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• There are many Kavli Institutes around the world; 

• The Kavli Institute I belong to has a special menu  
to offer:  mathematics! 

• Kavli IPMU = 
Kavli Institute for Physics and Mathematics  
of the Universe. 

• So I decided to talk about something  
a bit mathematical.



Spectrum of researchers 
at Kavli IPMU

Pure mathematics

String theory

High energy particle physics

phenomenology

Cosmology

Astrophysics

High energy
 particle physics
experiments



Spectrum of researchers 
at Kavli IPMU

Pure mathematics

String theory

High energy particle physics

phenomenology

Cosmology

Astrophysics

High energy
 particle physics
experiments

I'm around here, so I'm not very representative ...



Supersymmetry



Symmetry



Supersymmetry



It’s an Extension of  
the concept of  
Symmetry



First, let me talk about a 
different Extension of  

the concept of  
Symmetry
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• It's a simple mathematical fact that  
  
periodic tilings can only have  
 
2, 3, 4, or 6-fold rotational symmetry.



tropic within experimental resolution. In addition, we study
two pseudoternary compounds, (Y12xTbx)-Mg-Zn and
(Y12xGdx)-Mg-Zn, and examine the effects of rare-earth
concentration and CEF ~crystalline electric field! splitting on
T f . Results of electrical resistivity measurements are also
presented. For comparison, the magnetic properties of a
closely related R-Mg-Zn crystalline phase are presented as
an appendix.

II. SAMPLE PREPARATION

Single-grain samples of R-Mg-Zn quasicrystals (R5Y,
Tb, Dy, Ho, Er! were grown from the ternary melt following
the technique described in Ref. 3 In brief, this method in-
volves the slow cooling of a ternary melt intersecting the
primary solidification surface of the quasicrystalline phase,
as identified for Y-Mg-Zn by Langsdorf, Ritter and Assmus.6
Large, single-grain samples can be grown by this technique,
with volumes of up to 0.5 cm3. Following the growth, a brief
dip in a dilute solution of nitric acid in methanol can be used
to remove any small amounts of undecanted flux or oxide
slag that wet the surface. A photograph of a typical Ho-
Mg-Zn quasicrystal is shown in Fig. 1, over a mm scale. As
can be seen from Fig. 1, the quasicrystals grown by this
technique have a dodecahedral growth habit, with clearly
defined pentagonal facets. It should be noted that the
R-Mg-Zn quasicrystal samples grown by this technique are
remarkably large and exceptionally well ordered.3
Following the same growth procedure, samples with vari-

ous amounts of substitution of Tb and Gd for Y were also
prepared, enabling investigation of magnetic and transport
properties as a function of the rare-earth concentration. In
particular, the substitutions studied were (Y12xTbx)-Mg-Zn
with x50.075, 0.15, 0.33, 0.50, 0.63, 0.75, and 0.88 and
(Y12xGdx)-Mg-Zn with x50.075, 0.15, 0.50, and 0.60. The
Gd substitutions are of additional interest because the pure
Gd-Mg-Zn quasicrystalline phase cannot be grown by this
technique.3 In fact, x50.60 is the largest amount of Gd sub-
stitution in Y-Mg-Zn that we have been able to successfully

incorporate as a single-phase quasicrystal. It remains a pos-
sibility that the pure Gd-Mg-Zn phase is metastable, and can
only be prepared by rapid solidification techniques1 ~in con-
trast to the slow cooling rate growth technique we employ!.
Powder x-ray-diffraction patterns of crushed single grains

have narrow peaks, indicating a high degree of structural
order, and all peaks can be indexed to the face-centered
icosahedral ~FCI! quasicrystalline phase ~second phases, if
present at all, are below a 2–5% level!.3 High-resolution
transmission electron microscopy ~TEM! reveals very sharp
diffraction spots in selected area diffraction patterns
~SADP’s!, with little or no evidence of phason strain seen in
lattice images near Scherzer defocus.3 Electron microprobe
analysis of Tb-Mg-Zn quasicrystalline samples indicate a
composition of approximately Tb9Mg34Zn57,3 similar to that
estimated by other groups @R8Mg42Zn50 ~Refs. 1 and 7! and
R9Mg30Zn61 ~Ref. 6!#.
Clean, well-formed single grains were selected for mag-

