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Abstract

In this thesis we study the AdS5/CFT4 correspondence in the presence of eight super-
charges, which arises from the consideration of the type IIB superstring theory on AdS5×X5
where X5 is a Sasaki-Einstein manifold. There are three approaches to the study, namely the
four-dimensional superconformal field theory on the boundary, the five-dimensional gauged
supergravity in the bulk AdS, and the geometry of the five-dimensional Sasaki-Einstein
manifolds, which we review in turn.
One of the principal problems is to find the R-symmetry in the superconformal algebra. It
can be done in any of the three approaches above, utilizing the maximization of the central
charge a, the minimization of the superpotential P, and the minimization of the volume Z,
respectively. We describe them in detail and study their interrelationship.
During the study the determination of the five-dimensional Chern-Simons coupling in the
AdS5 × X5 spacetime becomes necessary. We will uncover a beautiful topological formula
for it, and match the result with the expectations from the field theory. It constitutes a new
check of the AdS/CFT correspondence.
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Chapter 1

Introduction

In late 1997, Maldacena proposed a conjecture [1] which relates the four-dimensional N = 4 SU(N)
super Yang-Mills theory and the type IIB superstring on the product of the five-dimensional anti de
Sitter (AdS) space and the five-dimensional sphere S 5. Since the four-dimensional theory is believed
to be a conformal field theory (CFT), the relation is often called the AdS/CFT correspondence, which
has been proved to be an extremely fruitful idea.

It was surprising because it relates the purely field theoretical phenomena in four dimensions to
the gravitational ones in five dimensions. It is a partial embodiment of the old idea of realizing the
confining dynamics of four-dimensional gauge theory as the theory of strings. Furthermore, it relates
the limit of large ’t Hooft coupling to the weakly-curved limit of the AdS spacetime, which is a strong-
weak coupling duality. It makes the direct check quite hard because the perturbative region of both
sides do not agree, whereas if accepted, it makes the study of the non-perturbative region possible
through the perturbation of the dual description.

Soon, the conjecture was formulated in a precise way in the works of Gubser, Klebanov and
Polyakov [2] and of Witten [3], and then followed a flurry of exciting works exploring various as-
pects of the correspondence, e.g. the matching of the structure of the gauge invariant operators to the
Kaluza-Klein spectrum on S 5 [4], the extension to orbifold field theories or to other spacetime dimen-
sions, the analysis of slightly non-supersymmetric situation, just to name a few. The results obtained
in a first year and a half can be found in the review [5].

Of these early works, a most important one for us is the study of the D3-branes probing the
conifold by Klebanov and Witten [6]. The near horizon limit is AdS5 × T 1,1 where T 1,1 is an S 1

bundle over S 2 × S 2. There, the gauge theory on the branes cannot be found by direct quantization
of open strings because of the non-orbifold nature of the conifold. A related point is that the gauge
theory becomes superconformal only in the far infrared, and is strongly coupled there. Still, the
presence of eight supercharges allowed the determination of the scaling dimensions, and the dual
gravity description gave a lot of information of the strongly-coupled gauge theory. One of the most
notable extensions was the study of the non-conformal deformation by Klebanov and Strassler [7],
which introduced the holographic dual to the confining gauge theory.

Let us return to the conformal case. Then, the theory is a four-dimensionalN = 1 superconformal
field theory (SCFT) and its gravity dual is governed by a five-dimensionalN = 2 gauged supergravity;
both have eight supercharges. N = 1 SCFTs are in general strongly coupled. As such, the study of
their dynamical properties is a difficult process. However, the presence of a high degree of supersym-
metry and the conformal symmetry should help in the analysis. Indeed, the a-maximization, which
was discovered in 2003 by Intriligator and Wecht [8], allowed us to identify the R-symmetry in the
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2 Chapter 1. Introduction

superconformal algebra from the possible linear combination of global symmetries. The determina-
tion of the R-symmetry is essential because it governs the structure of the SCFT. For example, one
can easily determine the central charge of the SCFT and the scaling dimensions of chiral primary op-
erators from the knowledge of the R-symmetry. Before the discovery of a-maximization, the number
of known four-dimensional strongly-coupled N = 1 SCFTs was quite limited, because in effect we
could only treat SCFTs where the R-symmetry can be identified by its conservation alone. The a-
maximization allowed us to study many previously unexplored SCFTs, and their interesting dynamics
were revealed, see e.g. [9].

It is natural, then, to wonder how the properties of d = 4 N = 1 SCFTs are translated to the
language of N = 2 supergravities in five dimensions. Their relation was studied by Ferrara and
collaborators in [10, 11] soon after Maldacena made the conjecture for the case with maximal super-
symmetry. Since it was before the discovery of the a-maximization, they could not proceed very far,
but one can find the following interesting passage in the conclusion of the paper [10] :

The presence of a scalar potential for supergravities in AdS5 allows to study critical
points for different possible vacua in the bulk theory ... It is natural to conjecture that
these critical points should have a dual interpretation in the boundary superconformal
field theory side.

One of the aims of this thesis is to answer the question. As we will see, the dual interpretation is
precisely the a-maximization as was shown by the author of the thesis in [12] 1.

A remarkable development happened in the study of the AdS5 × X5 compactification, coinciden-
tally with the advances in the SCFTs by means of the a-maximization. X5 needs to be a Sasaki-
Einstein manifold in order to preserve eight supercharges. For a long time, S 5 and T 1,1 are the only
known smooth Sasaki-Einstein metrics in five dimensions. The situation totally changed in 2003,
when a countably-infinite number of new explicit Sasaki-Einstein metrics called Y p,q were found by
Gauntlett, Martelli, Sparks and Waldram [13]. The method to obtain corresponding quiver theories
was also being devised around the same time, and the construction of the Y p,q quiver gauge the-
ory followed in the work by Benvenuti, Franco, Hanany, Martelli and Sparks [14]. Applying the
a-maximization to the quivers thus obtained, they found a complete agreement of the central charge
a and the inverse volume of the Y p,q spaces, which is as it should be from the prescription by Gub-
ser, Klebanov, Polyakov [2] and by Witten [3]. It was a check of the AdS/CFT correspondence for a
countably-infinite family.

Furthermore, Martelli, Sparks and Yau [15, 16] also found a method to find the geometric coun-
terpart to the R-symmetry by a kind of minimization for the volume of Sasakian manifolds. It was
successfully matched to the a-maximization by Butti and Zaffaroni [17] in a somewhat brute-force
manner. To review these interesting developments which happened in the recent few years is another
objective of the thesis.

These results have convincingly shown the importance of five-dimensional Sasaki-Einstein man-
ifolds, just as the heterotic compactification showed that of Calabi-Yau manifolds. Then, one of the
fundamental problems is to carry out the Kaluza-Klein expansion of the ten-dimensional fields on
Sasaki-Einstein manifolds to obtain the five-dimensional Lagrangian on the AdS space. The kinetic
term for the gauge fields was studied by Barnes, Gorbatov, Intriligator and Wright in [18]. It was ex-
tended to the Chern-Simons interactions by Benvenuti, Pando Zayas and the author in [19], in which
we obtained a nice topological formula for the Chern-Simons coefficient. It corresponds to the triangle

1 It might be said that the authors of [10] could have discovered a-maximization long before [8] if they had pursued the
problem they noticed at that time; it exemplifies how the research in general is not straightforward.



3

anomaly under the AdS/CFT correspondence, and it correctly reproduced the result expected from the
field theory dual. The purpose of the thesis is to review these fascinating developments to facilitate
the further exploration of the AdS/CFT correspondence.

Organization of the thesis

The main part of the thesis starts with a more detailed introduction to the Maldacena conjecture in
Chapter 2. Three major players, namely four-dimensional SCFT, supergravity on the five-dimensional
AdS space and the Sasaki-Einstein manifold are briefly introduced in turn. Chapter 3 is a review for the
4d SCFT. The a-maximization is explained and is applied to weakly-coupled SCFTs. Next in Chapter
4, we move to the study of the dictionary established by [2, 3] translating the phenomena in AdS to
those in CFT and vice versa. Then in Chapter 5, we apply the dictionary to the a-maximization and
we will find that it corresponds to the minimization of the superpotential P. We turn to the geometry
of the Sasaki-Einstein manifolds in Chapter 6. Two main topics are the description of the newly-found
Y p,q spaces and the Z-minimization to find the Reeb vector. Chapter 7 consists of the description of
the quiver gauge theory on the D3-branes probing toric Calabi-Yau cones. We treat the Y p,q cases
concretely in detail, and briefly state its extension to the generic toric cones. Most of the description
up to this point is for the study of the R-symmetry from various guises, while Chapter 8 is devoted
to investigate the global internal symmetry as a whole, including their triangle anomalies. We will
explain how one can obtain its counterpart in the AdS space, namely the Chern-Simons coefficient,
via Kaluza-Klein reduction. We then successfully compare it to the field theory expectation. We show,
then, that a-maximization and Z-minimization always agree. We conclude with the summary and the
outlook for further research in Chapter 9. The interrelation of the chapters is summarized in figure
1.1.

The material presented in Chapter 5 is based on the author’s paper [12], while most of the results
in Chapter 8 is taken from the work [19] which is a collaboration of the author with S. Benvenuti and
L. A. Pando Zayas. The other material is taken from various sources. The author hopes that this thesis
might serve as an introductory review to the fascinating subject of the AdS/CFT correspondence in
the presence of eight supercharges.
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Chapter 2

The Maldacena conjecture

2.1 D3-branes on the flat space

Let us consider the type IIB string theory on the flat ten-dimensional Minkowski space, and introduce
a large number, say N, of D3-branes at x4 = x5 = · · · = x9 = 0. In analyzing the system, it is important
to bear in mind that D-branes have two descriptions in string theory. One is as the place where open
strings can have ends, while the other is as the source of the closed strings. These two are connected
by the channel duality of the string theory.

One way to analyze the system is to employ the perturbative viewpoint. Then, the closed string
spectrum is the ones for the flat spacetime, and the D3-branes host the excitations of the open strings.
They interact through joining and splitting of the string worldsheet. The spectrum includes the whole
tower of the massive string states, but when one concentrates on the extreme low energy dynamics of
the system, only the zero modes of the open and the closed strings enter.

On the D3-branes, the open string spectrum is then that of the N = 4 U(N) super Yang-Mills
theory, where the worldsheet modes X0 to X3 provide the gauge fields and X4 to X9 yield the six scalar
fields. In the ten-dimensional bulk there is the spectrum of the type IIB supergravity. The supergravity
sector and the super Yang-Mills sector decouple in the low energy limit, while the coupling among
the fields of the super Yang-Mills remains constant in the limit. Thus, we get the following schematic
decomposition:

D3-branes in flat Minkowski space

=⇒ low energy limit =⇒

interacting super Yang-Mills + decoupled 10d supergravity on flat space. (2.1.1)

Another way of the analysis is to consider the backreaction of the D3-branes to the bulk Minkowski
space. As was briefly mentioned, the D3-branes are the source of the closed string fields. Specifically,
they source the metric g and the self-dual five-form field F5 = dC4 in the type IIB supergravity. Before
moving forward, we need to set up our convention for the metric and the self-dual five-form field. We
normalize F5 to have

∫
F5 ∈ 2πZ. The coupling to the D3-brane is then S =

∫
D3 C4, where the coeffi-

cient is fixed so that eiS should have an unambiguous value. D3-branes are their own electromagnetic
dual, thus one D3-brane should create five-form flux which satisfies the same quantization condition∫

F5 ∈ 2πZ. Thus, the action for F5 is fixed to be

S F5 =
1

8π

∫
AdS×X

F5 ∧ ∗F5 (2.1.2)

5



6 Chapter 2. The Maldacena conjecture

where the self-duality is placed by hand after deriving the equation of motion. We take the action for
the metric to be

1
(2π)7α′4g2

s

∫
√

gR, (2.1.3)

as is customary for ten-dimensional string theory.
In the limit where the string coupling gs is small, the D3-branes have charge and tension propor-

tional to g−1
s , while the coupling constants in the supergravity goes like g2

s . Thus, the effect of one
D3-brane is of order gs, which becomes negligible in the weak coupling limit. However, when one
introduces a huge number N of D3-branes which competes with the small factor gs so that Ngs is kept
constant, the backreaction remains finite.

The supergravity solution corresponding to such a situation is known, and has the following met-
ric:

ds2 = H(r)−1/2dx2
4 + H(r)1/2(dr2 + r2dΩ2

5), (2.1.4)

where dΩ2
5 is the metric of a five-sphere of radius one, and

H(r) = 1 +
4πα′2gsN

r4 (2.1.5)

is a harmonic function on the transverse space (x4, x5, . . . , x9) which is sourced by the presence of the
D-branes. The other nonzero field is the five-form flux which is given by

F5 = (1 + ∗)2πN
vol(S 5)
π3 (2.1.6)

where vol(S 5) is the volume form of the unit five-sphere S 5. H(r) asymptotes to 1 in the limit r → ∞,
which means that the asymptotic infinity of the solution above is the flat ten-dimensional Minkowski
space. In the opposite limit of r → 0, H(r) goes as r−4, which in turn implies the presence of a huge
redshift factor r2dt2 in (2.1.4). Thus, the low energy excitations in this background is either the low
energy waves propagating in the flat background, or the modes trapped in the ‘near horizon’ region
r ∼ 0. In the latter, the energy in their proper coordinate system is of order one but the redshift factor
renders it small. Their interaction itself remains finite. Schematically one obtains the decomposition

D3-branes as the supergravity background

=⇒ low energy limit =⇒

interacting modes in the near horizon region+

decoupled 10d supergravity on flat space. (2.1.7)

Let us assume the left hand sides of (2.1.1) and (2.1.7) describes the same physics through open-
closed duality. Then one can equate their right hand sides, and one arrives at the conjecture

interacting super Yang-Mills on the brane

= interacting modes in the near horizon region. (2.1.8)

The r → 0 limit of (2.1.4) is

ds2

L2 =

(
u2dx2

4 +
du2

u2

)
+ dΩ2

5 (2.1.9)



2.2. Translation of parameters 7

where
L4 = 4πα′2gsN (2.1.10)

determines the length scale. The terms in the parentheses in (2.1.9) are the metric of the five-
dimensional Anti de Sitter (AdS) space, while the other term describes S 5 with constant radius.

Thus we get a conjectured equivalence

N = 4 SU(N) super Yang-Mills = type IIB string on AdS5 × S 5. (2.1.11)

This is the celebrated conjecture of Maldacena [1]. What we provided above in deriving the conjecture
is a very crude version of the original one, which was based on many concrete calculations on e.g.
the greybody factors of the D3-branes from the viewpoints both of the open string and the closed
string. Let us proceed to see how the parameters and the symmetry match on the both sides. Detailed
prescription for checking this conjecture will be laid out in chapter 4.

2.2 Translation of parameters

Let us discuss briefly how the parameters on both sides should correspond. The N = 4 SU(N) super
Yang-Mills theory has two parameters, namely the number of colors N and the gauge coupling g,
while on AdS5 × S 5 side one has the number N of the flux through S 5 and the string coupling gs. The
curvature radius is fixed by (2.1.10). Recalling that the gauge coupling arose from the open string
scattering, one has gs = g2. As for N, the number of colors is the number of D-branes, which turns
into the number of flux through S 5, so that two N on both sides should be equated.

Let us investigate more closely. In the gauge theory side it is convenient to employ the double line
notation introduced by ’t Hooft to do the perturbative calculation. Then the diagrams can be thought
to be drawn on a Riemann surface, and the perturbative series can be reorganized so that the string
coupling constant which counts the genus of the double-line diagram is 1/N and that the worldsheet
coupling is given by λ = g2N. On the gravity side, the string coupling constant is none other than
gs and the worldsheet coupling is determined by the spacetime curvature 1/L4 ∝ λ−1. Although the
Maldacena conjecture can be thought of as the realization of the idea by ’t Hooft of relating four-
dimensional Yang-Mills theory to a theory of strings [20], the worldsheet structures on the both sides
is totally different, because the worldsheet coupling constants are inversely proportional to each other.
It is a strong-weak coupling duality.

This is both a blessing and a misfortune at the same time. It makes the direct check of the conjec-
tural duality quite difficult, because the perturbative regions on both sides do not agree, while if one
believes the consistency of the string theory and the argument presented above, it provides a way to
analyze strongly-coupled dynamics of the gauge theory using the weakly-coupled gravitational theory,
or vice versa.

Before moving to the next section we need to mention the varying opinion on the validity of the
conjecture. The argument which led to the conjecture used various intuition on the weakly coupled
system. Thus it can be generally assumed that the conjecture holds when both sides reduces to the
genus zero part of the dynamics, which requires taking N → ∞ and g2 → 0 while λ = g2N is kept
fixed. The conjecture in this parameter region is sometimes called the weak form of the conjecture,
and that in the finite N region is called the strong form. The literature on the check of the weak form
of the conjecture is extremely vast, while that for the strong form is relatively few. In this thesis we
will only treat the weak form of the conjecture, that is, we always assume that we are taking the large
N limit.
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2.3 Matching of symmetries

Before taking the low energy limit, the system has the Poincaré symmetry acting on the coordinates
x0, . . . , x3. It also has the SO(6) symmetry which rotates x4, . . . , x9. From the viewpoint of the N = 4
super Yang-Mills, it is the SU(4)R ' SO(6) R-symmetry. These two symmetries exist before taking
the low energy limit.

The near horizon limit makes the spacetime to AdS5. This is a homogeneous space with isometry
SO(4, 2) which includes the Poincaré symmetry. Thus the conjecture above predicts the existence of
SO(4, 2) symmetry in the low energy limit of the open string theory on the D3-branes. An important
fact here is that the four-dimensional conformal symmetry is precisely the group SO(4, 2). Thus it
predicts that the low energy limit will be a conformal field theory (CFT). The conjecture by Maldacena
is often called the AdS/CFT duality from this reason.

Indeed, when one throws away all the massive modes, the open strings form theN = 4 super Yang-
Mills theory, which is classically conformal. One can check easily that the one-loop beta function
vanishes, and it is proved that the beta function is zero to all order in perturbation theory. It is also
believed that the scale invariance persists even to the non-perturbative level. Thus, on both sides of the
open-closed duality the low energy limit leads to the enhancement of the spacetime symmetry from
the Poincaré symmetry to SO(4, 2).

One can also compare the supercharges on both sides. Firstly let us analyze the situation before
taking the limit. The type IIB superstring has 32 supercharges, while the introduction of parallel D3-
branes breaks the supersymmetry in half, resulting in the presence of remaining 16 supercharges. On
the open string side,N = 4 supersymmetry means that there are four times the number of supercharges
in a spinor of SO(3, 1), which has four real components. Then four times four matches 16 in the
counting above. On the closed string side with the brane solution (2.1.4), the number of unbroken
supertransformation in the background can be counted, given the supersymmetry transformation law
of the gravitino and the dilatino. One can check a half of the supersymmetry remains.

