ Ma ~pA V\_/ith W,=_
AN | S UaA~ + A
/TN —Hc  HGc —IN N +tr Mala +tr Mgz
HB\ /UB’ + tr MA'UA’ +tr Me'Up’
Mg Mg’

u+
Those are not chiral I e 2 5
primary anymore. HA= [ H Ut 2 a
-




coupled to N=1 SU(N) vect.

HA/MA / \ Ma’ A V\_/ith W’=_
AN | S Ua™ + HA
/TN - IJG |JG _TN \ +tr MAIJA +tr MBHB
HB\ /UB + tr MA'UA’ +tr Me'Up’
Mg Mpg’
plus neutral chiral
multiplets.
- ptp2




coupled to N=1| SU(N) vect.

— MA / MA .., with W=
A A
H \4 | ’/H A~ + Ua-
/TN —MHc MG —IN N +Mallal +tr Malg
Mg - B+ MATAT +tr Mg’
Mg Mg’
plus neutral chiral
multiplets.
L o

HA'= pO




N=1 SU(N) with 2N flavors

dual

coupled to N=| SU(N) vect.

u’*/\MAi /\ MA’ijuA’

TN— UG
LB d
~ Ms

HG’ —TN,
N g

Mg’ /

’

plus neutral chiral
multiplets

with W=
HA™ + PA™
+MA'PA" +tr Mslg
+ MATUAT +tr Mp’ g’
plus neutral chiral
multiplets.



® We checked that the central charges a, c
and the superconformal indices (in a limit)
agree on both sides.

® Of course we can consider a quiverised
version where we have more than 2 Tns

® Explain the dualities of M5-branes on a

Riemann surface with only N=1| preserved
found by [Beem-Gadde]



Summary



SU(2) with 4 flavors q, g

—

SU(2) with 4 flavors g, g
and |2 singlets M
W=Mqq + Mqq

SU(2) with 4 flavors g, g /
and a singlet M

W=Mqq



SU(N) with 2N flavors g, g

—

Another description
involving TN theory

SU(N) with 2N flavors g, g /
and a singlet M

W=Mqq



SU(N) with 2N flavors q, g

—

coupled to N=1 SU(N) vect.

HA/ MA / \ MA \HA’ V\_/Ith W’=_
, S HA™ + HA

/TN —HMe MG —TIN N +MalUa’ +tr Msls

e PO M M

Mg Mz

SU(N) with 2N flavors g, § /
and a singlet M

W=Mqq



coupled to N=| SU(N) vect.

YR / Ma'_ ., with W=
A A
SN \ , ,/u HA™ + PA™
/TN —Mc MG —IN « +MalpAT +tr Mg
He - }JB’ + MA YA +tr Mp'pig
Mg Mpg’

Somehow this description is rather complicated
for SU(3) and bigger ...



® My main message is that a

conventional<>conventional duality,

which is only known
with a low-rank gauge group,
often generalize to a
non-conventional«<>conventional duality

with general gauge groups.



® Phrased differently, | say,
by considering only conventional theories
you're imposing yourself
artificial, arbitrary restrictions.

® Non-conventional theories are as
important as Lagrangian theories
once you start talking about dualities.

® Most of the post-1994 techniques are
applicable to both conventional and non-
conventional theories.