netization measurements. Bars for electrical transport mea-
surements were cut from single grains using a wire saw.
Typical bar lengths were 2–3 mm with a width ~and thick-
ness! of 0.5 mm. For icosahedral symmetry, the electrical
resistivity tensor has only one independent component, and
hence the orientation of the cut bars is not expected to effect
the results of the resistivity measurements.

III. EXPERIMENTAL METHODS

Both ac and dc magnetization were measured using com-
mercial Quantum Design superconducting quantum interfer-
ence device ~SQUID! magnetometers, in a variety of applied
magnetic fields ~up to 55 000 Oe! and temperatures ~from 1.8
to 350 K!. The dc magnetization was investigated for a range
of applied fields, and for both zero-field-cooled ~zfc! and
field-cooled ~fc! histories. An applied field of 1000 Oe was
used to measure the temperature-dependent dc susceptibility
for T.T f . The ac magnetization was measured between 1.8
and 20 K in a steady applied field Hdc5100 Oe, with an ac
field Hac52 Oe superimposed, and for a range of frequencies
from 1 to 1000 Hz. The angular dependence of the dc mag-
netization was measured, using a rotating sample platform,
with an angular resolution of 60.1°. All temperature-
dependent magnetization measurements were made for in-
creasing temperatures, and warming through the boiling
point of liquid helium was treated carefully. After collecting
data from 1.8 to 4.4 K, the cryostat design required that the
temperature be cycled from 4.4 K to a higher temperature
~usually 30 K! before zero-field-coding or field-cooling ~de-
pending on the experiment! down to 4.6 K. Relaxation ef-
fects for temperatures below the spin freezing transition ~see
later sections! can lead to an apparent discontinuity in the zfc
magnetization of Tb-Mg-Zn ~for which T f55.8 K! at 4.4 K
as a consequence of this technique.
The low-frequency and low-field ac magnetic susceptibil-

ity was measured by a conventional mutual inductance tech-
nique in the temperature range between 0.4 and 4 K. Mea-
surements were made at frequencies 116 and 420 Hz and
with an excitation magnetic-field amplitude of 0.1 Oe. A
low-noise signal transformer was used to match the imped-
ance of the pickup coil with that of the lock-in amplifier. The
in-phase component x8 and the out-of-phase component x9

FIG. 1. Photograph of a single-grain icosahedral Ho-Mg-Zn
quasicrystal grown from the ternary melt. Shown over a mm scale,
the edges are 2.2 mm long. Note the clearly defined pentagonal
facets, and the dodecahedral morphology.
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• But there are crystalline materials  
that are 5-fold symmetric. 

• Crystals are thought to be periodic arrays of atoms. 

• But this cannot be completely periodic,  
since it is 5-fold symmetric.



• The way out: Quasi-periodicity. 

• It’s infinitely close to being periodic,  
but not quite periodic.



• This quasi-periodic extension of the concept of 
symmetry was known to mathematicians,  
including Roger Penrose, since around 1970s. 

• This was before real materials were found.

An example of Penrose tiling, from Wikipedia
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• In fact it was known to Muslim artists in medieval 
times, as rediscovered in an article from 2007.
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Decagonal and Quasi-Crystalline
Tilings inMedieval Islamic Architecture
Peter J. Lu1* and Paul J. Steinhardt2

The conventional view holds that girih (geometric star-and-polygon, or strapwork) patterns in
medieval Islamic architecture were conceived by their designers as a network of zigzagging lines,
where the lines were drafted directly with a straightedge and a compass. We show that by 1200
C.E. a conceptual breakthrough occurred in which girih patterns were reconceived as tessellations
of a special set of equilateral polygons (“girih tiles”) decorated with lines. These tiles enabled
the creation of increasingly complex periodic girih patterns, and by the 15th century, the
tessellation approach was combined with self-similar transformations to construct nearly perfect
quasi-crystalline Penrose patterns, five centuries before their discovery in the West.