Let us move on to the system after taking the low energy limit. As will be explained in detail
in section 3.1.2, the existence of the conformal symmetry doubles the number of supercharges, thus
there are 32 supercharges. On the closed string side, one can check that in the AdS5 × S 5 limit
the spacetime curvature term in the supersymmetry transformation law is precisely canceled by the
contribution from the self-dual five-form flux. Thus there are 32 supercharges also on the gravity side.
TheN = 4 supersymmetry algebra is enhanced to theN = 4 superconformal symmetry SU(2, 2|4) on
both sides, which includes the internal SU(4)R ' SO(6) symmetry.

2.4 D3-branes on the cone

Vast literature exists in which the conjectured duality between the N = 4 super Yang-Mills and the
type IIB superstring on AdS5 × S 5 is studied in great detail. We would like to move on in another
direction, by slightly modifying the starting point of the duality, namely the D3-branes in the flat
space. Instead, let us consider a space of the form

ds2 = dx2
4 + (dr2 + r2dΩ2

5) (2.4.1)

where dx2
4 is the metric of the flat four-dimensional Minkowski space and dr2 + r2dΩ2

5 is the metric
of a conic Ricci-flat six-dimensional space Y6, see figure 2.1. dΩ2

5 = gmndxmdxn is the metric for the
five-dimensional angular part X5. The Ricci-flatness of the cone leads to the condition

R(5)
mn = 4g(5)

mn. (2.4.2)
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X :Sasaki-Einstein 

Y :Calabi-Yau 

D3 at the tip 

×

(1+3)d 1d 5d

× ×× ×

Quiver theory on
the brane

IIB gravity
on AdS x X=

Figure 2.1: Schematic description of the Maldacena conjecture

The proportionality constant 4 is determined by the condition that the angular part X5 is the slice of
the cone at the radius r = 1. Ricci flatness ensures that the metric above is the solution of the equation
of motion of the type IIB supergravity with all other fields being zero.

Now consider the introduction of a huge number of D3-branes at the tip r = 0 of the cone. It is
not clear a priori whether it makes sense to put D3-branes to such a singular point, but for the orbifold
singularity it is known that one can consistently define the D3-branes at the singularity, and that one
can find the perturbative open string spectrum on them. It is also known that one can analyze branes
on a non-orbifold singularity. Let us move on, for now, assuming that such a system is well-defined
as a string theoretic system.

Then the analysis in section 2.1 goes through almost unmodified. Indeed, (2.1.4) is still the super-
gravity solution for the stack of D3-branes, with the understanding that dΩ5 is now the metric of X5.
One can take the near horizon limit as before, and we obtain the space AdS5 × X5, with N units of the
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self-dual five-form flux through X5. Thus the following conjectural equivalence emerges:

Low energy theory on the D3-branes at the tip of the cone Y6

= the type IIB superstring theory on AdS5 × X5 with flux. (2.4.3)

One point which later becomes important is that the relation (2.1.10) relating gs, N and the curvature
radius L depends on the volume of X in the form

L4 =
4π4α′2gsN

Vol(X5)
(2.4.4)

where Vol(X5) is the volume of X5. Let us next look into some of the examples.

2.4.1 Orbifolds

Firstly one can take an orbifold R6/Γ as the six-dimensional cone Y6, where Γ is a discrete subgroup
of the rotation SO(6). If Γ ⊂ SU(2) ⊂ SO(6) then there remains N = 2 supersymmetry, and if
Γ ⊂ SU(3) ⊂ SO(6) there is N = 1 supersymmetry in four dimensions. There remain 8 and 4
supercharges, respectively.

On the gravity side the near horizon limit becomes AdS5 × S 5/Γ. In this limit the number of un-
broken supercharges doubles, which results in the remaining 16 or 8 supercharges, depending whether
Γ is in SU(2) or SU(3).

On the gauge theory side, one can easily determine the zero modes on the D3-branes on the tip. It
uses the method first spelled out in the reference [21], by introducing as many D3-branes as the order
#Γ of the orbifolding group Γ on the covering space R6 and specifying the action of Γ on the Chan-
Paton indices as that of the regular representation of Γ. The result is a so-called quiver gauge theory,
with #Γ of SU(N) gauge groups and many bifundamental fields which transform in the fundamental
representation under one of the gauge groups and in the anti-fundamental representation under another
of them. One finds that the perturbative beta function still vanishes in these cases, and one expects
that the theory is superconformal. The existence of the conformal symmetry doubles the number of
supercharges, thus we get the matching of the number of supercharges between the open- and the
closed- string description of the duality.

Let us see an example. Combine six real coordinates x4,. . . ,x9 in three complex coordinates z1,2,3,
and take an action of Z2 generated by

(z1, z2, z3)→ (−z1,−z2, z3), (2.4.5)

which is in SU(2) ⊂ SO(6). We expect to get anN = 2 super Yang-Mills theory, and indeed perturba-
tive quantization of the open string leads to the following zero mode spectrum in theN = 1 superfield
formalism:

• W (1,2)
α : two SU(N) gauge multiplets,

• Φ(1,2): two chiral superfields in the adjoint representation of the respective SU(N) gauge group,

• A1,2: a doublet of chiral superfields transforming in the fundamental under the first SU(N) and
in the anti-fundamental under the second SU(N) gauge group, and finally

• B1,2: another doublet in the anti-fundamental under the first and in the fundamental under the
second SU(N) gauge group.
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Φ1

Φ2A1,2

B1,2
Figure 2.2: Quiver diagram of the Z2 orbifolded theory.

Fields like A1,2 or B1,2 are called the bifundamental fields. In the N = 2 formalism W (i)
α and Φ(i)

combine to form an N = 2 vector multiplet, while Ai and Bi combine to form two hypermultiplets.
The superpotential is determined from the N = 2 supersymmetry to be

W =
∑
i=1,2

(tr AiΦ(1)Bi + trΦ(2)AiBi). (2.4.6)

The description becomes the more tedious the more complicated the orbifold action is, hence we
introduce a diagrammatic notation as in figure 2.2. There, the nodes denote the SU(N) gauge groups,
and the arrow between two nodes represent the bifundamental chiral superfields. The corresponding
field transforms as the fundamental under the gauge group in the head of the arrow, and as the anti-
fundamental under that in the tail. The arrow which comes back to the same node represents an adjoint
chiral superfield of that gauge group. The presence of many arrows in the diagram is the origin of the
name ‘quiver gauge theory’.

For the N = 4 SU(N) super Yang-Mills theory, the relation between the six scalar fields Φ1,...,6

and the transverse position of the D3-branes is rather direct. When all the adjoint fields take diagonal
vacuum expectation values (vevs), the F-term condition is automatically satisfied, and thus they de-
scribe the position of N points in the space R6 transverse to the D3-branes, spanned by x4, . . . , x9. The
remaining gauge degree of freedom acts on the diagonal matrices as the Weyl group SN permuting
the N diagonal entries, which means these N D3-branes are indistinguishable.

For the N = 2 SU(N) theory things are not as direct. Let us assume that all fields are diagonal,
then one can treat each field as a number and the resulting vacua is the N-fold product of the vacuum
manifold for the N = 1 case divided by SN . The F-flatness conditions can be solved by the equations

Φ(1) = −Φ(2), A1 = B2, A2 = B1. (2.4.7)

At this level the solution is parametrized by (Φ(1), A1, A2) ∈ C3. There is, however, a remaining gauge
transformation which leaves the equations (2.4.7) invariant, namely 1 ∈ U(1) for the first node and
−1 ∈ U(1) for the second node. It acts on C3 by

(Φ(1), A1, A2) 7→ (Φ(1),−A1,−A2), (2.4.8)

which agrees with the action presented in (2.4.5). Thus we found that the moduli of the theory contains
(C3/Z2)N/SN , which is as it should be as the system of N D3-branes probing the transverse space
C3/Z2. The explanation above goes logically backwards in a sense, since the orbifold projection in
the quantization of the open strings is implemented so that the resulting moduli space should be the
orbifold we started. Nevertheless, we preferred to phrase the exposition in this way since we hoped it
illustrates the principle that the supersymmetric gauge theories which is dual to the geometry should
have the N-fold product of the original geometry as the moduli space.
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A1,2

B1,2
Figure 2.3: Quiver diagram for the conifold theory.

2.4.2 Non-orbifold models

Let us next move on to the non-orbifold cases, which is one of the main topics of this thesis. In
order to have a supersymmetric system, we demand the cone Y6 to be Calabi-Yau, which means
that the holonomy group of the manifold reduces to the subgroup SU(3) of the generic SO(6). The
six-dimensional spinor representation 4 decomposes as 3 + 1 under SU(3). Then, for a Calabi-Yau
manifold one fourth of the original supersymmetry remains. Taking into account the presence of D3-
branes, one sees that there exists four supercharges in the system. In passing, we would like to remark
that one can get eight remaining supercharges if the holonomy reduces further down to SU(2) to have
a hyperkähler cone. It is known however, that such a cone is always an orbifold of the form R2×C2/Γ

where Γ ⊂ SU(2) is one of the discrete subgroups classified by its ADE type.
A manifold X5 is called Sasaki-Einstein if the cone over it is a Calabi-Yau cone. Thus, given a

Sasaki-Einstein manifold, we get a conjectural duality between the theory on the D3-branes on the tip
and the type IIB superstring on AdS5 × X5. We will see the property of the Sasaki-Einstein manifolds
in more detail in chapter 6. Here we will touch one of the examples.

Prior to the publication of [13] in 2004, there were only one five-dimensional Sasaki-Einstein
manifold with the explicitly known metric except S 5, which is called T 1,1. It is an S 1 bundle over
S 2 × S 2, and has the isometry group SU(2)1 × SU(2)2 × U(1). The SU(2)i acts as the rotation of two
S 2, while U(1) acts as the shift of the coordinate of the circle fiber. The cone over it is Calabi-Yau,
and thus has a natural complex structure. It can be described by the equation

x2 + y2 + z2 + w2 = 0. (2.4.9)

The manifold is called the conifold in the string theory literature, and is the local form of one of the
simplest singularities that can occur in a compact Calabi-Yau manifold.

The gauge theory on a stack of D3-branes probing the tip of the conifold was constructed in [6]
and it has the gauge theory with matter content depicted in figure 2.3, and the superpotential is

W = εi jεab tr AiBaA jBb. (2.4.10)

Let us see how the gauge theory has the properties that match with that of the conifold. SU(2)1 and
SU(2)2 act on the index i of Ai and Bi respectively, and the remaining U(1) acts as the R-symmetry
where the R-charge of the bifundamentals is uniformly 1/2, so that the superpotential has the R-
charge two. Thus the global symmetries match. Furthermore, the moduli space of the gauge theory
reproduces the conifold. Indeed, by taking the bifundamentals to be diagonal, one sees that the F-
flatness condition becomes trivial. Let the entries in the diagonal be denoted by a1,2 and b1,2. One
still needs to mod this out by the gauge group, which can be effectively done by forming the gauge
invariant observables. They are generated by the combinations

s = a1b1, t = a1b2, u = a2b1, v = a2b2, (2.4.11)



2.4. D3-branes on the cone 13

with one constraint
sv = tu. (2.4.12)

One can easily see two equations (2.4.9) and (2.4.12) describe the same hypersurface, which was to
be shown.

The quiver diagrams fig. 2.2 and fig. 2.3 have many similarities. They share the same global
symmetry SU(2) × SU(2) × U(1), and indeed the latter can be obtained by adding a mass term

m(trΦ(1)2 − trΦ(2)2) (2.4.13)

to the Lagrangian of the former and integrating out the adjoint superfields Φ(1,2). The process has
a counterpart in the geometry. Namely, S 5/Z2 and T 1,1, when divided by the U(1) symmetry yield
CP2/Z2 and CP1 × CP1, respectively. The Z2 orbifold singularity can be blown up to yield the Hirze-
bruch surface F2, which is topologically S 2 × S 2. Thus the transition from S 5/Z2 to T 1,1 is done by
the blowing up, which is done in the language of the string theory by giving a vev to the twisted sector
fields of the orbifold, which can be identified with the operator (2.4.13).

There is a vast literature studying this pair of the gauge theory and the gravity background, includ-
ing the deformations thereof. The papers [13] and [14] changed the landscape of the field altogether.
The first paper constructed a countably-infinite number of new explicit Sasaki-Einstein metrics in five
dimension known as the Y p,q spaces, and the second paper constructed corresponding quiver gauge
theories. Later, students of the field conducted many consistency checks of the duality, of which the
result contained in this thesis is one. Before proceeding in the direction mentioned, we first need to
make a preparation of fundamentals in more detail.
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Chapter 3

Properties of SCFT4

The aim of this chapter is to collect important facts about the superconformal algebra in four spacetime
dimensions. A lucid exposition on what was known before the discovery of the a-maximization can
be found in the report [22]. As for the a-maximization, the definitive reference is still the original
article [8].

3.1 Algebras

3.1.1 Conformal algebra

A diffeomorphism f of a manifold is called a conformal transformation if it changes its metric only
by an overall factor, i.e.

gµν(x)→ f ∗gµν(x) = eω(x)gµν(x) (3.1.1)

for some function ω(x). Thus it includes any isometry of the manifold. For the Minkowski space
Md−1,1 it includes the inversion,

inv : xµ 7→ xµ/(xµxµ) (3.1.2)

It is known that in dimension d > 2, the Poincaré symmetry and the inversion generates the whole
conformal symmetry.

The conformal algebra includes the translation Pµ and the Lorentz rotation Mµν from the isometry.
It also includes

Kµ = inv · Pµ · inv, (3.1.3)

called the special conformal transformation. Additionally, there is a scalar operator D which is the
generator of the dilation

xµ 7→ αxµ. (3.1.4)

Nonzero commutators, in addition to the ones in the Poincaré symmetry, are

[D, Pµ] = −iPµ, (3.1.5)

[D,Kµ] = +iKµ, (3.1.6)

[Mµν,Kρ] = −i(ηνρKµ − ηµρKν), (3.1.7)

[Pµ,Kν] = −i(2ηµνD + 2Mµν). (3.1.8)

D, Pµ, Kµ and Mµν are all Hermitian.

15
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Let us introduce labels M,N, . . . which runs in the range +, −, and 0 to d−1, and rename operators
as follows:

Ωµν = Mµν, Ω+− = D, Ωµ± =
1
2

(Pµ ± Kµ). (3.1.9)

The operators ΩMN satisfy the commutation relation of SO(d, 2), with the indices + and 0 correspond
to the timelike directions and and the rest spacelike. In the following we only treat the case d = 4.
The algebra SO(4, 2) is isomorphic to SU(2, 2).

3.1.2 Superconformal algebra

The N-extended superconformal algebra is the algebra generated by the conformal algebra and the
N-extended supersymmetry. The latter incorporates the fermionic generators Qi

α for i = 1, . . . ,N and
the anticommutators are

{Qi
α,Q

† ̄

β̇
} = 2δi ̄σ

µ

αβ̇
Pµ. (3.1.10)

Combination with the conformal algebra leads to the presence of further supercharges S i
β̇

which come

from the commutation of Kµ and Qi
α. The U(N) R-symmetry T i ̄ is also generated where the indices

i and ̄ transform under the U(N) symmetry in the fundamental and the anti-fundamental representa-
tions, respectively. We denote the U(1)R ⊂ U(N)R part by R = T iı̄/N .

The nonzero commutation relations, which are not fixed by the super-Poincaré and SU(N)R sym-
metry alone, are

[D,Qi
α] = −

i
2

Qi
α, [D, S i

β̇
] = +

i
2

S i
β̇
, (3.1.11)

[R,Qi
α] = −Qi

α, [R, S i
β̇
] = +S i

β̇
, (3.1.12)

[Kαβ̇,Q
i
γ] = 2iεαγS i

β̇
, [Pαβ̇, S

i
γ̇] = 2iεβ̇γ̇Qi

α, (3.1.13)

while the extra anti-commutators are

{S i
β̇
, S † ̄α} = 2δi ̄σ

µ

β̇α
Kµ, (3.1.14)

{Qi
α, S

† ̄
β} = δ

i ̄εαβ(2iD − NR) + δi ̄Mαβ + 4εαβT i ̄. (3.1.15)

The relation (3.1.15) is fixed by the Jacobi identity, say,

[Q, {S †,Q†}] + [S †, {Q†,Q}] + [Q†, {Q, S †}] = 0. (3.1.16)

The algebra is isomorphic to the superalgebra SU(2, 2|N), with its bosonic part SU(2, 2) × SU(N)R ×

U(1)R. The U(1)R generator acts on C2,2|N as the matrix

diag(N , . . . ,N︸     ︷︷     ︸
4 times

| 4, . . . , 4︸  ︷︷  ︸
N times

) ∈ SU(2, 2|N) (3.1.17)

which is proportional to the identity if N = 4. Thus the U(1)R decouples from the superconformal
algebra for N = 4. It can also be seen by contracting (3.1.15) with δi ̄. Indeed, the U(1) R-symmetry
appears with coefficient N(4 − N) in the contraction, which vanishes for N = 4. When the N = 4
algebra is decomposed with respect to the N = 1 subalgebra, the U(1)R symmetry of the subalgebra
will be an element of the Cartan subalgebra of SU(4)R. In the rest of the thesis, we only treat N = 1
superconformal algebra. Then, (3.1.15) simplifies to

{Qα, S †β} = εαβ(2iD + 3R) + Mαβ. (3.1.18)
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3.2 Multiplets

3.2.1 Unitary representations of the conformal symmetry

The Hilbert space of a conformal field theory is acted by the conformal group. The gauge invariant
part of the Hilbert space, in particular, should have a decomposition into the direct sum of positive
energy irreducible unitary representations (irreps) of the conformal group. Thus it is of fundamental
importance to find which kind of irreps is possible, just as in the ordinary field theory. There, the
classification of the irreps of the Poincaré group is the first step in the analysis of the theory. The
determination of the unitary irreps of the conformal algebra was carried out in detail in [24]. We
present only the summary in the following.

Consider an irrep of the conformal algebra, and decompose it under the subgroup SO(4)×SO(2) ⊂
SO(4, 2), where SO(2) is generated by the dilatation D. The off-diagonal components of SO(4, 2) can
be arranged to constitute the raising and lowering operators. Denote them by P′m and K′m respec-
tively, where m is the index of the vector under SO(4). P′m and K′m are Hermitian conjugates of each
other. The positivity of energy can be used to show that the dilatation eigenvalue, or the dimension
d, is bounded below. Application of the lowering operators eventually leads to the lowest dimension
operators in the irrep, which is annihilated by them. They are called the conformal primary states.

Then any states in the irrep with higher dimension, called the descendant states, can be constructed
from the primary states by the repeated action of the raising operators. The action of the conformal
group on the primaries and descendants is determined by the SO(4) × SO(2) representation of the
primaries. Thus any unitary positive energy irrep is labeled by the dimension d and the two spins s1, s2
for SO(4), and the label specifies the irrep uniquely if existed. Let us denote such a representation by
D(d; s1, s2).