Girih patterns constitute a wide-ranging
decorative idiom throughout Islamic
art and architecture (1–6). Previous

studies of medieval Islamic documents de-
scribing applications of mathematics in ar-
chitecture suggest that these girih patterns
were constructed by drafting directly a net-
work of zigzagging lines (sometimes called
strapwork) with the use of a compass and
straightedge (3, 7). The visual impact of these
girih patterns is typically enhanced by rota-
tional symmetry. However, periodic patterns
created by the repetition of a single “unit cell”
motif can have only a limited set of rotational
symmetries, which western mathematicians first
proved rigorously in the 19th century C.E.: Only
two-fold, three-fold, four-fold, and six-fold
rotational symmetries are allowed. In particular,
five-fold and 10-fold symmetries are expressly
forbidden (8). Thus, although pentagonal and
decagonal motifs appear frequently in Islamic
architectural tilings, they typically adorn a unit
cell repeated in a pattern with crystallographical-
ly allowed symmetry (3–6).

Although simple periodic girih patterns in-
corporating decagonal motifs can be constructed
using a “direct strapwork method” with a
straightedge and a compass (as illustrated in
Fig. 1, A to D), far more complex decagonal
patterns also occur in medieval Islamic archi-
tecture. These complex patterns can have unit
cells containing hundreds of decagons and may

repeat the same decagonal motifs on several
length scales. Individually placing and drafting
hundreds of such decagons with straightedge
and compass would have been both exceedingly
cumbersome and likely to accumulate geometric
distortions, which are not observed.

On the basis of our examination of a large
number of girih patterns decorating medieval
Islamic buildings, architectural scrolls, and other
forms of medieval Islamic art, we suggest that
by 1200 C.E. there was an important break-
through in Islamic mathematics and design: the
discovery of an entirely new way to conceptual-
ize and construct girih line patterns as decorated
tessellations using a set of five tile types, which
we call “girih tiles.” Each girih tile is decorated
with lines and is sufficiently simple to be drawn
using only mathematical tools documented in
medieval Islamic sources. By laying the tiles
edge-to-edge, the decorating lines connect to
form a continuous network across the entire
tiling. We further show how the girih-tile
approach opened the path to creating new types
of extraordinarily complex patterns, including a
nearly perfect quasi-crystalline Penrose pattern
on the Darb-i Imam shrine (Isfahan, Iran, 1453
C.E.), whose underlying mathematics were not
understood for another five centuries in theWest.

As an illustration of the two approaches,
consider the pattern in Fig. 1E from the shrine of
Khwaja Abdullah Ansari at Gazargah in Herat,
Afghanistan (1425 to 1429 C.E.) (3, 9), based on
a periodic array of unit cells containing a
common decagonal motif in medieval Islamic
architecture, the 10/3 star shown in Fig. 1A (see
fig. S1 for additional examples) (1, 3–5, 10).
Using techniques documented by medieval
Islamic mathematicians (3, 7), each motif can

be drawn using the direct strapwork method
(Fig. 1, A to D). However, an alternative
geometric construction can generate the same
pattern (Fig. 1E, right). At the intersections
between all pairs of line segments not within a
10/3 star, bisecting the larger 108° angle yields
line segments (dotted red in the figure) that, when
extended until they intersect, form three distinct
polygons: the decagon decorated with a 10/3 star
line pattern, an elongated hexagon decorated
with a bat-shaped line pattern, and a bowtie
decorated by two opposite-facing quadrilaterals.
Applying the same procedure to a ∼15th-
century pattern from the Great Mosque of
Nayriz, Iran (fig. S2) (11) yields two additional
polygons, a pentagon with a pentagonal star
pattern, and a rhombus with a bowtie line
pattern. These five polygons (Fig. 1F), which
we term “girih tiles,” were used to construct a
wide range of patterns with decagonal motifs
(fig. S3) (12). The outlines of the five girih tiles
were also drawn in ink by medieval Islamic
architects in scrolls drafted to transmit architec-
tural practices, such as a 15th-century Timurid-
Turkmen scroll now held by the Topkapi Palace
Museum in Istanbul (Fig. 1G and fig. S4) (2, 13),
providing direct historical documentation of
their use.

The five girih tiles in Fig. 1F share several
geometric features. Every edge of each polygon
has the same length, and two decorating lines
intersect the midpoint of every edge at 72° and
108° angles. This ensures that when the edges of
two tiles are aligned in a tessellation, decorating
lines will continue across the common boundary
without changing direction (14). Because both
line intersections and tiles only contain angles
that are multiples of 36°, all line segments in the
final girih strapwork pattern formed by girih-tile
decorating lines will be parallel to the sides of
the regular pentagon; decagonal geometry is
thus enforced in a girih pattern formed by the
tessellation of any combination of girih tiles.
The tile decorations have different internal ro-
tational symmetries: the decagon, 10-fold sym-
metry; the pentagon, five-fold; and the hexagon,
bowtie, and rhombus, two-fold.

Tessellating these girih tiles provides several
practical advantages over the direct strapwork
method, allowing simpler, faster, and more ac-
curate execution by artisans unfamiliar with
their mathematical properties. A few full-size
girih tiles could serve as templates to help po-
sition decorating lines on a building surface,
allowing rapid, exact pattern generation. More-
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• It's a famous landmark in Morocco, visited by 
many, but nobody realized it's there until recently.

• e.g. from Al Attarine Madrasa, Fez, Morocco, 14c.

as pointed out in R. A. Al Ajlouni, Acta Crystalographica 2012 A68.  
Photo taken from http://toeuropeandbeyond.com/5-things-to-do-in-fes-morocco/  
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• It's again an extension of the concept of symmetry. 

• It exchanges bosons and fermions.



This is an anniversary photo of  
Kavli IPMU from a few years ago.









If you exchange humans,  
you of course get different configurations!



If they were elementary particles, 
things are different.

ψ(                    )

=±ψ(                    )



The quantum state remains the same, 
up to an overall plus or minus sign.

ψ(                    )

=±ψ(                    )



They are bosons 
if the sign is plus.

ψ(                    )

=+ψ(                    )



They are fermions 
if the sign is minus.

ψ(                    )

=−ψ(                    )



• Bosons: 
      photons, Higgs bosons ... 

• Fermions: 
      electrons, quarks, protons ... 

• They are quite distinct ! 

• Ordinary symmetries can only map  
                         bosons to bosons  
and 
                       fermions to fermions.



• Supersymmetry maps 
 
                         fermions to bosons  
and 
 
                           bosons to fermions. 

• Quite unusual, but not very super. 

• Somehow the extravagant terminology  
used by the original authors stuck.
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~ infinite gravitational attraction 

• Not observed!
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• Zero point energy of  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~ infinite gravitational repulsion 
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• Supersymmetry guarantees that bosons and 
fermions in our world are arranged so that  
infinite zero point energies cancel.
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ω

SupersymmetricNot quite 
supersymmetric

• in this case ∞−∞ is not exactly zero, but finite.



• Does the world work in this way? 