Not all of such label is allowed as a unitary representation, because for a certain combination of d,
and s1,2, the commutation relation necessarily leads to the existence of the negative norm states. For
example, for an irrep D(d; 0, 0) with lowest weight vector |v〉 of norm one, the vector P′mP′m|v〉 in the
level two state necessarily has the norm 8d(d−1). Thus, d = 0 or d ≥ 1 is required for the positivity of
the Hilbert space. Moreover, P′mP′m|v〉 = 0 if d = 1, because its norm is zero. Since P′mP′m is roughly
the d’Alembertian, it implies that |v〉 is a free field. Similar analysis can be carried out for other irreps,
and the end result is that the representation D(d; s1, s2) exists as a unitary representation if and only if

1. d = s1,2 = 0, which is the vacuum representation, or
2. s1s2 = 0, d ≥ s1 + s2 + 1, or
3. s1s2 , 0, d ≥ s1 + s2 + 2.

3.2.2 Unitary representations of superconformal symmetry

For a superconformal theory, the decomposition of the Hilbert space into the irreps of the superconfor-
mal group consists the first step of the analysis, which was carried out in the papers [25, 26]. It can be
done by employing the decomposition further into the irreps of the conformal group. The references
[23, 27] contain a clear exposition of the results. We present the N = 1 case only.

The N = 1 superconformal group SU(2, 2 | 1) contains SO(4) × SO(2)D × U(1)R as a maximal
subgroup. Extra elements of the superconformal group can be arranged in the raising and lowering
operators as before. The states with lowest dimension in an irrep is called the superconformal primary
states, and the representation they form under the subgroup SO(4) × SO(2)D × U(1)R determines the
irrep uniquely. Let us label them by D(d; s1, s2; r). They can be decomposed into the sum of irreps
of SU(2, 2) which are connected by the action of S and Q operators. Denote the raising and lowering
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fermionic operators schematically by Q′a, Q′ȧ, S ′a and S ′ȧ, respectively. They are linear combinations
of the unprimed counterparts.

The representationD(d; s1, s2; r) is unitary if and only if
1. d = r = s1,2 = 0, which is the vacuum, or
2. d ≥ 2s1 −

3
2 r + 2 and d = +3

2 r for s1 ≥ 0 and s2 = 0, or
3. d = −3

2 r and d ≥ 2s2 +
3
2 r + 2 for s1 = 0 and s2 ≥ 0, or

4. d ≥ 2s1 −
3
2 r + 2 and d ≥ 2s2 +

3
2 r + 2.

When the inequality is saturated in the case 2 and 3, the field becomes free. In the case 4, the
multiplet becomes shorter when any of the equality is attained.

One representation which will be our focus later is the case 2 with s1 = s2 = 0. Suppose a
superconformal primary state |v〉 is spinless. Then, the positivity of the norm of Q′a|v〉 implies

D ≥
3
2

R, (3.2.1)

which follows when one applies the commutation relation (3.1.15). The inequality is saturated if Q′a|v〉
vanish. We assumed that |v〉 is a superconformal primary, thus S ′a|v〉 = S ′ȧ|v〉 = 0. Since Qα is a linear
combination of S ′a and Q′a, we obtain Qα|v〉 = 0. The state annihilated by Qα is called chiral, so |v〉 is
called the chiral primaries. For them, the dimension D and the R-charge R is related by the equation
D = 3R/2.

Another important representation is D(2; 0, 0; 0) which contains a dimension-two scalar and a
conserved current. It satisfies the shortening condition in the case 4 above, and the shortening is
the direct consequence of the conservation of the current. The dimension of the scalar field is thus
protected to be exactly equal to two.

3.3 Central charges

A particularly important quantity characterizing a conformal field theory in any spacetime dimension
is the central charge. For two-dimensional conformal field theories, the central charge c is defined to
be the leading coefficient for the operator product expansion (OPE) of the energy momentum tensor
with itself

T (z)T (0) ∼
c

2z4 +
2
z2 T (0) +

1
z
∂T (0) + · · · . (3.3.1)

c is positive for unitary theories, adds up if we combine two decoupled CFTs, and is 1 for the free
CFT with one bosonic scalar field. Thus c can be said to ‘count’ the number of freedom in CFT. It can
also be measured by the trace anomaly caused by the coupling to the external gravitational field, i.e.

〈T µ
µ 〉 = −

c
12

R (3.3.2)

where R is the scalar curvature of the metric. Furthermore, in two dimensions one can relate the
central charge c defined above to the asymptotic density of states using the modular invariance of the
torus partition function with the result

log #(states with dimension D ) ∝
√

cD. (3.3.3)

Thus in two dimensions there is a direct connection with the central charge c to the asymptotic density
of states.
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The analysis in higher dimensional conformal theory of the central charge as defined by the trace
anomaly in an external metric was done e.g. in reference [28], where it was shown that 〈T µ

µ 〉 is a linear
combination of the Euler density and of the scalar quantities constructed from the Weyl tensor.

Here the Euler density E in 2d spacetime dimensions is defined by

E(2d) ∝ ε
i1 j1···id jdεk1l1···kdld Ri1 j1k1l1 · · ·Rid jdkdld , (3.3.4)

and the Weyl tensor Wi jkl is defined by subtracting trace parts from the Riemann curvature tensor so
that any contraction of two indices gives zero. Earlier results concerning the Weyl anomaly in various
dimension was lucidly summarized in [29]1.

Thus in four dimensional conformal field theory there are two central charges c and a defined as
the coefficients appearing in the equation

〈T µ
µ 〉 =

c
16π2 (Wµνρσ)2 −

a
16π2 E(4) (3.3.5)

where

E(4) =
1
4
εµ1ν1ν2ν2ερ1ρ1ρ2σ2Rµ1ν1ρ1σ1Rµ2ν2ρ2σ2 . (3.3.6)

Let us next discuss the case for the N = 1 superconformal theory in four spacetime dimensions.
Now the energy-momentum tensor is combined with the R-symmetry current and the supertranslation
current to form the supercurrent Rαα̇, whose lowest component is the R-current itself. In references
[30, 31, 32, 33] it was shown that the anomaly for Rαα̇ by the external fields can be summarized by
the equation

D̄α̇Rαα̇ =
1

24π2 (cW2 − aΞ) (3.3.7)

whereW, Ξ are the superfields which contain the Weyl tensor and the Euler density in the appropriate
places. The same problem was studied from the component formalism in [34] in which the three-point
correlator of the supercurrent

〈Rµ(x1, θ1, θ̄1)Rν(x2, θ2, θ̄2)Rρ(x3, θ3, θ̄3)〉 (3.3.8)

was found to be expressible in a linear combination of two superconformal invariants.
The discussion above implies that the central charges a and c for a superconformal theory is a

linear combination of U(1)3
R and U(1)R-gravity-gravity anomalies. The coefficients can be fixed by

considering the CFT consisting of free chiral and vector multiplets, with the result

a =
3

32
(3 tr R3 − tr R), c =

1
32

(9 tr R3 − 5 tr R). (3.3.9)

Here tr R3 and tr R denote the coefficient of the respective three point functions of currents, normalized
so that they equal for renormalizable theories to the trace of charge matrix over the label for the Weyl
fermions.

1 It seems to us that their result assumes that the conformal theory at least has CP symmetry in order to eliminate the
parity odd operators from appearing in the anomaly. Many of the theories we treat in this thesis are not invariant under
parity, but they all have the invariance under CP. Thus, the analysis presented here is applicable.
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3.4 a-maximization

Let us consider an N = 1 SCFT in four dimensions with global internal symmetries in addition to
the superconformal symmetry. Let us denote by JµI , (I = 1, 2, . . . , nV ), the currents of non-anomalous
global symmetries of the theory and by QI corresponding charges. We demand the charges QI to be
integral, so that JI can be coupled to external U(1)nV connections as follows:

S → S + JµI AI
µ + · · · . (3.4.1)

Some of them may rotate the supercoordinates θα. Let the charges of θα under the global symmetry
QI be given by P̂I:

θα −→ eiφI QIθα = eiφI P̂Iθα (3.4.2)

It corresponds to the commutation relation

[QI ,Qα] = −P̂IQα. (3.4.3)

A global symmetry tIQI which commutes with θα is called a flavor symmetry. The condition is given
by

tI P̂I = 0. (3.4.4)

Global symmetries, even if they are non-anomalous, may have chiral anomalies among them. This
can be expressed by saying that the gauge transformation of the external U(1)N gauge field will have
gauge anomaly given by the descent construction starting from the anomaly polynomial

1
24π2 ĉIJK F IFJFK (3.4.5)

where F I = F I
µνdxµ ∧ dxν/2 is the curvature two-form of the I-th external U(1) gauge field. The

constants ĉIJK are given by
ĉIJK = tr QIQJQK (3.4.6)

where the trace is over the labels of the Weyl fermions of the theory as before. There may also be
gravitational anomaly given by

ĉIF I tr RR (3.4.7)

where R is the curvature two-form of the external metric.
The U(1)R symmetry RS C which appears in the anticommutator (3.1.18) of the supertranslation

Qα and the special superconformal transformation S α is a particular combination of global symmetries
QI so that

RS C = rIQI . (3.4.8)

We normalize rI so that the charge of θα under rIQI be one, that is, rI P̂I = 1. We call RS C the
superconformal R-symmetry if emphasis is necessary. Any symmetry which rotates the supercharge
is called an R-symmetry in the literature on supersymmetric theories, thus some care in the distinction
is required.

RS C can be used to uncover many physical properties of the theory considered, as was discussed
in the previous subsections. One is that the dimension and the R-charge of the scalar chiral primary is
proportional, see (3.2.1). Another relation is with the central charges of the theory, see (3.3.9).

Suppose that some high-energy description of the (possible) SCFT is given. One can identify
the non-anomalous symmetry and can calculate ĉIJK by the application of ’t Hooft’s anomaly match-
ing. The charges P̂I of θα under QI will also be easily determined. Then, the basic problem is the
identification of the superconformal R-symmetry RS C = rIQI .
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Here comes the brilliant idea first introduced by Intriligator and Wecht[8]. Let QF = tIQI be a
flavor symmetry, i.e. tI P̂I = 0, or [QF ,Qα] = 0. They showed that the triangle diagram with one QF

and two RS C insertions can be mapped, by using the superconformal transformation, to the triangle
diagram with QF and two energy-momentum tensor insertions. One way to express this is by the
Konishi current KF [35] which is the supersymmetric completion of the flavor current JF . Its anomaly
in the presence of external supergravity sources is known to be

D̄2KF =
kF

384π2W
2 (3.4.9)

whereW is the same multiplet which appeared in (3.3.7). When expanded, it implies that the magni-
tude of the QF-R-R anomaly and of the QF-T µν-T µν anomaly is determined by a unique constant kF .
Another way to give the same argument is that the three point function

〈KF(x1, θ1, θ̄1)Rµ(x2, θ2, θ̄2)Rν(x3, θ3, θ̄3)〉 (3.4.10)

in a superconformal field theory is determined by the superconformal algebra up to one overall con-
stant [34].

The precise coefficient can be fixed using a free SCFT. The result is

9 tr QFRS CRS C = tr QF . (3.4.11)

Another requirement is the negative definiteness

tr QF QFRS C < 0 (3.4.12)

which comes from the positivity of the two point function of currents 〈JF(x1)JF(x2)〉.
Let us introduce the trial a-function a(s) for a trial R-charge R(s) = sΛQΛ which is defined by the

formula
a(s) =

3
32

(3 tr R(s)3 − tr R(s)), (3.4.13)

imitating (3.3.9). The conditions (3.4.11), (3.4.12) mean that a(s) is locally maximized at the point
sI = rI , where the trial R-charge becomes the superconformal R-charge RS C . Thus the procedure is
called the a-maximization in the literature. It is understood that s is constrained so that the charge of
θα under R(s) is one.

One easy consequence is that non-abelian non-R symmetry does not mix in the superconformal
R-symmetry. Indeed, consider a generator X ∈ H ⊂ G in the Cartan subalgebra H of G. In a-
maximization we introduce a parameter s and consider the linear combination R0 + sX. The crucial
point is that there exists an element g ∈ G which flips the sign of X, that is, which sends X 7→ −X and
it is a discrete symmetry of the theory. Thus the trial a-function is even in s. It is at most cubic, thus
it is an even quadratic function in s which has its only extremum at s = 0.

3.5 Weak-coupling examples

We will mainly apply the a-maximization to strongly-coupled theories which have no other means
of study. Before embarking on that subject, it would be satisfying to check explicitly that the a-
maximization procedure correctly reproduces known results if the conformal point is at the weak
coupling in the large N limit and the perturbation theory can be applied. Such a conformal theory was
first studied in [36], and the superconformal version was first studied from other perspectives in [37].



22 Chapter 3. Properties of SCFT4

The theory we treat is the N = 1 super Yang-Mills theory with SU(N) as the gauge group, with
NF fundamental flavors (Q, Q̃), and one chiral superfield Φ in the adjoint representation . The super-
potential is taken to be zero. The theory is asymptotically free if

x ≡
Nc

NF
>

1
2
. (3.5.1)

The beta function becomes very small when x approaches the lower bound, and if x = 1/2 the theory
becomes conformal for any sufficiently small gauge coupling constant.

If the low energy limit of the theory is an SCFT, the superconformal R-symmetry is conserved.
Thus it should rotate various fields as

Wα → eiθWα, Q→ ei(1−(1−s)x)θQ, Φ→ ei(1−s)θΦ (3.5.2)

where s cannot be determined by the conservation of the current.
The determination of s from the a-maximization is straightforward as long as the result does not

violate the unitarity bound discussed in sec. 3.2.2. The case including the unitarity bound hit was
done in [9], but we limit ourselves to the perturbative cases. Then there are no complication because
any gauge invariant operator should have bare dimension ≥ 2, and the anomalous dimension is small
because of the weak coupling. The calculation is straightforward and one obtains the result

s = 1 −
10

3(3 +
√

20x2 − 1)
=

1
3
+

2
3
ε −

5
6
ε2 + · · · (3.5.3)

where ε = x − 1/2. When ε = 0 then the R-charges of the chiral superfields all become 2/3. This is
as it should be, because then the theory is conformal at zero coupling and all the fields are free. The
fact forces any chiral superfield to have dimension 1 and R-charge 2/3, as discussed in the previous
sections.

Let us now see that the result above agrees with perturbative calculation to the lowest order. The
one-loop anomalous dimension is given by

γ(Q) = −
g2

8π2

N2
c

NF
+ O(g4), (3.5.4)

γ(Φ) = −
g2

8π2 Nc + O(g4), (3.5.5)

while the Novikov-Shifman-Vainshtain-Zakharov beta function is [38]

β(g) = −
g3

4π2

3Nc − NF(1 − γ(Q)) − NC(1 − γ(Φ))
1 − g2Nc/8π2 . (3.5.6)

Then we have
g2

8π2 = 4ε + O(ε2) (3.5.7)

at the superconformal point, which means

D(Φ) = 1 +
1
2
γ(Φ) = 1 − ε + O(ε)2. (3.5.8)

Thus
s =

1
3
+

2
3
ε + O(ε2), (3.5.9)

which matches the result from the a-maximization.
The check given above up to one-loop between the a-maximization and the perturbative calcula-

tion can be easily generalized to arbitrary weak-coupling superconformal field theories. It is known
that the explicit calculation at two-loops also always agrees.
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3.6 a-maximization in the presence of anomalous currents

We saw in the previous section how the superconformal R-symmetry can be found as the combination
of non-anomalous global currents by means of the a-maximization. In [39, 40], Kutasov and collabo-
rators incorporated anomalous global currents to the picture. It starts with the same trial a-function

a(s) =
3

32
(3 tr(sIQI)3 − tr sIQI), (3.6.1)

where QI now include all the global symmetries, anomalous or non-anomalous. Let us denote the a-th
gauge fields by Fa

µν and the Adler-Bell-Jackiw anomaly coefficient of the I-th global symmetry with
a-th gauge field by ma

I so that
∂µJµI ∝

∑
a

ma
I ε
µνρσ tr Fa

µνF
a
ρσ. (3.6.2)

We need to impose the anomaly-free condition for each gauge group in the field theory considered.
Thus we have to introduce the Lagrange multipliers λa and consider

a(s, λ) = a(s) + λa(ma
I sI). (3.6.3)

We need to extremize it with respect to both sI and λa. Define the function a(λ) by first maximizing
a(s, λ) with respect to sI , fixing λa. When λ = 0, the anomaly free condition is not imposed, and the
a-function takes the value for the free field theory. This corresponds to zero gauge coupling. When λ
attains the value λ̃ where a(λ = λ̃) is extremized, a becomes the true central charge of the SCFT. In
[39] it was shown that a generically decreases along the flow of λ from zero to λ̃, suggesting that λ and
the gauge coupling constants can be somehow identified. Indeed, there is a certain renormalization
scheme where such identification is exact [40]. In [39, 40] Lagrange multipliers were also introduced
for the conditions that the terms in the superpotential should have R-charge two. Then, the Lagrange
multipliers can be identified with the running coefficients.



24 Chapter 3. Properties of SCFT4



Chapter 4

Dictionary for the correspondence

The objective of this chapter is to establish the dictionary which translates the phenomena on the CFT
side to those on the AdS side and vice versa.

4.1 Anti de Sitter space

First, we would like to review in more detail the geometry of the Anti-de Sitter space. Consider a
hypersurface

− X2
− − X2

0 + X2
1 + X2

2 + X2
3 + X2

+ = 1, (4.1.1)

in the flat six-dimensional space with the metric (−−++++). The surface obviously has the isometry
SO(4, 2), which is isomorphic to the four-dimensional conformal group, and is an Einstein manifold
with negative curvature which satisfies

Rµν = −4gµν. (4.1.2)

If the right hand side of (4.1.1) is replaced by L2, the relation above changes to Rµν = −4gµν/L2. We
call L the curvature radius of the space. It is the solution of equation of motion of the five-dimensional
Einstein-Hilbert action

S =
1
2

∫
√

g (R + 12Λ) (4.1.3)

with Λ = L−2.
Change the coordinates to those defined by

X− = cos τ cosh ρ, X0 = sin τ cosh ρ, X1,2,3,+ = ω1,2,3,+ sinh ρ (4.1.4)

where
∑
ω2

i = 1 is the coordinate of the unit three-sphere. The direction along τ is a closed time-like
curve. We remove the identification τ ∼ τ+2π, and the resulting space is the five-dimensional Anti-de
Sitter space (AdS5). The coordinate system above is called the global coordinates, and it shows the
structure of AdS5 as R × B4 where R is the time direction τ and B4 is the four-dimensional ball with
the hyperbolic metric.

Another important coordinate system is the Poincaré coordinates, which are defined by the re-
parametrization

X0,1,2,3 = ux0,1,2,3, X± =
1 ± (xixi − 1)

2u
. (4.1.5)

25
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The metric in these coordinate system is

du2

u2 + u2ds2
4 (4.1.6)

where ds2
4 is the metric of the flat four-dimensional Minkowski space. This is the form we quoted

in (2.1.9). The dilatation of the four coordinates xµ → cxµ can be lifted up to the isometry of the
Poincaré coordinates

xµ → cxµ, u→ c−1u. (4.1.7)

The orbit of this action is timelike and non-compact. Thus one can take the orbit as the time direction
in AdS.

In the AdS/CFT correspondence one identifies the isometry of AdS and the conformal symmetry
of the four-dimensional theory. The generator of the dilatation is that for SO(2) in the subgroup
SO(4) × SO(2) ⊂ SO(4, 2). Thus, D acts on the coordinates X±,0,1,2,3 as the rotation of X− and X0. In
the global coordinates, it is the shift in τ, which is the time direction. Thus, the scaling dimension of
the operators of the CFT, which is the eigenvalue of the dilatation, corresponds to the energy in the
global coordinate of the AdS space which is the eigenvalue of the time translation there.

4.2 GKP-W prescription

Let us next establish a precise relation between the property of the theory on the AdS space and
that of the four-dimensional CFT we are considering, which was proposed by Gubser, Klebanov and
Polyakov [2] and by Witten [3]. We will abbreviate it as the GKP-W prescription.

The intuition behind it is that the composite operator O from the open string degrees of freedom
couples to a closed string mode φ, so that we can expect a one-to-one map between the operator in the
CFT and the field in the AdS space with a coupling between the two on the brane. The prescription
is, then, summarized by the formula

ZAdS[φ
∣∣∣
u=∞ = φ̂] = 〈e−

∫
d4 xO(x)φ̂(x)〉CFT. (4.2.1)

The right hand side is the partition function of the CFT in the presence of the source φ̂(x) for the oper-
ator O(x), that is, the generating function of the correlators of O(x). The left hand side is the partition
function of the theory in AdS, with the boundary value of φ is fixed to be equal to φ̂ which was used
as the source. One interesting point is that the universal existence of the energy-momentum tensor on
the CFT side implies the existence of a two-index symmetric tensor field gµν on the AdS side. The
conservation of the energy-momentum translates under the prescription above to the diffeomorphism
invariance of gµν. Thus, the bulk theory on the AdS is necessarily with the general relativity.

Another point to note is that both sides will need the renormalization. Indeed, short distance
singularities of the correlators necessitates the renormalization of the couplings on the right hand
side, while the non-compactness associated to the limit u → ∞ causes long distance divergence on
the left hand side. An interesting point is that the short distance, ultraviolet divergence on one side is
mapped to the long distance, infrared divergence on the other.

With this caveat understood, the prescription (4.2.1) at least gives a mapping of a CFT to a theory
on AdS and vice versa, because formally speaking, a conformal theory is defined by its totality of
the correlation functions, and a generally-covariant theory on AdS is specified by the backreaction
by the boundary perturbations. The form of the prescription ensures that the theories on both sides
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share the same symmetry, for example the SO(4, 2) symmetry which manifests itself as the conformal
symmetry on the right hand side and as the isometry on the left hand side.

In this formal viewpoint, one can surely associate some gravitational theory to the N = 4 SU(N)
super Yang-Mills theory. The Maldacena conjecture then becomes the statement that the gravitational
theory thus obtained using the prescription is precisely the type IIB theory on the AdS5×S 5 with flux.

Let us use the prescription above to relate the quantities on both sides. We will establish several
such relations in the following.

4.3 Scaling dimension and the mass squared

Our first objective is to find the relation between the scaling dimension of an operator in the CFT and
the mass squared of the corresponding field in the AdS. Consider the scalar fields for simplicity. The
definition of mass squared itself is subtle in a curved space, since in a curved space a scalar field can
have a coupling to the scalar curvature of the form Rφ2, which acts in the same way as the mass term
in a spacetime with constant curvature. We choose to define the mass squared m2 by the following
equation

(� − m2)φ = 0 (4.3.1)

satisfied by the scalar field where � is the ordinary d’Alembertian. We rescale the metric of the
AdS space to have curvature radius 1. The original curvature radius can be reinstated easily by the
consideration of the dimension of length.

In the Poincaré coordinates (4.1.6), the d’Alembertian becomes

(
1
u3

∂

∂u
u5 ∂

∂u
+

1
u
∂

∂xi
u
∂

∂xi − m2)φ = 0. (4.3.2)

Near the boundary u → ∞ of the AdS space, the second term in the parentheses is subleading. Then
the field φ has the behavior φ ∼ uD with D(D− 4) = m2. Since the dilatation of the CFT corresponded
to the isometry u → u/c, xi → cxi, (4.1.7), one finds that the scaling dimension D and the mass
squared m2 have the relation

D(D − 4) = L2m2 (4.3.3)

where we reintroduced the scale L of the AdS space. When solved for D, it reads

D = 2 ±
√

4 + L2m2. (4.3.4)

One notices immediately that for 0 < D < 4 the mass squared is negative. In a flat spacetime
negative mass squared means that the mode is tachyonic and that the system is unstable. In the AdS
space it is known however that the instability arises only when

L2m2 < −4, (4.3.5)

which is called the Breitenlöhner-Freedman bound [41]. Since D(D − 4) attains its minimum −4 at
D = 2, the fields corresponding to the CFT operators never violates the bound.

Another point is that, for negative mass squared which satisfies the bound −4 ≤ L2m2 ≤ 0, there
are two solutions D± to D(D−4) = L2m2. As we saw in section 3.2.1, the unitarity of the CFT requires
D ≥ 1. Thus for L2m2 ≥ −3 there is no ambiguity. However for −4 ≤ L2m2 ≤ −3 there is a genuine
ambiguity. Sometimes one can resolve the ambiguity by the requirement of the supersymmetry using
the relation D = 3R/2 for chiral primary fields as seen in section 3.2.2. There are cases where the
ambiguity corresponds to the existence of the renormalization group flow changing the dimension of
an operator from D+ to D− [42].
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4.4 Central charge and the cosmological constant

Let us next see briefly how the central charges of four-dimensional theory is determined from the
gravitational theory on AdS. Firstly, we have to retain only the metric to do the calculation, since
the central charge is defined by the three-point function of the energy-momentum tensor with itself.
For simplicity we suppose the bulk Lagrangian is the pure Einstein-Hilbert form with cosmological
constant Λ, without higher derivative terms. An immediate consequence is that the central charge a
and c only depends on Λ. The scaling of a and c with respect to Λ is also easy to find. Consider
a small perturbation δgmn on a five-dimensional AdS space with curvature radius L, embedded as in
(4.1.1) in the six-dimensional space with signature (4, 2). Rescale the coordinates Xi by the factor
s. Then L, Λ and the on-shell action scale as s, s−2 and s3 respectively, while the perturbation of the
metric at the boundary, δgµν, remain unchanged. Thus the GKP-W prescription tells us that the central
charges scale as s3. Therefore we obtain

a, c ∝ Λ−3/2. (4.4.1)

For the calculation of the precise coefficients using the GKP-W prescription, we refer to the orig-
inal reference [43]. The result is

a = c = π2Λ−3/2. (4.4.2)

4.5 Triangle anomalies and the Chern-Simons terms

Suppose one has several global internal symmetries QI on the CFT side, whose currents are JµI . For
the notational simplicity we assume that all the symmetries are Abelian. It can be readily generalized
to non-Abelian symmetries.

Under the GKP-W prescription, it implies the existence of the fields AI
µ in the bulk AdS. The

prescription becomes
ZAdS[AI

µ

∣∣∣
u=∞ = ÂI

µ] = 〈e−
∫

d4 xÂI
µJµI 〉. (4.5.1)

Firstly, the conservation of currents ∂µJµI = 0 means that the change in ÂI
µ by

ÂI
µ → ÂI

µ + ∂µχ
I (4.5.2)

does not make any difference on the right hand side of (4.5.1). It then implies that the left hand side
has the gauge invariance, i.e. AI

µ are U(1) gauge fields in the bulk.
Secondly, although the currents by definition have no anomaly in the conservation law, they in

general have triangle anomalies among them. In a situation when the global symmetry is weakly
gauged by the external gauge fields as in (4.5.1), it manifests as the non-invariance of the partition
function with respect to the gauges of the external gauge potentials. The form of the non-invariance
is severely constrained by the conservation of the currents itself [44], and it has the form

δχ(〈e−
∫

ÂI
µJµI 〉S CFT ) =

∫
d4x

1
24π2 ĉIJK χI FJ ∧ FK . (4.5.3)

Here the coefficients in front of the right hand side is so chosen that it equals the trace over the labels
for Weyl fermions of the cube of the charge matrices, that is,

ĉIJK = tr QIQJQK (4.5.4)
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for a renormalizable theory. If we normalize the global symmetry so that the fundamental degrees of
freedom have integral charges, the coefficients ĉIJK are integers. If phrased in a totally low energy
point of view, the condition is that we can couple the system to the external gauge fields with quantized
magnetic flux

∫
C F ∈ 2πZ.

Returning to the study of the GKP-W prescription (4.5.1), one obtains thus

δχZAdS =

∫
d5x

1
24π2 ĉIJK dχI ∧ FJ ∧ FK (4.5.5)

= δχ

(∫
d5x

1
24π2 ĉIJK AI ∧ FJ ∧ FK

)
. (4.5.6)

Summarizing, the existence of the triangle anomalies implies the existence of the Chern-Simons terms∫
d5x

1
24π2 ĉIJK AI ∧ FJ ∧ FK (4.5.7)

in AdS5, which was first pointed out in [3].
There, the comparison of the Chern-Simons term and the triangle anomaly was carried out for the

dual pair of the N = 4 SU(N) super Yang-Mills and the type IIB superstrings on AdS5 × S 5. The
global symmetry on the CFT side is the SO(6) R-symmetry. It should manifest as the SO(6) gauge field
in the bulk AdS space and it should have the non-Abelian Chern-Simons term. Indeed, the massless
modes of the type IIB superstring theory considered as the theory on AdS5 form aN = 8 supergravity
on AdS5, whose structure up to two-derivative terms is completely determined by the high degree of
supersymmetry [45]. It includes the SO(6) gauge field which minimally couples to the gravitini, and
the supersymmetry requires the presence of the non-Abelian Chern-Simons term for SO(6) with the
correct magnitude.

The relation of the Chern-Simons coupling in the bulk and the presence of the anomaly in the
boundary has also appeared in many places in physics. For example, the quantum Hall fluid has a
macroscopic description as the three-dimensional Chern-Simons theory. Thus if we have a droplet
of the quantum Hall liquid, the gauge symmetry is apparently violated if analyzed naı̈vely. The fact
is that there is also a chiral edge state on the boundary of the droplet, which is anomalous in itself.
Then the anomalies from the boundary of the Chern-Simons theory and from the chiral edge state
cancels each other, giving a consistent physical system as a whole. The phenomena has a natural
generalization to the higher dimensional solitonic systems [46]. It also manifests in string theory,
in which the anomalies from the chiral spectrum on the branes are cancelled by the Chern-Simons
coupling of the brane to the bulk [47].

Just as for the triangle anomalies treated in this section, the anomaly among U(1)-T µν-T µν is
translated under the GKP-W prescription to the coupling of the form

∫
A ∧ tr R ∧ R. Since this is a

higher derivative coupling in the AdS space, it is rather difficult to tackle. In this thesis we mainly
assume that the coefficient in front of this term is small compared to the lowest derivative terms, so
that the supergravity approximation to the lowest order works.

4.6 Anomalous currents and the Higgs effect

As a final topic in this chapter, we would like to study the supergravity dual for the anomalous global
currents in SCFT. Let us first discuss without reference to supersymmetry. The conservation law is
modified by the anomaly to be

∂µJµ = X (4.6.1)
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for a suitable operator X. An example of such current is a chiral U(1) rotation which is broken by the
instantons, for which X ∝ tr F ∧ F. Here F is the curvature of the gauge field which is not external,
but is the constituent of the CFT considered.

On the gravity dual, we introduce a gauge field Aµ and a scalar φ defined on the AdS space and
the coupling ∫

dx4(AµJµ + φX) (4.6.2)

on the boundary. We can see now that if the bulk gauge transformation Aµ → Aµ+∂µε is accompanied
by the transformation φ→ φ− ε, the prescription of AdS/CFT correspondence leads to the anomalous
conservation law (4.6.1). That the gauge transformation δφ of the field φ is nonzero means that the
gauge symmetry for Aµ is Higgsed. Summarizing, the anomalous conservation law for a current in
the boundary CFT corresponds to the Higgs effect in the bulk AdS [48].

Let us now consider the effect of supersymmetry. Consider an anomalous flavor symmetry. The
current Jµ is then incorporated into a current superfield K and the operator X is the imaginary part of
the F-component of the superfield O ∝ tr WαWα. The supersymmetry completion of (4.6.1) becomes

D̄2K = O. (4.6.3)

This is the celebrated Konishi anomaly [35].
We will see in the next chapter that a current superfield in SCFT corresponds to a vector multiplet

and that a chiral multiplet to a hypermultiplet. Thus, the Konishi anomaly is dual in the supergravity
description to the Higgsing of a vector multiplet eating a hypermultiplet. After Higgsing, the multiplet
is no longer short. Thus the dimension of the operators is not protected anymore. What remains is
the relation of the anomalous dimension of J and the anomalous dimension of O [30], which is a
consequence of the superconformal symmetry.



Chapter 5

Minimization principle in AdS5

In this chapter, we review how the a-maximization is translated, under the GKP-W prescription, to
the phenomenon in the bulk AdS space. Before doing that, we need to review the structure of the
five-dimensional AdS supergravity first. After seeing the supergravity dual of the a-maximization, we
will study some application, including the dual of the superconformal deformation, and the dual of
the a-maximization with Lagrange multipliers introduced in section 3.6. The content of this chapter
is based on the author’s paper [12].

5.1 Gauged supergravity in five dimensions

Let us recall the structure of gauged supergravity in five dimensions. The minimum number of super-
symmetry generators is eight, and we concentrate on this case. It is called N = 2 supergravity in the
supergravity literature. There are several kinds of supermultiplet, and we restrict our attention to the
gravity multiplet, vector multiplets and hypermultiplets. We restrict attention to the Abelian vector
multiplets for brevity. Non-abelian gauge fields can be incorporated without much extra effort. We
follow the conventions used in [49].

5.1.1 Structure of scalar manifolds

Let us first discuss the scalars of the vector multiplets. Let us denote the number of vector multiplets
by nV . Then, there are nV real scalar fields while there are nV + 1 gauge fields in the theory. When
one compactifies one dimension, it will give an N = 2 supergravity theory in four dimensions. As
such, the structure of the scalar manifold is determined by a unique function F . A peculiarity in five
dimension is that the third derivative of F governs the Chern-Simons coupling and this fact fixes F
to be cubic,

F = cIJKhIhJhK , (5.1.1)

where hI , (I = 1, 2, . . . , nV + 1), are the special coordinates. The scalar manifold MV for the vector
multiplet is given by the real nV -dimensional hypersurface defined by the constraint F = 1 in the
space of hI . These manifolds are known as the very special manifolds[50]. Let φx, (x = 1, 2, . . . , nV ),
parametrize the manifold. It is useful to introduce the following quantities:

hI ≡ cIJKhJhK , gxy ≡ −3cIJKhI
,xhJ

,yhK , aIJ ≡ hIhJ +
3
2

gxyhI,xhJ,y. (5.1.2)

We will raise and lower the indices I, J, . . . by using aIJ . hI is called the dual special coordinate.

31
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Let us turn to the hypermultiplets. The manifold MH of the hyperscalars is a quaternionic manifold
of real dimension 4nH , which means that its holonomy is contained in Sp(nH) × Sp(1) [51]. Let
qX , (X = 1, . . . , 4nH), parametrize the manifold. We will introduce the vielbein f X

iA where i = 1, 2
and A = 1, . . . , 2nH are the indices for Sp(1) and Sp(nH) respectively. We normalize f X

iA so that
fiAX f iA

Y = gXY . f X
iA is used to construct the coupling of the gravitino, the hyperino and the hyperscalar.

Supersymmetry fixes the Sp(1) part of the curvature [51] so that it is proportional to the triplet of
almost complex structures:

RXYi j = −( fXiC f C
Y j − fYiC f C

X j). (5.1.3)

The relation forces the manifold to be Einstein with a definite proportionality constant1,

RXY = −8nH(nH + 2)gXY . (5.1.4)

We trade the symmetric combination of two indices {i j} for an index r = 1, 2, 3 by using the Pauli
matrices, that is,

Ti j = σ
r
i jTr (5.1.5)

for any tensors. The Sp(1) curvature Rr
XY satisfies the relation

Rr
XYRs

XZ =
1
4
δrsgYZ +

1
2
εrstRt

YZ . (5.1.6)

The kinetic terms for boson fields are then given by

e−1Lkin,boson = −
1
2

R −
1
2

gxy∂µφ
x∂µφy −

1
2

gXY∂µqX∂µqY

−
1
4

aIJF I
µνF

Jµν +
1

6
√

6
e−1cIJKε

µνρστAI
µFJ

νρFK
στ (5.1.7)

where R is the scalar curvature and e is the determinant of the fünfbein.

5.1.2 Gauging and the Potential

We need to introduce a scalar potential to get the AdS5 vacuum. The structure of the potential is ex-
tremely restricted by the presence of the high degree of supersymmetries, and it must be accompanied
by the gauging of the scalars. It also modifies the supersymmetry transformation.

We will use isometries KX
I on MH to covariantize the spacetime derivative

∂µqX → ∂µqX + AI
µKX

I . (5.1.8)

The isometries can be expressed by the relation

KX
I Ri j

XY = DY Pi j
I , (5.1.9)

using the triplet Killing potential Pi j
I . This is required by the consistency of the gauging with the super-

symmetry. Pi j
I is a generalization of the D-terms for supersymmetric theories with four supercharges.

There, the isometry Ki
I of the Kähler manifold should satisfy

Ki
Iωi ̄ = ∂̄ jDI (5.1.10)

1 A peculiarity of the quaternionic manifolds is that the product Q1×Q2 of two quaternionic manifolds is not quaternionic,
while H1 × H2 of two hyperkähler manifolds is hyperkähler. Indeed, the holonomy group of Q1 × Q2 is Sp(nH) × Sp(1) ×
Sp(n′H) × Sp(1), and while Sp(nH) × Sp(n′H) ⊂ Sp(nH + n′H), Sp(1) × Sp(1)is not a subgroup of Sp(1). Moreover, the Sp(1)
curvature is fixed in the supergravity as discussed above, and the factor nH(nH + 2) does not behave well under the product
of two manifolds.
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whereωi ̄ is the Kähler form and DI is the corresponding D-term, or the Killing potential. Hyperkähler
and quaternionic manifolds have a triplet of Kähler forms, thus the Killing potential also comes in
triplets. For quaternionic manifolds the Sp(1) curvature is nonzero, thus the derivative in the right
hand side needs to be covariantized.