• Nobody knows. One big motivation to build LHC 
was to see if this is the case.

from CERN webpage



• There's a theoretical suggestion that supersymmetry 
can be realized on the surface of a suitable material 
 
 
 
 
 

• No experimental realization yet,  
but I think it is just a matter of time
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Emergent Space-Time
Supersymmetry at the Boundary
of a Topological Phase
Tarun Grover,1 D. N. Sheng,2 Ashvin Vishwanath3,4*

In contrast to ordinary symmetries, supersymmetry (SUSY) interchanges bosons and fermions.
Originally proposed as a symmetry of our universe, it still awaits experimental verification.
Here, we theoretically show that SUSY emerges naturally in condensed matter systems known as
topological superconductors. We argue that the quantum phase transitions at the boundary of
topological superconductors in both two and three dimensions display SUSY when probed at
long distances and times. Experimental consequences include exact relations between quantities
measured in disparate experiments and, in some cases, exact knowledge of the universal
critical exponents. The topological surface states themselves may be interpreted as arising from
spontaneously broken SUSY, indicating a deep relation between topological phases and SUSY.

Since the 1970s, space-time “supersymmetry”
(SUSY) has been actively pursued by par-
ticle physicists to attack the long-standing

hierarchy problem of fundamental forces (1–4).
Unlike any other symmetry, SUSY interchanges
bosons and fermions and, when applied twice,
generates translations of space and time, which

ultimately leads to the conservation of momentum
and energy (3). But despite sustained effort, SUSY
has yet to be experimentally established in nature.

Here, we theoretically show that certain con-
densedmatter systems display phenomena of emer-
gent SUSY; that is, space-time SUSY naturally
emerges as an accurate description of these sys-
tems at low energy and at long distances, although
the microscopic ingredients are not supersym-
metric. The physical systems we mainly consider
are topological superconductors (TSCs) (5, 6), in
which pairs of fermions, which may be electrons
or fermionic atoms such as helium-3, pair together
in a special way. The resulting state has an energy

gap to fermions in the bulk but gapless excitations
at the surface. We consider the quantum phase tran-
sition at which the surface modes acquire a gap and
establish emergent supersymmetry D = 1 + 1 and
D = 2 + 1 dimensional surfaces (Fig. 1) by using a
combination of numerical and analytical tech-
niques (D denotes the space-time dimensionality).

The study of SUSYat a phase transition point
was initiated in (7), where it was shown that the
1 + 1 dimensional tricritical Ising model, which
can be accessed by tuning two parameters, is su-
persymmetric. A few other proposals that realize
SUSY by fine-tuning two or more parameters
have been made as well (8–11). Here, we require
that SUSY be achievable by tuning only a single
parameter, akin to a conventional quantum critical
point (12). This is crucial for our results to be ex-
perimentally realizable. We also require that our
theory has full space-time SUSY rather than only
a limited “quantum-mechanical” SUSY (13). This
automatically ensures translation invariance in space
and timeandwill lead to experimental consequences,
as we discuss below. Perhaps most interesting, in
contrast to the strategy adopted in (7), our approach
is not restricted to 1 + 1 dimensional theories.

There has been an explosion of activity in the
field of topological phases since the discovery of
ℤ2 topological insulators (TIs) (14–17). We will
focus on a set of closely related phases, the time-
reversal invariant TSCs (5, 6), which include the
well-known B-phase of superfluid helium-3 (18).
These phases exist in both two and three spatial
dimensions (19, 20) and support Majorana modes
at their boundary; the modes are protected by
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Santa Barbara, CA 93106, USA. 2Department of Physics and
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USA. 3Department of Physics, University of California, Berkeley,
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time-reversal symmetry from acquiring an ener-
gy gap. Spontaneous breaking of this symmetry
provides a natural mechanism to gap them out.
For example, electron-electron interactions at the
surface could lead tomagnetic order, which breaks
time reversal symmetry. A natural question is how
the surface modes evolve as the magnetic order
sets in. We will see that space-time SUSY natu-
rally emerges at the onset of magnetic order.