The Killing potential Pi j
I appears in the Lagrangian. It gives the scalar potential as

V =
3
2

gxy∂xPi j∂yPi j +
1
2

gXY DXPi jDY Pi j − 2Pi jPi j (5.1.11)

where Pi j ≡ hIPIi j. It also appears in the covariant derivative of the gravitino ψi
µ,

Dνψ
i
µ = ∂νψ

i
µ + AI

νP
i
jIψ

j
µ + · · · . (5.1.12)

Pi
jI enters in the covariant derivative of the gaugino as well. It appears also in the supersymmetry

transformation laws listed below:

δεψ
i
µ = Dµε

i +
i
√

6
γµε

iPi j + · · · , (5.1.13)

δεφ
x =

i
2
ε̄iλx

i , (5.1.14)

δελ
i
x = −ε j

√
2
3
∂xPi j + · · · , (5.1.15)

δεqX = −iε̄i f XiAζA, (5.1.16)

δεζA =

√
6

4
εi fXiAKX

I hI + · · · . (5.1.17)

where λx and ζA are the gaugino and the hyperino, respectively.
Let us discuss more about the isometry of the hyperscalars. The relation (5.1.9) can be solved to

give P in terms of K as follows:
2nHPi j

I = DXKY
I RXi j

Y . (5.1.18)

Consider a point on MH so that KX
I = 0, around which one can expand

KX
I = QX

IYqY + O(q2). (5.1.19)

Comparing with (5.1.8), we see that QX
IY determines the charge of the hypermultiplets. Then Pi j

I at the
point is given by

Pi j
I =

1
2nH

QX
IYRYi j

X . (5.1.20)

It means that Pi j
I is the Sp(1) part of the charges QX

IY . Assuming Qs to be rational, Pi j
I at the point is

also rational.

5.2 AdS dual of a-maximization

We would like to see how the a-maximization is translated under the AdS/CFT duality to the super-
gravity description. As discussed in section 4.5, the existence of the triangle anomaly for the global
internal symmetries implies the existence of the Chern-Simons terms with the strength

1
24π2

∫
ĉIJK AI ∧ FJ ∧ FK (5.2.1)
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where ĉIJK = tr QIQJQK . Comparing with the Lagrangian (5.1.7), we can identify the constants ĉIJK

on the CFT side (3.4.6) and the constants cIJK on the AdS side (5.1.7) by the relation:

cIJK =

√
6

16π2 ĉIJK . (5.2.2)

Just in the same way, the chiral anomaly for the global symmetry–gravity–gravity triangle diagram
is reproduced by the coupling ∫

ĉIAI ∧ tr R ∧ R (5.2.3)

where R is the curvature two-form of the metric. It is, however, a higher derivative effect in the AdS
side [52] so we neglect them in the rest of the thesis. This means on the CFT side that we restrict
attention to theories in which the chiral anomaly concerning gravity is much smaller than the chiral
anomaly among three U(1) symmetries.

For the rest of the section let us assume that the hyperscalar2 is at the point where KX
I = 0 and

concentrate on the behavior of the vector multiplets. Let us denote the charges of the hypermultiplet
and the Killing potential by QX

IY and Pi j
I = QX

IYRYi j
X /(2nH), respectively, as in (5.1.19).

In order for the four-dimensional theory to be superconformal, the five-dimensional bulk should
be AdS, and there should be eight covariantly constant spinors. To achieve this, we need to set the
gaugini variation (5.1.15) to be zero,

Pr
I〈h

I
,x〉 = 0. (5.2.4)

We denoted the value of the quantity at the AdS vacuum by enclosing in the angle brackets as 〈 · · · 〉.
This condition says that the three vectors Pr

I , r = 1, 2, 3, is perpendicular to the nV row vectors 〈hI
,x〉

as vectors with nV + 1 columns, which in turn means that Pr
I are parallel. Thus we can use the Sp(1)

global R-symmetry to set Pr
I = δ

3rPI for some constants PI . Then the equation (5.2.4) reduces to

PI〈hI
,x〉 = 0. (5.2.5)

This is an extremization condition for the superpotential P ≡ PIhI .
Now one can determine the commutation relations among the global symmetries which are re-

spected by the vacuum. They are the isometries of AdS5, eight supercharges, and nV global U(1)
symmetries from the gauge fields AI

µ. From the covariant derivative of the gravitino (5.1.12), one
finds that supercharges have charge ±PI under the I-th global U(1). Thus we can identify the quantity
PI introduced above and the quantity P̂I in the SCFT side which was introduced in (3.4.2). We will
not distinguish PI and P̂I in the following.

We have found the mapping under AdS/CFT duality of the basic constants ĉIJK and P̂I in the
SCFT and cIJK and PI in the supergravity. Now we can study how the a-maximization is translated
on the gravity side. Let us resume the study of the implication of the condition (5.2.5) and recall the

2 The global structure of MH does not concern us. If one wants a concrete example, one can think of MH as one of the
Wolf spaces such as Sp(nH , 1)/Sp(nH)×Sp(1), and think of the Killing vectors as induced by the subgroup of the denominator
Sp(nH) × Sp(1). However, only the local properties of the metric near the zero of the Killing vectors are relevant, as long as
we restrict our attention to the charges and the mass squared of the scalars as we will see below. Moreover, the existence of
the tower of Kaluza-Klein excitations means that the quaternionic manifolds for the AdS dual would be infinite dimensional
in general.

Another thing one should notice is that the hyperscalar contains the dilaton, when the five-dimensional supergravity
arises as the compactification of the type IIB string theory. It means that in general there are corrections to the metric of
the hyperscalars. Hence the final metric will not be as simple as the one for the Wolf spaces. The global structure will be
important if we study the flow between two supersymmetric vacua [53].
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constraint cIJKhIhJhK = 1, which implies that hIhI
,x = cIJKhIhJhK

,x = 0. Thus hI also is perpendicular
to nV − 1 vectors hI

,x, from which we deduce that

〈hI〉 = cIJK〈hJ〉〈hK〉 ∝ PI . (5.2.6)

This is the attractor equation in the five-dimensional gauged supergravity[54].
Let us now identify the superconformal R-symmetry RS C = rIQI . From the supersymmetry

transformation law for the hypermultiplets (5.1.16) and (5.1.17), we can calculate the anticommutator
of the supercharges acting on the hyperscalars. The result is

{δε , δε′}qX = −i

√
6

4
(ε̄ε′)〈hI〉KX

I + · · · , (5.2.7)

from which we deduce that the anticommutator of the supercharges contains a U(1) rotation ∝ 〈hI〉QI .
This U(1) symmetry is identified under the AdS/CFT duality with the U(1)R symmetry in the super-
conformal algebra (3.1.18). Thus we find

rI = t〈hI〉. (5.2.8)

where t is some proportionality constant. Let us next fix t. The gauge transformation law for the
gravitino (5.1.12) signifies that the superconformal R-charge of the gravitino is rIPI . Considering that
the superconformal R-symmetry is defined to rotate the gravitino by charge one, we need rIPI = 1.
Thus we get

rI = 〈hI〉/〈P〉, (5.2.9)

where 〈P〉 = 〈hI〉PI . Recall that a flavor symmetry tIQI satisfies PItI = 0, see (3.4.4). Plugging this
into the attractor equation (5.2.6), we obtain

cIJK〈hJ〉〈hK〉tI ∝ PItI = 0. (5.2.10)

This is precisely the condition (3.4.11) for theories with no chiral anomaly concerning gravity.
The other equation (3.4.12) is, by using (5.1.2), translated to the positivity of the metric of the

scalar manifold [55]. To see this, let us recall that the nV vectors 〈hI
,x〉 spans the vector space F

defined by the condition
F = {tI | PItI = 0}. (5.2.11)

Thus the positivity of the matrices −ĉIJKrI acting on F, equation (3.4.12), is translated to the positivity
of the matrix −ĉIJKrI〈hJ

,x〉〈h
K
,y〉, which is precisely the metric (5.1.2) of the vector multiplet scalars.

The maximization of the trial a-function a(sI) and the extremization of the superpotential P =
P(hI) can be associated more explicitly. Let us generalize the relation (5.2.9) and relate the pa-
rameter for the trial R-symmetry sIQI and the value of the special coordinates hI by the formula
sI = hI/(PJhJ). Then, we have

a(s) ∝ cIJK sI sJ sK =
cIJKhIhJhK

(PIhI)3 = (PIhI)−3. (5.2.12)

Thus, the trial a-function of the SCFT is precisely the inverse cube of the superpotential. Now it is
trivial to see that the minimization of a is the maximization of P !

Let us carry out another consistency check. As was discussed in section 4.4, in a five-dimensional
gravitational theory with the action

S =
1
2

∫
d5x
√

g(R + 12Λ + · · · ), (5.2.13)
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the central charge a is given by
a = π2Λ−3/2. (5.2.14)

At the AdS vacuum, the negative of the vacuum energy is given by the potential (5.1.11) so that

6Λ = −V = 4(PI〈hI〉)2. (5.2.15)

Plugging the relation (5.2.9) and (5.2.15) into (5.2.14), we obtain

a = π2
(
3
2

)3/2

cIJKrIrJrK =
9
32

ĉIJKrIrJrK . (5.2.16)

This agrees with the result from the field theory (3.3.9).

5.2.1 Mass squared of the vector multiplet scalar

The result presented here is a preparation for section 5.2.3 and section 5.3.
We would like to study next the behavior of scalars in the vector multiplet around the vacuum 〈hI〉.

We can calculate the second derivative of the potential there by using the special geometry relation

hI
,x;y =

2
3

hIgxy + TxyzhI
,wgzw (5.2.17)

where Txyz is a completely symmetric tensor on MV defined by this equation. Then,

Dx∂yV
∣∣∣
hI=〈hI〉

= −gxy
8
3
〈P〉2 (5.2.18)

Thus, the mass squared for all the scalar fields is negative with m2 = −4Λ. Recall the classic relation
(4.3.3),

m2/Λ = D(D − 4), (5.2.19)

between the mass m in the AdS and the dimension D in the CFT. Then we have D = 2 for all the
nV scalar fields, which barely saturates the Breitenlöhner–Freedman bound[41] and thus the system
is stable [58]. It is also easy to see that they have no R-charges. This is as it should be, because the
scalar component of a vector multiplet corresponds to the lowest component of the current superfield,
whose dimension is protected to be two and whose R-charge is zero, as seen in sec. 3.2.2.

5.2.2 Dual of Scalar Chiral Primaries in SCFT

An important kind of multiplets in the d = 4, N = 1 SCFT is the chiral multiplet, whose lowest
component is a complex scalar we denote by O. As seen in section 3.2.2, the dimension D and the
R-charge R is related through D(O) = 3R(O)/2. We would like to identify its supergravity dual. A
natural candidate will be a hypermultiplet, which comes in quartets of real scalars. Chiral primaries,
however, comes in pairs of real scalars. Naı̈vely there is twice the number of freedom in supergravity.
We will see shortly below that the extra two degree of freedom corresponds to the F-component of the
superfield O.

Consider nH hypermultiplets qX with charges QX
IY under I-th U(1) symmetry, where X,Y =

1, . . . , 4nH . The charges under the superconformal R symmetry are given by

QX
Y ≡ rIQX

IY = 〈h
I〉QX

IY/〈P〉. (5.2.20)
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First, we would like to study the eigenvalues of QX
Y . To simplify the calculation, let us combine the

4nH real scalars into 2nH complex scalars by introducing some complex structure JY
X so that QX

Y is
diagonal. The relation (5.1.20) between Pr and QX

Y means that JY
X is proportional to RYr

X Pr. Let us
form J± from the other two complex structures so that

[J, J±] = ±2J±. (5.2.21)

Then we can calculate the commutation relations of QX
Y and three J’s with the results

[J,Q] = 0, [Q, J±] = ±2J±. (5.2.22)

This means that the 2nH eigenvectors can be arranged in pairs qiA with charges riA , (i = 1, 2 and
A = 1, . . . , nH), so that r1A = r2A + 2. We further abbreviate so that rA ≡ r1A. One can also check that
the supersymmetry relates q1A and q2A.

The mass squared m2
iA for the scalar qiA can then be read off from the second derivative of the

scalar potential:

DX∂YV |hI=〈hI〉 = gZW DXDZPi jDY DW Pi j − 4Pi jDXDY Pi j

=
3
2

QZ
XQYZ〈P〉2 − 4〈Pi j〉Ri j

XZQZ
Y . (5.2.23)

Substituting the diagonalized form of the charge matrix, we obtain the masses of the hypermultiplets
as follows:

m2
1A =

3
2

rA(
3
2

rA − 4)Λ, (5.2.24)

m2
2A = (

3
2

rA + 1)(
3
2

rA − 3)Λ. (5.2.25)

Thus, the scalar which is dual to q1A under AdS/CFT has dimension 3rA/2 and R-charge rA, and
the one for q2A has dimension 3rA/2 + 1 and R-charge rA − 2. This combination of dimensions and
charges are precisely the ones for the lowest component and the F component of a chiral multiplet.

5.2.3 Dual of Marginal Deformations

Let us next discuss the supergravity dual of the exactly marginal deformations in SCFT,

S → S +
∫

d4xd2θτiOi (5.2.26)

where the superconformal R-charge of the operators Oi should be two. As remarked in [59], τi form
a manifold Mc which parametrize the finite deformation. Mc naturally has a complex structure on it,
which comes from the fact that the superpotential terms in d = 4, N = 1 field theories have natural
holomorphic structure.

We should be able to identify Mc in the framework of supergravity. As found in the last subsection,
infinitesimal deformations with chiral primaries correspond to the hypermultiplet scalars. That the R-
charge of a chiral primary is two means that the mass squared of the corresponding hypermultiplet
scalar is 0 and −3, and we saw the deformation

∫
d2θτiOi = τi[Oi]F corresponds to the two real scalars

of mass squared zero. This in turn signifies that, when there are n chiral primaries of R-charge two,
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the supergravity vacuum comes in families with 2n real parameters. Let us call it Mc
sugra. This should

be the supergravity realization of Mc. From the supersymmetry transformation law, we see that

Mc
sugra = {p ∈ MH | 〈hI〉KX

I (p) = 0}. (5.2.27)

One thing is not obvious, however. The hypermultiplet scalars form a quaternionic manifold,
which is definitely not a complex manifold. It is because the almost complex structures of a quater-
nionic manifold is not closed, but covariantly closed. Fortunately, we can easily check that the sub-
manifold Mc

sugra is a Kähler manifold as follows.
First define KX ≡ 〈hI〉KX

I and Pr ≡ 〈hI〉Pr
I for brevity. From the property of the Killing potential

DXPr = Rr
XY KY , Pr is covariantly constant on Mc

sugra. In particular, P ≡ |Pr | is a constant parameter.
Thus, JX

Y defined by
JX

Y ≡ Rr
YZgXZPr/P (5.2.28)

is an almost complex structure. This JX
Y is covariantly constant with respect to the metric gXY restricted

from MH onto Mc
sugra, because every factor in (5.2.28) is covariantly constant. It tells us that the metric

on Mc
sugra has U(n) holonomy, which means that Mc

sugra is Kähler.

5.3 Dual of a-maximization with Lagrange multipliers

As a final exercise in this chapter, let us study the dual of the a-maximization procedure with Lagrange
multipliers, discussed in section 3.6. There, symmetries which are not necessarily conserved were
introduced and entered in the trial a-function. As seen in section 4.6, it involves massive vector fields
in the dual AdS background. Let us examine how the incorporation of these massive vector multiplets
affects the supergravity dual of the a-maximization. Consider the chiral operators Oa = tr Wα

a Waα

which yield kinetic terms for the a-th non-Abelian gauge fields, where a = 1, . . . , n′H label the factor
of the gauge groups. We do not sum over a inside the trace. Define the isometries KX

a so that, if the
Konishi anomaly for the I-th current superfield is given by

D̄2JI ∝ ma
IOa, (5.3.1)

the vector field AI
µ in the five-dimensional supergravity gauges the direction ma

I KX
a . KX

a is non-zero at
the vacuum.

Other n′′H hypermultiplets which are not Higgsed are also charged under AI
µ. We denote the Killing

vectors for these by KX
(0)I . We assume that this can be expanded as

KX
(0)I = QX

IYqY + O(q2) (5.3.2)

as before. The total gauging KX
I appearing in the supergravity Lagrangian is then given by

KX
I = ma

I KX
a + KX

(0)I , (5.3.3)

and we denote the corresponding Killing potential as

Pr
I = ma

I Pr
a + Pr

(0)I . (5.3.4)

Let us study the condition for the AdS vacuum, which can be found by inspecting the hyperino
and gaugino transformation laws. A convenient parametrization of the hyperscalars near the vacuum
is given as follows: near the zero of KX

(0)I , let it be linearly dependent on the scalars qX̂ where X̂ =
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1, . . . , 4n′′H . We need 4n′H coordinates in addition. n′H of them are the gauge orbits along KX
a . We can

take Pr
a as the remaining 3n′H of the coordinates. They are guaranteed to form good local coordinates

because
DXPi j

a = Ri j
XY KX

a , 0. (5.3.5)

The hyperino transformation law gives the condition

〈hI〉KX
I = 0. (5.3.6)

Its first consequence is that
〈hI〉ma

I = 0. (5.3.7)

Recall the superconformal R-charge is proportional to 〈hI〉QI , see (5.2.9). This translates in the SCFT
language to the fact that anomalous global currents do not participate in the superconformal R-charge.
Assuming other linear combination of 〈hI〉 is non-zero, we can see that qX̂ = 0. However, hyperino
variation alone does not fix Pr

a.
Next, let us turn to the gaugino variation

〈hI
,x〉P

i j
I = 0. (5.3.8)

Just as before, it says that the vectors with nV elements Pr=1,2,3
I are all parallel to hI . Global Sp(1)

rotation can be used so that Pr
I is nonzero only for r = 3. Let us note that, from the relation (5.3.2),

Pr=1,2
(0)I is quadratic in the fields qX̂ . Combining with the equation (5.3.4), we get Pr=1,2

a = 0. Thus, the
remaining variables are nV vector multiplet scalars and n′H coordinates of the hyperscalar, Pr=3

a . Now
define the superpotential to be the gravitino variation

P ≡ hIP(0)I + Pr=3
a ma

I hI (5.3.9)

where the parameter is the vector multiplet scalars hI with the constraint cIJKhIhJhK = 1 and the
hypermultiplet scalars Pr=3

a . Extremization condition for those scalars yields precisely the conditions
(5.3.6) and (5.3.8). Thus, the AdS vacua can be found by extremizing the superpotential P with
respect to hI and Pr=3

a . We can see that the scalars Pr=3
a work as the Lagrange multipliers enforcing

the condition hIma
I = 0. Surprisingly, the Lagrange multipliers are physical fields on the supergravity

side!
The way of introducing multipliers in the gauge theory (3.6.3) and in the supergravity (5.3.9)

is not exactly the same. We know that however, when we want to extremize a quantity, say a(x),
with respect to x in the presence of the constraint c(x) = 0, it is immaterial whether we choose
a1(x, λ) ≡ a(x) + λc(x) or a2(x, λ) ≡ f −1 ( f (a(x)) + λc(x)). The difference between (3.6.3) and (5.3.9)
is of this form, thus of no relevance.

We have seen in section 5.2 that nV vector multiplet scalars corresponds to the trial R-charge
through the relation (5.2.9), and that the dual SCFT operator is the scalar in the current superfield.
Then it is natural to ask the same question on the scalars Pr=3

a . It acted as the Lagrange multipliers
in the superpotential extremization. Let us identify the SCFT dual of the scalar Pr=3

a . The fact that
〈hI〉Pr

I is nonzero only for r = 3 means that the superconformal R-symmetry is the U(1) subgroup
specified by σ3 of the global Sp(1) R-symmetry of the ungauged theory. This can be read off just as
in the discussion in the section 5.2. This tells us that Pr=3

a has zero superconformal R-charge, while
Pr=1,2

a has charge two.
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We have already seen that the gauge orbit KX
a corresponds to the topological density tr Fa ∧ Fa.

Three real scalars Pr
a are its supersymmetric partners. From the discussions in section 5.2.2, we can

infer that the operators Pr
a correspond under AdS/CFT duality to the three operators

tr Fa
µνF

a
µν, Re tr λa

αλ
aα, and Im tr λa

αλ
aα. (5.3.10)

Comparing the R-charges, we find that Pr=1,2
a are the dual for the gaugino bilinears and that Pr=3

a
corresponds to the kinetic term tr Fa

µνF
a
µν. Let us recall that the prescription of AdS/CFT duality [2, 3]

means that there is a boundary interaction∫
dx4Pr=3

a tr Fa
µνF

a
µν. (5.3.11)

Thus, we found that the Lagrange multiplier Pr=3
a corresponds precisely to the gauge coupling constant

under AdS/CFT duality. This relation strengthens the identification proposed by Kutasov and reviewed
in sec. 3.6 of the Lagrange multiplier and the gauge coupling constant.



Chapter 6

Sasaki-Einstein manifolds

The purpose of this chapter is to introduce the notion of the Sasaki-Einstein manifolds, and discuss
its use in string compactification. We also give a detailed review of the geometry of the recently-
found Y p,q spaces. We will finish this chapter with the fascinating developments by Martelli, Sparks
and Yau [15, 16] which give a method to obtain the volume of the Sasaki-Einstein manifold, given
a topological structure without determining the full metric. The references just cited also contain a
pedagogical review on the Sasakian and Sasaki-Einstein manifolds.

6.1 Definitions

Consider a manifold X with the metric ds2
X , and make a manifold C(X) which is one dimension higher

than X by adjoining the coordinate r with the metric

ds2
C(X) = dr2 + r2ds2

X . (6.1.1)

C(X) is called the (metric) cone of X. For any cone there is a vector field r∂r which generates the
dilation along the radial direction. We assume hereafter that X is odd dimensional.

Basic definitions are :

• X is contact if C(X) is symplectic,

• X is Sasakian if C(X) is Kähler, and

• X is Sasaki-Einstein if C(X) is Calabi-Yau.

The definition of the Calabi-Yau condition here is that the holonomy should reduce to SU(n) if C(X)
is of real dimension 2n. It is equivalent to imposing the Kähler and the Ricci-flat conditions simulta-
neously. For compact manifolds, the vanishing of the first Chern class c1 = 0 is not just necessary but
also equivalent, thanks to Yau’s solution to the Calabi conjecture. In the case of the cones, however,
we do not yet have the non-compact version of Yau’s theorem. Thus the number of cones which is
known to admit a Calabi-Yau metric is quite limited. Still, much of the analysis can be carried out with
the knowledge of c1 = 0 and the assumption of the existence of a Calabi-Yau metric. The analysis in
sec. 6.4 and 6.5 is done from this perspective.

Let us spell out more explicitly on the conditions. A symplectic manifold of dimension 2r has, by
definition, a closed non-degenerate two-form ω, and the volume form is given by ωr. If it is a cone,
one can take the interior product with the dilation r∂r. The outcome is the one-form

η = ιr∂rω. (6.1.2)

41
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η is called the contact form and is defined on X. it satisfies dη = ω, and thus the volume form of X is
given by η ∧ (dη)r−1.

If X is Sasakian, one can use the complex structure J on the cone and the dilation r∂r to construct
a vector field

R = Jr∂r (6.1.3)

which is an isometry of the base X. It is called the Reeb vector field of the Sasakian structure, and it
can also be obtained from the contact form η and the metric g of X. One trivial but important property
of the Reeb vector is that it satisfies

〈η,R〉 = 1. (6.1.4)

A Sasakian manifold is called regular or quasi-regular if one can divide X by the action of the
Reeb vector to form a manifold or an orbifold, respectively. If the Reeb vector cannot be used to
divide X to obtain a space with one dimension less, the Sasaki manifold is called an irregular Sasaki
manifold.

Another way of expressing it is that X is irregular if the orbit does not close. X is regular if the
orbit of the Reeb vector has finite, fixed periodicity X, and it is quasi-regular if the orbit has a fixed
periodicity ` for generic orbit, but on some special orbits the periodicity drops to `/n for an integer n.
Then the special orbit corresponds in the quotient to an n-fold orbifold point. Near the special orbit, a
five-dimensional Sasakian manifold has the form

C2 × R/∼ (6.1.5)

where the relation ∼ is defined by (~z, r) ∼ (γ~z, r + 2π/n) for (~z, r) ∈ C2 × R and γ is a linear transfor-
mation on C2 with γn = 1. The isometry acts by the shift of the coordinate r. One can easily check
that the generic orbit with ~z , 0 has periodicity 2π, while that of the special orbit above ~z = 0 is 2π/n.
The base near ~z = 0 has the form C2/γ with n-th order orbifold point at the origin.

If X is Sasaki-Einstein, we normalize the proportionality constant to be four so that

Rmn = 4gmn (6.1.6)

and we say the volume of the metric in this normalization simply as the volume of the Sasaki-Einstein
manifold. A Sasaki-Einstein manifold has a covariantly constant spinor in the sense that

(Dm + γm)ψ = 0 (6.1.7)

has an everywhere-nonzero solution. Covariant constancy usually means the condition Dmψ = 0. The
presence of an extra γm term in the covariant derivative is essential here. The Reeb vector can be
constructed from the bilinear of ψ as

Rm ∝ ψ̄γmψ. (6.1.8)

The existence of the solution to (6.1.7) follows from the definition of the Sasaki-Einstein property
using the Calabi-Yau cone. Indeed, the Calabi-Yau condition of the cone implies the existence of the
solution to

D(6)
m ψ = 0, (6.1.9)

where D(6)
m is the covariant derivative of the cone. Comparing the spin connection on X and that on

C(X), one finds D(6)
m = Dm + γ

rγm for m in the direction of the base X. The translation of the Weyl
spinor of SO(6) to the spinor of SO(5) and the gamma matrices on them then reveals that (6.1.9)
implies (6.1.7).
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Locally in a patch, the metric of a Sasaki-Einstein manifold can be put in the canonical form

ds2
5 = (dψ + σ)2 + ds2

4 (6.1.10)

where ∂ψ is the Reeb vector and ds2
4 is the metric of the Kähler-Einstein base B with the normalization

Ri ̄ = 6gi ̄, (6.1.11)

and the connection σ satisfies
dσ = 2ω4 (6.1.12)

where ω4 is the Kähler form of B. If X is regular or quasi-regular, the base B of each patch of X can
be glued consistently to give X the structure of the S 1 bundle over a manifold or an orbifold B, while
it is impossible if X is irregular.

6.2 Use in string compactification

Let us consider how we can use five-dimensional Sasaki-Einstein manifolds X in string compacti-
fication. Firstly, one can use the metric cone C(X) in supersymmetric compactification of type II
superstrings. Indeed, on the spacetime of the form Minkowski ×C(X) there exist eight unbroken su-
percharges, because C(X) is Calabi-Yau. For the type IIB superstring, one can introduce D3-branes
which fill the four-dimensional Minkowski spacetime and are pointlike in C(X). If we place them on
a generic point on the cone, it will break the supersymmetry in half. The most interesting situation
is when all of them are on the tip of the cone. Since the generic metric cone C(X) is not an orbifold,
we cannot carry out a perturbative analysis of the open string spectrum and the remaining supersym-
metry on it, but the deformation from the orbifold to the cone over generic Sasaki-Einstein manifolds
suggests it preserves four supercharges.

There is a supergravity solution which represents the backreaction of the D3-branes on the tip,
which was discussed in section 2.4. Taking the near horizon limit, we get a supergravity solution
of the form AdS5 × X5, with N units of self-dual five-form flux through X5. The five-form flux is
proportional to the volume form, that is,

F(5) =
2πN

Vol(X5)
(vol(AdS) + vol(X5)) (6.2.1)

where, as always, Vol means the integrated volume and vol means the volume form in the conven-
tional normalization (6.1.6). The isometry enhances from the Poincaré symmetry to the conformal
symmetry, thus the number of unbroken supercharges should double.

Let us check explicitly that there are 8 unbroken supercharges. The supersymmetry transformation
law for the gravitino is given by

δψi
µ = (Dµ + γµF

/
)εi (6.2.2)

where F
/

is the contraction of F with the gamma matrices in ten dimensions, which makes any totally
antisymmetric tensor into a bispinor, and εi are two Majorana-Weyl spinors. The unbroken supersym-
metry is the one for which the right hand side is zero. Weyl spinors of SO(9, 1) decomposes under
its subgroup SO(4, 1)× SO(5) as the product of respective spinors, and the Majorana condition comes
from the combination of the pseudo-reality conditions on the SO(4, 1) and SO(5) spinors. Then the
equation reduces, in the background we are considering, to the decoupled equations

(Dµ + γµ)εAdS = 0, (6.2.3)

(Dm + γm)εX = 0. (6.2.4)
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The original solution is given by a suitable combination of εAdS ⊗ εX , with the reality condition im-
posed. (6.2.3) has four complex solution, while (6.2.4) is precisely the covariant constancy (6.1.7),
which has one complex solution. By taking into account the reality condition and two supertranslation
of the type IIB supergravity, we obtain eight real supercharges in total.

The analysis above makes clear that the curvature radii of AdS5 and X5 need to be the same in
order to have a supersymmetric background. One can also easily understand that what determines the
metric curvature is the field strength F5 or the number of flux per unit volume, which is reflected in
the formula (6.2.6) below.

Presence of a covariantly constant spinor with Dmψ = 0 means the reduction of the holonomy of
the manifold considered. The additional term γm makes the situation different and the holonomy of X
in the usual sense does not reduce. Thus the contribution from the RR-flux in the transformation law
(6.2.2) is crucial to the existence of the unbroken supersymmetry.

Finally, let us see how the central charge of the SCFT is related to the geometry of the Sasaki-
Einstein manifold X. Suppose there are N units of the five-form flux through X with volume V . The
equation of motion in ten dimensions is

Rµν =
c

24
FµαβγδFν

αβγδ (6.2.5)

with c = 16π6α′4g2
s in the convention we set up in section 2.1. Then the curvature radius of the AdS

space is found to be

L8 =
c
4

(
2πN
Vol X

)2

. (6.2.6)

Thus, the five-dimensional action for the metric is

L5 Vol X
8cπ

∫
√

g(R + 12L−2). (6.2.7)

We need to use the Weyl rescaling of the metric to bring the Lagrangian above to the Einstein frame
in five dimensions defined by

S =
1
2

∫
√

g(R + 12Λ). (6.2.8)

After the Weyl transformation, one finds the cosmological constant Λ to be

Λ =

(
4 Vol X

N2π

)2/3

. (6.2.9)

By combining with (4.4.2) of the relation of Λ and a, we obtain

a = c =
N2π3

4 Vol X
. (6.2.10)

Before moving on to the explicit examples, we would like to consider the parity symmetry of
these theories. Since the type IIB supergravity which we took as the starting point is chiral, it does
not have the parity symmetry, while the sign flip of even number of coordinates is a symmetry. Fur-
thermore, the type IIB supergravity has a discrete symmetry Ω called the worldsheet parity, which can
be used to obtain the type I supergravity. Thus, if we flip three coordinates of the AdS space and odd
number of internal coordinates of the Sasaki-Einstein space and then perform the operation Ω, it is a
symmetry of the resulting compactification. When the point of view of the boundary CFT is taken,
it corresponds to the parity flip combined with the reversal of one of the global symmetry charges.
Thus, the CFT corresponding to these compactification in general is invariant under CP. It implies that
the corresponding CFT does not have the extra central charge discussed in the footnote in p. 19.
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6.3 Examples

6.3.1 S 5

The easiest five-dimensional Sasaki-Einstein manifold is the round five-sphere S 5. The metric cone
C(S 5) over it is the flat six-dimensional space R6. The unit sphere with radius one satisfies Rmn =

4gmn, and the volume is π3.
It is known that one can introduce many other quasi-regular Sasaki-Einstein structure on the five-

manifold which is topologically S 5 [60]. The cone over it has the complex structure of the Brieskorn-
Pham singularity Ya,b,c,d

xa + yb + zc + wd = 0 (6.3.1)

with integers a, b, c and d. Sliced at |x|2 + |y|2 + |z|2 + |w|2 = 1, it yields a five-dimensional manifold
La,b,c,d. For suitable choices of four integers a, b, c and d, it is topologically an S 5 1. For a suitable
combination of a, b, c and d, one can show that on the quotient of Ya,b,c,d by the action C× there exists
a (possibly orbifold) Kähler-Einstein metric, using a generalization of the Yau’s theorem. The authors
of [60] thereby showed that at least 68 choices of a, b, c and d yield inequivalent Sasaki-Einstein
structures on S 5. They can be distinguished by the action of the Reeb vector on S 5, i.e. they differ as
G-manifolds with G = U(1). The volume of such spaces were calculated before the work [60] by the
string theorists in [61], assuming the existence of a Sasaki-Einstein metric.

6.3.2 T 1,1

Let us consider the homogeneous manifolds

T p,q = SU(2) × SU(2)/U(1)p,q (6.3.2)

where U(1)p,q is the subgroup generated by pσ3
(1) + qσ3

(2). It is an S 1 bundle over S 2 × S 2, where the
Chern classes over the two S 2 are p and q, respectively. It is known that one can introduce an Einstein
metric on any of these spaces by rescaling the length of the S 1 fiber and the radii of two two-spheres.
Of these, only T 1,1 is Sasaki-Einstein. It has the topology of S 2 × S 3, and the metric is

ds2 =
1
6

∑
i=1,2

(dθ2
i + sin2 θidφ2

i ) +
1
9

(dψ + cos θ1dφ1 + cos θ2dφ2)2. (6.3.3)

The metric is already in the canonical form (6.1.10). Thus the Reeb vector is 3∂ψ, and 3d(cos θ1dφ1 +

cos θ2dφ2) is twice the Kähler form of the base S 2 × S 2. The Sasaki-Einstein structure is regular.
The volume of T 1,1 was first compared to the central charge in the reference [56] by using the

formula (6.2.10). Indeed, the volume is

Vol(T 1,1) =
16
27
π3 (6.3.4)

while the corresponding quiver theory we introduced in section 2.4.2 has four bifundamental chiral
superfields with R = 1

2 and two adjoint gaugini with R = 1 so that

a =
3

32
(3 tr R3 − 5 tr R) =

27
32

N2. (6.3.5)

These two quantities satisfy the relation (6.2.10), giving another non-trivial check of the duality.
1 If one carries out similar construction with more complex variables, one gets many exotic spheres.
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6.3.3 Y p,q

For a long time, S 5 and T 1,1 we just described were the only known examples of smooth five-
dimensional Sasaki-Einstein manifold with explicit metric. The situation changed completely when
the paper [13] appeared. The authors constructed a countably infinite number of inequivalent Sasaki-
Einstein metrics on S 2 × S 3. In this subsection we review some of their salient features.

Consider the following metric parametrized by a real number a with coordinates α, θ, φ, y and ψ:

ds2 = ds2
B + w(y)(dα + A)2, (6.3.6)

ds2
B =

1 − y
6

(dθ2 + sin2 θdφ2) +
dy2

6p(y)
+

q(y)
9

(dψ − cos θdφ)2, (6.3.7)

A = f (y)(dψ − cos θdφ) (6.3.8)

where

w(y) = 2
a − y2

1 − y
, p(y) =

w(y)q(y)
6

, q(y) =
a − 3y2 + 2y3

a − y2 , f (y) =
a − 2y + y2

6(a − y2)
. (6.3.9)

One can check that it satisfies Rmn = 4gmn for arbitrary a. Furthermore, it is Sasaki-Einstein with

3
∂

∂ψ
−

1
2
∂

∂α
(6.3.10)

as the Reeb vector. Thus, if the metric becomes smooth for a suitable range of the variables and the
parameter a, we obtain a smooth Sasaki-Einstein manifold.

Firstly let us take 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π. Then (θ, φ) parametrize a round S 2. Secondly,
choose 0 < a < 1 so that the numerator of q(y), a − 3y2 + 2y3, has three real roots y1,2,3 with
y1 < 0 < y2 < 1 < y3. Let us then take the range of y to be y1 ≤ y ≤ y2. One can check that

a − y2 > 0, 1 − y > 0, a − 2y + y2 > 0 (6.3.11)

under the same assumption.
Now the metric of B4 is positive definite for y1 < y < y2. Near the boundary y ∼ yi, we can

approximate
q(y) ∼ (y − yi)q′(yi). (6.3.12)

If we define
R =

√
4(y − yi)/wq′(yi) (6.3.13)

then the metric near the boundary becomes

ds2 = dR2 + R2(dψ − cos θdφ)2. (6.3.14)

Thus, taking the range of ψ to be 0 ≤ ψ ≤ 2π, one obtains another S 2 parametrized by (y, ψ). The
second S 2 is not completely round, and has only U(1) isometry which rotates the angular coordinate ψ.
Furthermore, the term cos θ dφ which is added to dψ in the metric of the base B means that the second
S 2 is non-trivially fibered over the first S 2. Indeed, one can introduce a natural complex structure on
B which makes B ' F2, one of the Hirzebruch surfaces.