The D = 2 + 1 dimensional TSC, protected
by the time-reversal symmetry, provides the sim-
plest setting to address this question. Whereas the
bulk of the superconductor is gapped, the bound-
ary, a Dedge = 1 + 1 dimensional system, contains
a pair of Majorana modes cR,cL that propagate

in opposite directions. The aforementioned insta-
bility of the edge may be described by introducing
an Ising field f that changes sign under time re-
versal. The action is given by

Sdþ1 ¼ ∫dt ddx 1
2
c∂=cþ 1

2
ð∂tfÞ2 þ

!

v2f
2
ð∇fÞ2 þ r

2
f2 þ gfccþ uf4

"
ð1Þ

with d ¼ 1, c ¼ ½cRcL&
T , and we have used

the conventional Dirac gamma matrices for the
relativistic fermion c ⋅ vf and u are, respectively,
the velocity and self-interaction of f; g is the
coupling between the fermions and f, whereas

r is the tuning parameter for the transition. The
symmetry-broken phase is characterized by f ≠ 0,
which leads to a mass gap gf for the fermions.

The mode count in the action S is favorable
for N ¼ 1 SUSY in D = 1 + 1 (21), with the
bosons f and Majorana fermions c as superpart-
ners. We now show that this is indeed the case by
using a numerical simulation of a D = 1 + 1 lat-
tice model that reproduces the action in Eq. 1 at
low energies. The model is given by

H ¼ −i∑
j

1 − gmzjþ1
2

h i
cj cjþ1 þ Hb

where

Hb ¼∑
j
½J mzj−1=2m

z
jþ1=2 − hmxjþ1=2& ð2Þ

Here, cj is a single Majorana fermion at site j,
whereas the Ising spins mzjþ1=2 sit on bond centers.
When the transverse magnetic field h ≫ 1, 〈mz〉 ¼ 0
and lattice translation symmetry ensures that the
Majorana fermions are gapless. As h decreases,
at some point mz orders antiferromagnetically, lead-
ing to a mass gap for the fermions through the
coupling g, reproducing the field theory in Eq. 1 at
and near the critical point. J tunes the relative
bare velocities between the boson and the fermion
modes, similar to vf in Eq. 1.

We numerically simulate a spin version of
Eq. 2 by using the density matrix renormalization
group (DMRG)method (22).(Fig. 2). At larger h,
a gapless phase is obtained that is separated by a
critical line from a gapped ordered phase at small
h. To characterize the critical theory, consider
crossing the phase boundary along fixed g, say,
g ¼ 0:5, while monitoring the central charge c,
which quantifies the amount of entanglement of a
1 + 1 – D critical system (Fig. 2B). At small h, c
is almost equal to zero, which indicates a gapped
phase. At h > hc ≈ 1:62, the central charge satu-
rates at c ≈ 0:5, indicating that the symmetry is
restored and a gapless Majorana mode is present.
At the transition, h ¼ hc, we find c ≈ 0:7, which
precisely corresponds to the SUSY tricritical Ising

Fig. 1. Supersymmetry in a 3D TSC. Ising magnetic fluctuations (denoted by red arrows) at the
boundary couple to the Majorana fermions (blue cone). When the tuning parameter r < rc, the Ising spins
are ordered, leading to a gap for the Majorana fermions. The critical point that separates the two sides is
supersymmetric, where bosons (Ising order parameter) and Majorana fermions transform into each other.

Fig. 2. Supersymmetry
ina2DTSC. (A) The phase
diagram of the Hamilto-
nian H in Eq. 2, which
realizes theMajorana edge
coupled to Ising magnet-
ic fluctuations in this sys-
tem. At large h, the Ising
spins disorder, and the
counterpropagating Ma-
joranamodes (blue arrows)
remain gapless. As h de-
creases, the ordering of
Ising spins (red arrows)
leads to a gap for the Ma-
jorana modes. (B) The re-
gion of the phase diagram indicated by the black arrows in (A). Plotted is
the central charge c as a function of h for fixed g = 0:5,J = 1. For
h > hc (= 1:62), c equals 1/2, consistent with gapless Majorana modes; for
h < hc, c is 0, which indicates the gapped phase. At the critical point, c is 7/10,

which corresponds to supersymmetric tricritical Ising point. (Inset) von Neumann
entropy S and the Renyi entropies S2,S3 at the critical point, which were used
to deduce the central charge. L is the system size, and l is the size of the
entanglement subsystem.
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• So, it's not clear supersymmetry is in nature or not. 