The final thing to be done is to ensure that the fibering of α is smooth. Take the periodicity to
be 0 ≤ α ≤ 2π`. Then we have four three-cycles D1, D2, S 1 and S 2 at θ = 0, θ = 2π, y = y1 and
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X

S SA B
2 2

Figure 6.1: Schematic structure of the space Y p,q. It is an S 1 bundle over S 2
1 × S 2

2, where the first S 2

is completely round with SU(2) symmetry while the second S 2 has the symmetry only under the U(1)
rotation of the axis.

y = y2, respectively. One can show that homologically they can be expressed by the combination of
two cycles C1 and C2 in the form

S 1 ∼ C1 +C2, S 2 ∼ C2 −C1, D1 ∼ D2 ∼ C1. (6.3.15)

C1 is the class of the fiber of F2. The S 1 fiber over F2 is genuine if and only if its Chern numbers are
integers, that is, ∫

C1

dA = 2π`p, and
∫

C2

dA = 2π`q (6.3.16)

for suitable integers p and q.
One can easily calculate that

1
2π

∫
S i

dA =
yi − 1

3yi
. (6.3.17)

Thus,

λ ≡ y2 − y1 =
3q
2p

(6.3.18)

needs to be rational. Conversely, if λ ∈ Q one can solve for y1,2,3 and determine the parameter a in the
metric. Then we have

` =
q

3q2 − 2p2 + p
√

4p2 − 3q2
. (6.3.19)

The condition y1 < 0 < y2 < 1 < y3 is satisfied if and only if 0 < q < p.
Summarizing, we obtained a Sasaki-Einstein metric parametrized by two positive integers p and

q with p > q, whose schematic structure is depicted in figure 6.1. They are called the Y p,q spaces. The
coordinate with period 2π is γ ≡ α/` rather than α. Then the Reeb vector (6.3.10) becomes

R = 3
∂

∂ψ
−

1
2`

∂

∂γ
. (6.3.20)
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` is irrational for generic p and q, thus the Reeb vector field does not close for such a choice of
integers. It rather fills the torus parametrized by (ψ, γ). Thus Y p,q are irregular2. The construction of
these spaces is miraculous, if one recalls that the construction of explicit even-dimensional Kähler-
Einstein metric is extremely hard. Indeed, no one knows the explicit metric for, say, a smooth K3.

Before moving to the next topic, let us calculate the volume of Y p,q. From the metric, the volume
form is

1 − y
6

dθ ∧ sin θdφ ∧
dy√
6p(y)

∧

√
q(y)
3

(dψ − cos θdφ) ∧
√

w(y)(dα + A)

=
1 − y

18
dθ ∧ sin θdφ ∧ dy ∧ dψ ∧ dα. (6.3.21)

Thus, the volume is easily found to be

Vol(Y p,q) = (4π)(2π)(2π`)
∫ y2

y1

(1 − y)dy
18

=
q2(2p +

√
4p2 − 3q2)

3p2(3q2 − 2p2 + p
√

4p2 − 3q2)
π3. (6.3.22)

Another comment to be made to the Y p,q spaces is that Y p,q, T 1,1 and the round S 5 exhaust the
list of five-dimensional Sasaki-Einstein metrics of cohomogeneity one [62]. Here, the cohomogeneity
of a G-manifold is defined to be the codimension of a generic orbit of G. Thus, any other smooth
Sasaki-Einstein five-manifolds will be of cohomogeneity at least two.

6.4 Toric Sasaki-Einstein manifolds

S 5, T 1,1 and Y p,q have large isometry groups. They are SO(6), SU(2)2 × U(1), and SU(2) × U(1)2,
respectively. At the other extreme, the Sasaki structure ensures the existence of at least one U(1)
symmetry, which is generated by the Reeb vector. For example, extra Sasaki-Einstein structures on
S 5 briefly discussed in section 6.3.1 have exactly one U(1) isometry. Here we would like to consider
Sasaki-Einstein manifolds with U(1)3 isometry3. Such manifolds are called toric Sasaki-Einstein,
because the cone over it are toric Calabi-Yau cones. A good introduction to complex toric manifolds
in general can be found in [63]. A toric Calabi-Yau cone corresponds to an affine toric varieties whose
defining vectors lie on a plane, so it has much simpler properties than that of generic toric manifolds.

First, let us define the moment µk for an isometry k on a contact manifold by the formula

µk = 〈η, k〉. (6.4.1)

It satisfies the usual relation for the symplectic manifold

dµk = ιkω (6.4.2)

on the cone, which can be checked using the relation dη = ω. µk is constant on a orbit of k.
Let the generators of U(1)3 be X1,2,3. Then, µi ≡ µXi determines a map

µ : X → R3, x 7→ (µ1(x), µ2(x), µ3(x)) (6.4.3)

2Parenthetically, it was even conjectured in the mathematics literature that irregular Sasaki-Einstein metric did not exist.
The construction of Y p,q spaces disproved the conjecture explicitly.

3 Sasaki-Einstein 5-manifolds with exactly U(1)2 isometry can be constructed by dividing Y p,q spaces by a subgroup Γ
of their SU(2) isometry of type D or E.
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Figure 6.2: Schematic description of a toric Sasaki-Einstein manifold.
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Figure 6.3: S 5 as a toric Sasaki-Einstein manifold.

which is called the moment map. Since the Reeb vector field R satisfies 〈η,R〉 = 1, the image lies on
a plane in R3. Furthermore, it is known that the image of the map is a convex polygon P. The inverse
image of a point inside P is T 3, while the inverse image of a point on the edge is T 2. Each edge I is
labeled by the vector kI = ki

IXi degenerating there, where the three torus T 3 shrink to T 2, see fig. 6.2.
We say a toric Sasaki-Einstein manifold to have d edges if the image of the moment map is a d-gon.
We normalize kI for a smooth Sasaki-Einstein manifold so that the metric transverse to the inverse
image of the I-th edge is given by

dr2 + r2dθ2
I (no sum on I), (6.4.4)

so that kI = ∂/∂θI . In other words, kI should generate the standard angular rotation for the transverse
direction to the edge. It is known that the Calabi-Yau condition forces kI to have

〈η, kI〉 =
1
3
. (6.4.5)

The explanation above was slightly abstract, so we give the toric structure of the round sphere
S 5 as an example to clarify the process. The isometry SO(6) includes U(1)3 as the Cartan subgroup,
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so S 5 is indeed a toric Sasaki-Einstein manifold. Let S 5 be parametrized by three complex variables
z1,2,3 with the constraint

|z1|
2 + |z2|

2 + |z3|
2 = 1. (6.4.6)

The three rotations act by rotating zi independently. Change the parametrization by defining

zi =
√

aieiθi . (6.4.7)

Then S 5 corresponds to the region

a1 + a2 + a3 = 1, a1, a2, a3 ≥ 0; 0 ≤ θ1,2,3 ≤ 2π. (6.4.8)

One can show that ai are precisely the moments of the U(1) actions. The situation is depicted in fig.
(6.3).

Y p,q has SU(2)×U(1)2 as the isometry group, which has U(1)3 as a subgroup. Thus it is also a toric
Sasaki-Einstein manifold. We use the conventions introduced in section 6.3.3. Integrally normalized
generators of U(1) symmetries are ∂ψ, ∂φ and ∂γ. The cycles D1,2 and S 1,2 map to the edges under the
moment map, and the vectors

k1 = ∂ψ +
p − q

2
∂γ, k2 = ∂φ + ∂ψ, k3 = ∂ψ −

p + q
2

∂γ, k4 = ∂ψ − ∂φ (6.4.9)

degenerate at the edges S 2, D1, S 1, D2 respectively. By a change of basis ∂ψ,φ,γ by S L(3,Z),

u = ∂ψ +
p − q

2
∂γ, v =

p − q
2

∂γ − ∂φ w = −∂γ, (6.4.10)

kI is brought to the configuration depicted in figure 6.44,

k1 = u, k2 = u − v, k3 = u + pw, k4 = u + v + (p − q)w. (6.4.11)

The diagram like figure 6.4 which summarizes the vectors which degenerate at the edges are called the
toric diagram of the toric Sasaki-Einstein manifold, while the vectors kI which specifies the topolog-
ical structure of a toric Sasaki-Einstein manifold are called the generators of the toric cone, or more
plainly as the toric data. The Reeb vector (6.3.20) is, in this basis,

R = 3u +
(
3p − 3q

2
+

1
2`

)
w. (6.4.12)

Suitable orbifolds of the form S 5/(Z2 × Zp) and T 1,1/Zp have the same toric diagram as in figure
6.4 with q = p and q = 0 respectively. Hence they are sometimes treated as members of the family
Y p,q, namely Y p,p and Y p,0 when one emphasizes the toric Sasaki-Einstein structure. One needs to be
careful however, that the metric of Y p,p and Y p,0 are not genuinely of the form presented in section
6.3.3. One has to take suitable rescaling limit to obtain the metric of S 5 or T 1,1.

In the reference [64] the authors constructed another countably-infinite family of Sasaki-Einstein
metric called La,b,c with precisely U(1)3 isometry, not larger. When combined with Y p,q spaces,
they comprises a complete determination of explicit metrics for toric Sasaki-Einstein manifolds with
quadrangle as the image of the moment map. Thus, it is natural to endeavor to obtain an explicit metric
for toric Sasaki-Einstein manifolds which have more than four edges, although nothing is found yet.

4 These are precisely the same toric Calabi-Yau cone as the one often used in producing SU(p) gauge theory by means
of the geometric engineering in type IIA string theory, and is also extensively studied from that perspective. We are using
the same space in type IIB compactification with branes.
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k4

k1

k2

k3

p

q

Figure 6.4: Toric diagram for Y p,q.

6.5 Volume minimization

Unfortunately, the examples above, S 5, T 1,1, Y p,q and La,b,c, make up of the complete list of the
explicit metrics of the smooth Sasaki-Einstein manifolds constructed so far. It is known, however,
through the works by Martelli, Sparks and Yau [15, 16] , one can determine the volume of these
manifolds by minimizing a certain functional, without knowing the explicit metric. In this subsection
we would like to review these astonishing developments.

6.5.1 Volume and the Einstein-Hilbert action

Let us consider a problem of finding the Sasaki-Einstein metric, given the Sasaki structure on X. The
Einstein equation Rmn = 4gmn follows from the variational principle starting from the Einstein-Hilbert
action,

S =
∫

X
d5x
√

g(RX − 12). (6.5.1)

Firstly we show that S = 8 Vol(X) if the metric g is Sasaki and the cone is topologically Calabi-Yau,
where the topological Calabi-Yau condition is the existence of a non-zero holomorphic three-form Ω.
The scalar curvature of the cone Y = C(X) is given by

RY =
1
r2 (RX − 20), (6.5.2)

while from the Kähler structure of the cone, one has

RY = g ̄i∂̄ ̄∂i log detgkl̄. (6.5.3)

log detgkl̄ is not a good scalar quantity on Y , but we can replace it with the ratio e− f in

(gi ̄dzidz̄ ̄)3 = e− fΩ ∧ Ω̄, (6.5.4)

because the holomorphy of Ω implies that they drop out when one applies ∂̄ ̄∂i on it. Thus we have

RY = ∆Y f . (6.5.5)
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From (6.5.4) one sees that f is independent of r. Thus,∫ 1

r=0
d6x
√

gYRY =

∫ 1

r=0
d6x
√

gY∆Y f = 0. (6.5.6)

It implies, from (6.5.2), that ∫
X

d5x
√

gRX = 20
∫

X
d5x
√

g = 20 Vol(X). (6.5.7)

Thus the Einstein-Hilbert action becomes

S = 8 Vol(X), (6.5.8)

which was to be shown.

6.5.2 Volume as the equivariant integral

The next trick is to reformulate the volume as the equivariant integral. It starts with the trivial obser-
vation that Vol(X) can be written as

Vol(X) =
1
8

∫
C(X)

d6x
√

ge−r2/2. (6.5.9)

When one rewrite this in the form

Vol(X) =
1
8

∫
C(X)

e−r2/2ω
3

3!
(6.5.10)

and notice that H = r2/2 is precisely the Hamiltonian for the Reeb vector field for the symplectic
form ω, one realizes that it is the equivariant integral of the exponential of the equivariantly closed
form ω + H over the cone. Thus, the volume Vol(X) depends on the Reeb vector alone.

It can be done by utilizing the Duistermaat-Heckman formula, which localizes the integral to the
fixed point of the vector field. In our case, the only fixed point is the tip of the cone, which is too
singular to determine easily its contribution. In the case of toric Sasaki manifolds, the singularity at
the tip can be blown-up to make it smooth, preserving the toric Käher condition. Since it is known that
the equivariant integration is conserved by the blowup, one can carry out the localization in a smooth
space, and we get the formula for the equivariant integral

Z(R) ≡
1
8

∫
C(X)

ω3

3!
e−HR (6.5.11)

as

Z(R) =
π3

3〈η,R〉

∑
I

det(kI−1, kI , kI+1)
det(R, kI−1, kI)det(R, kI , kI+1)

, (6.5.12)

where kI is the I-th toric datum, that is the vector degenerating at the I-th edge, and HR is the Hamil-
tonian for the isometry R, which is given by

HR = 〈η,R〉
r2

2
. (6.5.13)
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Detailed derivation of the formula above can be found in [15], where a slightly different, more direct
approach was taken.

As stated in the previous paragraph, Z(R) equals the volume of the base X with the Reeb vector
R, if R is normalized so that 〈η,R〉 = 1. It is a nice exercise to check that it correctly reproduces the
volume of S 5 or T 1,1. Indeed, for S 5

k1 = (1, 0, 0), k2 = (0, 1, 0), k3 = (0, 0, 1); (6.5.14)

η = (1/3, 1/3, 1/3); R = (1, 1, 1), (6.5.15)

which yields Z(R) = π3, while for T 1,1

k1 = (1, 0, 0), k2 = (1, 1, 0), k3 = (1, 1, 1), k4 = (1, 0, 1); (6.5.16)

η = (1/3, 0, 0); R = (3, 3/2, 3/2), (6.5.17)

which yields Z(R) = 16π3/27.
By combining with the result obtained in the previous subsection, we find that the Reeb vector for

the Sasaki-Einstein manifold can be found by minimizing the volume, which can be calculated by the
equivariant localization, with the explicit formula (6.5.12) for toric Sasaki-Einstein manifolds. Since
〈η,R〉 = 1 by definition, the number of the indeterminates are two. The volume is often termed Z(R)
as the function of the Reeb vector, so that the method above is called the Z-minimization.

One immediate consequence of the Z-minimization is that, since (6.5.12) is a rational function of
the parameters, the minimum value is an algebraic number times π3. Thus, the ration of the volume
of a toric Sasaki-Einstein manifold and that of S 5 is never a transcendental number. One can plug
the toric data for Y p,q spaces, (6.4.9), into the formula above and check that it reproduces the volume
given in (6.3.22).

As an example, let us carry out the minimization above for the Y p,q spaces. Let us parametrize
R = u + xv + yw, then we have

Z(R) =
p

(
p2 − p q (1 + x) + q (q x + 2 y)

)
(p + p x − y) y

(
p2 x − p (1 + x) (q x + y) + (q x + y)2

) (6.5.18)

Its maximum is at

x = 0, y =
p

2q

(
−2p + 3q +

√
4p2 − 3q2

)
, (6.5.19)

which reproduces the Reeb vector (6.4.12) correctly. One can check that it also reproduces the volume
(6.3.22).
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Chapter 7

Corresponding Quivers

7.1 Introductory remark

As seen in the previous chapters, the gauge theory on the D3-branes at the tip of a Calabi-Yau cone
should have the cone itself as a part of its moduli space of vacua. The Ricci-flatness of the cone is
difficult to analyze, since it involves the determination of the Kähler form which is not protected by
supersymmetry. The cone as the complex manifold, on the contrary, is easier to analyze because of
the relation

{F = 0,D = 0}
G

'
{F = 0}

GC
, (7.1.1)

where F = 0 and D = 0 denote the F-flatness and the D-flatness conditions symbolically, G and GC the
gauge group and its complexification. The left hand side is the moduli space of the supersymmetric
theory as determined directly by the Lagrangian, and the equality is as complex manifolds. Thus the
complex structure of the moduli is determined by the superpotential and the gauge action alone, both
of which receives no perturbative correction.

Toric cones have been the main focus of the analysis so far, since the existence of U(1)3 action
greatly facilitates it. Indeed, any toric cone can be obtained from the orbifold of C3 by a sequence of
partial resolutions. The gauge theory probing the orbifold can be determined by an algorithm which
is now standard [21], while the partial resolution corresponds to the Higgsing of the fields. Thus, as
exemplified in [69], it is possible to obtain the gauge theory for any toric cone algorithmically, but it
is extremely unwieldy and tedious even for a toric cones with only a few edges. It is now supplanted
by the so-called brane tiling method which is convenient for the concrete calculation (see e. g. [70]).
The method was motivated from the brane box models and was, for a while, a working rule of thumb
rather than a logical development. Fortunately we now have a number of works which fills the logical
gap and which makes the method to be based on sound physical [71] and mathematical [72] footings.

Once one finds the gauge theory which has the given cone as the moduli, the next task will be to
study whether other properties match, for example the central charge a and the inverse of the volume.
In this aspect an important property was found in [17], in which it was shown that for the pair of
the toric data and the corresponding quiver constructed as above, the result of a-maximization and of
Z-minimization always agree.

The aim of this chapter is to review some of these fascinating developments. We will first explic-
itly analyze the Y p,q spaces in section 7.2, and secondly explain the generalization to arbitrary toric
cones 7.3 without presenting the reasoning behind the rules. We hope the section 7.2 gives sufficient
credence in the reader to accept the results in 7.3 for the sake of this thesis; the detail can be found in

55



56 Chapter 7. Corresponding Quivers

U
U

V

V Y
YY

Figure 7.1: The quiver diagram for Y p,p.

the references [71, 72].

7.2 Examples: Y p,q

As the examples we use the cone over Y p,q. It has U(1)2 × SU(2) as the isometry, which has U(1)3 as
the subgroup. Thus it is a toric cone. The generators a, b, c and d of the toric cone are given by

a = u, b = u − v, c = u + pw, d = u + v + (p − q)w (7.2.1)

where u, v and w are the generators of U(1)3 symmetry, as described in (6.4.10). They are depicted in
fig. 6.4. Note that we renamed the label of the vertices.

7.2.1 Construction

As is mentioned in section 6.4, Y p,p is a Z2p orbifold of S 5, while Y p,0 is a Zp orbifold of T 1,1. Indeed,
let (z1, z2, z3) parametrize a flat C3, and divide by the action of Z2p which sends

(z1, z2, z3) 7→ (α2z1, α
−1z2, α

−1z3) (7.2.2)

where α is a 2p-th root of unity. One can easily check that the corresponding orbifold C3/Z2p has the
toric diagram of Y p,p. For Y p,0, we need to divide the conifold

xy = zw (7.2.3)

by the action of Zp given by
(x, y, z,w) 7→ (βx, β−1y, βz, β−1w). (7.2.4)

Here β is a p-th root of unity.
Given the action of the orbifold group Z2p (7.2.2), one can determine the structure of the quiver

theory on the D3-branes which probe the tip of the cone. It has 2p nodes SU(N)i (i = 1, . . . , 2p),
and there are several kinds of bifundamental fields. Uα connects SU(N)i to SU(N)i+1 for even i, Vα

connects SU(N)i to SU(N)i+1 for odd i, and Y connects SU(N)i to SU(N)i−2. Here α is the index for
the doublets of the SU(2) global symmetry, where the addition and subtraction in the index i are taken
to be of modulo 2p. The quiver diagram is depicted in figure 7.1.
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U U

V

Y Y
U U

Z

Y

Figure 7.2: Change to make the Y p,q−1 quiver from the Y p,q quiver.