• I am often asked,  
           "do you think LHC find supersymmetry?"  
or 
           "what would you do if LHC would not find  
            supersymmetry?" 

• Well, I do not care. 



• I'm no Christian nor Buddhist,  
but I like reading books on  
Christian Theology and Buddhist Buddhology. 

• Just in the same way,  
I like thinking about supersymmetry.  
It's interesting to me.



• For me, supersymmetry is interesting  
 
mostly because of its connection with mathematics.



1983:  Donaldson (a mathematician) found that 
by studying the Yang-Mills equation  
describing quantum chromodynamics  
very carefully,  you can understand  
the mathematical properties of  
four-dimensional manifolds  
in exquisite detail.



1983

Donaldson 
theory

Mathematics Theoretical 
Physics



1988:  Witten (a physicist) found that  
Donaldson's results can be thought of as  
a statement about  
supersymmetric Yang-Mills.



1983

Supersymmetric
Yang-Mills

1988

Donaldson 
theory

Mathematics Theoretical 
Physics

(Witten)



1994:  Seiberg and Witten found physically that 
supersymmetric Yang-Mills reduces to 
supersymmetric Maxwell.



Supersymmetric
Maxwell

1994

1983

Supersymmetric
Yang-Mills

1988

Donaldson 
theory

Mathematics Theoretical 
Physics

(Witten)

(Seiberg-Witten)



1994~:  Therefore, to study four-dimensional 
manifolds, you don't have to study  
the Yang-Mills equation which is rather difficult;  
 
You just have to study the Maxwell equation.  
 
This brought a sudden revolutionary 
development in this area of mathematics.



1983

Donaldson 
theory

Mathematics Theoretical 
Physics

Monopole equation

Drastic
Simplification

1994~

Supersymmetric
Maxwell

1994

Supersymmetric
Yang-Mills

1988 (Witten)

(Seiberg-Witten)



Supersymmetric
Maxwell

1994

Supersymmetric
Yang-Mills

1988

2002 Nekrasov (a physicist) 
reformulated this derivation in 
a way understandable to 
mathematicians

Theoretical 
Physics

(Witten)

(Seiberg-Witten)



2003

That reformulation was then 
proved by mathematicians  
Nakajima, Yoshioka; 
Braverman, Etingof;  
Nekrasov, Okounkov

2002 Nekrasov (a physicist) 
reformulated this derivation in 
a way understandable to 
mathematicians

Supersymmetric
Maxwell

1994

Supersymmetric
Yang-Mills

1988 (Witten)

(Seiberg-Witten)



2003

That reformulation was then 
proved by mathematicians  
Nakajima, Yoshioka; 
Braverman, Etingof;  
Nekrasov, Okounkov

2009 Based on these results,  
Alday, Gaiotto and I thought 
more about physics and found 
a mathematical conjecture

Supersymmetric
Maxwell

1994

Supersymmetric
Yang-Mills

1988 (Witten)

(Seiberg-Witten)



2009 Based on these results,  
Alday, Gaiotto and I thought 
more about physics and found 
a mathematical conjecture

2012 The conjecture was  
proven by mathematicians, 
Shiffman and Vasserot; 
Maulik and Okounkov

Supersymmetric
Maxwell

1994

Supersymmetric
Yang-Mills

1988 (Witten)

(Seiberg-Witten)



Theoretical 
Physics

Access the reality 
by means of experiments

Come up with 
random ideas.

Mathematics

Access the platonic reality 
by means of proofs

Come up with 
random ideas.

Supersymmetric 
"Physics"

Experimental 
Physics