U
U

Z

Z Y
Y

Figure 7.3: The quiver diagram for Y p,0.

In [14] the authors proposed a method to construct the quivers for Y p,q. The proposal for obtaining
the quiver for Y p,q−1 from Y p,q is to change the local structure of the quiver as exemplified in the figure
7.2, that is, to take consecutive four nodes SU(N)i,i+1,i+2,i+3 connected by the fields Uα, Vα and again
by Uα. One drops the field Vα connecting the node i + 1 to the node i + 2 and the Y fields connecting
i + 3 to i + 1 and i + 2 to i. One then adds the field Z connecting i + 1 to i + 2 and another field Y
connecting i + 3 to i.

There are several places on the quiver diagram where the modification mentioned above can be
done. Thus the quiver corresponding to the Y p,q toric cone is not uniquely determined. It is known,
however, that the differing quivers are related to each other by the chain of Seiberg dualities. We can
construct quiver diagrams for Y p,q starting from the known Y p,p quiver and reducing q one by one.
After one replaces every occurrences of edges of Vα by the prescription, one gets the quiver diagram
depicted in figure 7.3. One can check that the moduli space of that quiver is precisely the conifold
divided by the action (7.2.4), that is, the cone over Y p,p.

The superpotential is given by

W =
∑

(−1)s tr UαVαY −
∑

tr UαYUαZ (7.2.5)

where the first sum is over the triangles connecting i, i + 1 and i + 2, and the sign (−)s is chosen to
be the same as that of (−)i. The second sum is over the quadrangles introduced by the modification
above.
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# a b c d B
U1 p 0 1 0 0 −p
U2 p 0 0 0 1 −p
V1 q 1 1 0 0 q
V2 q 1 0 0 1 q
Y p + q 0 0 1 0 p − q
Z p − q 1 0 0 0 p + q
θ — 1/2 1/2 1/2 1/2 —

Table 7.1: Multiplicities and global symmetry charges for Y p,q quiver.

d
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b

c

U1

U2

Z
Y

d

a

b

c

p
q

V2
V1

Figure 7.4: The ‘folded-quiver’ description of the Y p,q quiver.

7.2.2 Moduli

In the original paper [14] cited above, not much reasoning was given for the rule of the modification
of the quivers. Rather, the matching of the central charge a calculated from the a-maximization and
the inverse of the volume was used as the justification. The matching of the moduli space to the cone
was done afterwards in a series of papers, culminating in the general prescription given in [70]. Here
we would like to take a slightly more logical approach, by first checking the matching of the moduli
space and the cone. The presentation basically follows that in [73], although the motivation in it was
slightly different from ours.

We begin by studying the global symmetry of the quiver theory constructed in the previous sub-
section. By some calculation, one finds that the maximal number of the commuting U(1) charges are
four. We call them U(1)a,b,c and U(1)d. The charges of the bifundamental fields and the superco-
ordinates θα are tabulated in table 7.1, together with their multiplicities. One can check by a direct
calculation that U(1)a,b,c,d are indeed conserved charges.
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The basis of the charges, consisting of a, b, c and d, is distinguished in the sense that they arise
from the ‘folded quiver’ description, see figure 7.4. There, one draws edges connecting the midpoint
of the edges of the toric data. The edges thus drawn inside the toric diagram are assigned to the
bifundamental fields as in the figure. The vertices of the original toric diagram correspond to the
global U(1) symmetries of the quiver, and the charge is assigned so that a field corresponding to the
edge E has charge 1 under the symmetry corresponding to the vertex V if V lies on the right hand
side of E, is neutral otherwise. The supercoordinates θα have charge one half for every symmetry
corresponding to a vertex. Now, the vertices a, b, c and d satisfy the relation

0 = (p + q)a − pb + (p − q)c − pd (7.2.6)

as the generators of the toric cone. The corresponding U(1) symmetry B, defined by the right hand
side of the above equation, that is,

B = (p + q)a − pb + (p − q)c − pd (7.2.7)

is called the baryon symmetry. It is also tabulated in table 7.1.
Let us move on to the study of the moduli space itself. The gauge theory for one D3-brane

is represented by the quiver diagram where every node is taken to represent a U(1) gauge group.
The moduli space M should then correspond to the transverse movement of the D3-brane. For N
D3-branes, the nodes are taken to be SU(N), and the moduli space for them automatically contains
MN/SN as a subspace, although other branches may exist. What needs to be shown is thatM is the
cone over Y p,q as a complex manifold.

A complex manifold is defined by gluing patches, and they in turn is determined by the totality of
the holomorphic functions (without poles) on them. A holomorphic function corresponds to a gauge
invariant operator of the theory considered, modulo the F-flatness conditions. Without the Fayet-
Iliopoulos term as in the present case, the moduli space is automatically conic and covered by one
patch.

Gauge invariant operators for quiver gauge theories with U(1) as nodes are closed loops on the
quiver, since the gauge U(1) charges for the bifundamental fields should cancel out. The global U(1)
charges do not necessarily cancel. One can check that the baryon charge B is always zero for closed
loops, while there are three operators with linearly independent charges under a, b, c and d. Thus the
moduli space is acted by three U(1) symmetries which span the hyperplane B = 0. The dimension
of the moduli space itself can be determined by examining the number of the fields and the number
of the F- and D-flatness conditions. One finds it is three-dimensional. Thus M has as many U(1)
symmetry as its dimension, which is the definition of the toric manifold. As was discussedM is conic
and covered by one patch. Such toric manifold is called affine, and it is determined by the charges of
the available holomorphic functions. Indeed, one can check that two gauge invariant operators with
the same U(1) charges are always equal modulo the F-term conditions. The charges of the gauge
invariant operators form a cone in a three-dimensional lattice, and its dual cone is the cone specified
by the toric data.

More specifically, we know from the table 7.1 that the charges a, b, c and d of any composite
operators constructed from chiral fields are positive, which form a cone with four edges in Z4. Gauge
invariant operators are inside the cone and fall on the hyperplane B = 0. Thus they form a cone with
four edges in Z3, which is the lattice points on the hyperplane B = 0.

The toric data for the cone over Y p,q were given in (7.2.1). Its dual cone, which should be the cone
of the available charges, can be realized in the hypersurface B = 0. The dual cone is defined by the
condition

a, b, c, d ≥ 0. (7.2.8)
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Thus, the generators of the dual cone are found by looking for lattice points on B = 0 with two entries
zero. They are

(a, b, c, d) = (0, 0, p, p − q), (p, 0, 0, p + q), (p, p + q, 0, 0), and (0, p − q, p, 0). (7.2.9)

Gauge invariant operators with the charges specified as above can be found easily. Namely, if we
follow the quiver diagram counterclockwise on the outermost edges, we have a loop consisting of p
U’s, q Z’s and (p − q) V’s, in which operators with charge (p, 0, 0, p + q) and (p, p + q, 0, 0) can be
found. If we follow the diagram clockwise using the inner edges Y , the loop can be closed by using p
Y’s and (p − q) U’s, in which the charge combinations (0, 0, p, p − q) and (0, p − q, p, 0) are realized.
If we would like to show thatM is the cone over Y p,q in full rigor, we have to show that any lattice
points inside the cone defined by (7.2.8) are realized as the charge combination of the gauge invariant
operators; we would like to content ourselves by having the realization of the generators of the cone
as above.

7.2.3 Central charge

We would like to determine the central charges for the Y p,q quiver theory. Let us redefine the basis of
the global U(1) charges to that formed by

F = a − c, R0 = 2c, σ3 = b − d (7.2.10)

and the baryon symmetry B. σ3 is the Cartan generator of the SU(2) global symmetry under which
Uα and Vα are doublets, thus it does not enter the superconformal R-symmetry.

Let us now introduce the trial R-symmetry R = R0 + sF F + sBB. The trial a function is

9
32

tr R3 =
9N2

32
×

(
2p + 2p(−1 − psB)3 + 2q(−1 + sF + qsB)3+

(p + q)(1 − sF + (p − q)sB)3 + (p − q)(−1 + sF + (p + q)sB)3
)
. (7.2.11)

Its maximum is at

sF =
2p + 3q −

√
4p2 − 3q2

3q
, sB =

2
3q2 (

√
4p2 − 3q2 − 2p), (7.2.12)

and the value of the a-function at the maximum is

ap,q = N2 p2

4q4

( √
4p2 − 3q2

3
− 8p3 + 9pq2

)
. (7.2.13)

The volume of Y p,q was presented in (6.3.22), and it satisfies the relation

ap,q =
N2

4
π3

Vol Y p,q , (7.2.14)

as it should be from the AdS/CFT correspondence, (6.2.10). This is a satisfying test of the Maldacena
conjecture. Indeed, the calculation above for ap,q is just the maximization of a cubic polynomial,
motivated by the field theory consideration, while the construction and the calculation of the volume of
Y p,q are a difficult problem in classical general relativity. Two calculations have no direct relationship
whatsoever, without the light of string theory.
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7.3 Generic properties

In this section we abstract the properties we saw in the previous section to the gauge theories on the
D3-branes which probe generic toric Calabi-Yau cones. The structure of the quiver theory consists of
three parts, namely the gauge group, the matter representations and finally the superpotential. In the
toric case a technique is now available [74, 75], which enables us to accomplish the most difficult part,
which is the determination of the superpotential of the quiver theory. Fortunately, it is not necessary
to know the superpotential for the purpose of this thesis. We only need the gauge groups and the
bifundamentals connecting them, which we summarize below.

Let us consider a toric Calabi-Yau cone with the toric data kI = (1,~kI) with I = 1, 2, . . . , d. We
can guess the following properties from the discussion in the previous section on Y p,q:

1. The gauge group is SU(N)A, where A is twice the area of the polygon whose vertices are the
toric data kI .

2. The bifundamental chiral superfields can be grouped in d(d − 1)/2 sets, which we can call Bi j,
where i and j label two midpoints of the edges of the toric diagram.

3. In each set Bi j there are
|Bi j| = det(~v1,~v2) (7.3.1)

of bifundamental fields, where ~vi = ~ki+1 − ~ki.

4. Global symmetries QI are in one-to-one correspondence with the generators kI of the toric cone.

5. The fields in Bi j is charged with charge one or zero under the global symmetry QI if the vertex
kI is on the right or left hand side of the arrow connecting i to j, respectively.

6. The supercoordinate is charge 1/2 under QI for any I.

7. Of d U(1) symmetries, only three linear combinations, which correspond to the three U(1)
rotations of the toric cone, act non-trivially on the gauge invariant operators formed from the
closed loops of the quiver. The surviving combination is given by the map

aIQI 7→ aIkI . (7.3.2)

Before proceeding let us comment on what is known about the validity of the various properties:
Property 1 is a well established fact. The total number of gauge groups is equal to the total number
of compact cycles (0-, 2- and 4-cycles) in the completely resolved Calabi-Yau cone. Since there is no
odd-homology, this number is the Euler number of the resolved non-compact Calabi-Yau, which is,
in turn, known to be given by twice the area of the toric diagram. Properties 2 and 3 were proposed
in [76], under the name of “folded quiver”, and was inspired from a T-dual description of the Calabi-
Yau space and the branes probing it. Namely, the dual diagram of the toric diagram represents the
(p, q) five-brane web, and the edges ~vi, when rotated by 90 degrees, represents the direction of the
infinite (p, q) 5-brane. Two such 5-branes will intersect at det(~vi,~v j) points, yielding the same number
of bifundamental matter fields. Each brane will also host a U(1) symmetry, which is seen as the
global symmetry from the point of view of the D3-branes on the original Calabi-Yau cone. These are
Properties 4 and 5.

Property 3 does not hold for all toric phases of the quiver. We expect there is always at least one
toric phase where the number of the fields is precisely given by the determinant (7.3.1). This is known
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to be the case for the set of theories Y p,q and Lp,q|r. For the Y p,q’s all toric phase have been classified
[77], and in some phases, with so-called double impurities, property 3 does not hold as stated. In these
cases there are additional pairs of fields with opposite charges. It was also shown for toric del Pezzo
surfaces in [78]. We expect it to be possible to give a general proof studying intersection numbers of
compact three-cycles in the mirror Calabi-Yau, as was conjectured in [76] on the base of [78]. For
recent work see [79, 71, 80].

The strong evidence for the validity of Properties 5, 6 and 7 listed above was given in the work
of Butti and Zaffaroni [17, 80], where it was shown that the field theory computation of the cubic
’t Hooft anomaly cRRR matches precisely with the geometric results for the volumes of the Sasaki-
Einstein manifolds, as expected from the AdS/CFT correspondence. The volumes on the gravity side
can be computed using the results of Martelli, Sparks and Yau [15], which enables us to compute
the volumes just in terms of toric data. One of the main results in this thesis, presented in the next
chapter, is that the cubic ’t Hooft anomalies cIJK calculated using the properties 5, 6 and 7 match with
the Chern-Simons coefficients as computed from gravity.

As an aside, let us note that, in addition to ’t Hooft anomalies one can readily compute the scaling
dimension of dibaryon operators, using the “folded quiver” picture. This gives additional evidence
for the validity of properties 1, 2 and 3. Also the topology of some supersymmetric three-cycle can be
matched with this picture [70].

Properties 5 and 6 imply that the gauginos have charge one half and their contribution to cubic
anomalies is alwaysAN2/8. The fermionic component of the bifundamental superfields have charge
−1/2 or 1/2. We thus see that in this way all the charges are half integral, and every bifundamental
field contributes ±N2/8 to the cubic anomalies. The point is that this basis is easy to be identified in
the gravity dual. Indeed, the dibaryon constructed from the field in BI,I+1 has the charge δIJN under
the symmetry QJ , which will be matched against the charge of the D3-brane which wraps the invariant
three-cycle in the Sasaki-Einstein manifold.



Chapter 8

Triangle Anomalies from Einstein
Manifolds

Most of the results in this chapter first appeared in the work [19] by S. Benvenuti, L. A. Pando Zayas
and the author of the thesis, except the result in section 8.6 which is based on the papers [17, 81].

8.1 Introductory remark

Since this chapter is rather long, we would like to start with the introduction to the chapter. As we
saw in section 4.5, the global symmetry on the CFT side corresponds to the gauge fields on the AdS
side, and the triangle anomalies among the global symmetries in CFT translates to the Chern-Simons
(CS) couplings (24π2)−1

∫
cIJK AI ∧ FJ ∧ FK for the five-dimensional gauge fields, and the matching

between them provides a quantitative check of the AdS/CFT correspondence. It was carried out in
[3] for X = S 5 using supergravity results of [82, 83], but it has not yet been done for other Einstein
manifolds. It is well-known that triangle anomalies can be extracted by a simple one-loop computation
in the gauge theories, and that they are topological objects. We thus expect that it should be possible
to develop a generic quantitative understanding also on the gravity side of the duality, because they
should belong to “protected sectors” of the AdS5/CFT4 correspondence. Accomplishing it is the main
objective of this chapter.

Other types of “protected sectors” of the AdS/CFT correspondence are given by the Bogomol’ny-
Prasad-Sommerfield (BPS) operators, which are protected by supersymmetry. In this case one can
map the scaling dimensions of the BPS operators to the energy of the corresponding BPS states in
the type IIB string theory on AdS5 × X. We can expect it to be possible to understand the dual BPS
objects on the gravity side in general, without the need of having the explicit metrics. This is indeed
the case, for instance, for dimensions of baryonic BPS operators, corresponding to the volumes of
supersymmetric (SUSY) cycles, which can be computed with the procedure uncovered in [15]. In
the same way, we expect that the CS coefficients can be calculated on the gravity side without the
knowledge of the explicit metrics.

The 5d Chern-Simons coefficients also appear prominently in the analysis of M-theory on Calabi-
Yau threefolds. There, the supergravity reduction results in the formula

cIJK ∝

∫
CY
ωI ∧ ωJ ∧ ωK , (8.1.1)

where ωI,J,K are harmonic two-forms on the Calabi-Yau. At this stage, the formula for cIJK is difficult
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to evaluate, since finding harmonic forms is hard. One can show, however, that cIJK does not change
when one shifts ωI by an exact form. Thus, the determination of ωI as a cohomology class suffices in
the calculation of cIJK . Indeed, they are given in terms of the triple intersections of three four-cycles
of the Calabi-Yau, and are integers. cIJK should be integers for reasons also from the five-dimensional
point of view, which is the requirement of the five-dimensional action to be defined modulo 2π on a
spacetime with nontrivial topology. We expect to find a similarly robust formula for the CS coefficients
in the case of the type IIB supergravity on compact, positively curved, Einstein manifolds X.

Thus, our first objective is to obtain a geometrical formula for the Chern-Simons coefficients cIJK

for the type IIB supergravity on AdS5 × X. The result we will obtain is so elegant that we would like
to give the formula here. It is given by

cIJK =
N2

2

∫
X
ω{I ∧ ιkJωK} , (8.1.2)

where three-forms ωI of X are the internal wavefunctions for the gauge fields on AdS5, and the Killing
vectors kI is determined by ωI . N is the number of the self-dual five-form flux through X. We will
show that this formula gives robust topological quantities in a precise sense. In particular, explicit
knowledge of the Einstein metric on X is not necessary to evaluate the formula (8.1.2).

We provide an explicit evaluation of cIJK , through (8.1.2), for large sets of Sasaki-Einstein man-
ifolds, namely, circle bundles over del Pezzo surfaces and toric Sasaki-Einstein manifolds. We will
find complete agreement on the gravity side and the field theory side. For toric SE we obtain

cIJK =
N2

2
|det(kI , kJ , kK)| (8.1.3)

where kI ∈ Z
3 is the I-th toric datum. In other words, cIJK is simply given by the area of a triangle

formed by the three toric data. We recover the formula (8.1.3) from field theory, thus providing a very
general check of AdS/CFT.

With the formula for cIJK , one can form the trial a-function to find the central charge, while with
kI one can use the Z-minimization to find the volume of the base Sasaki-Einstein manifold. We will
see how these two extremization are related, utilizing the formula (8.1.3).

We will also analyze the BPS operators which are related to giant gravitons, emphasizing the
interplay between objects protected by supersymmetry and topological properties of X. Throughout
the analysis, we will see that there is an intricate mixing of the angular momenta and baryonic charges,
which reflects the fact that the D3-branes wrapping three-cycles in the SE manifold is partly a giant
graviton.

The organization of this chapter is the following: first we describe in section 8.2 the supergravity
reduction which gives the formula for the CS terms and gauge coupling constants. Then, we discuss
the normalization of gauge fields and the charges in section 8.3, where we will see that the formula
for the CS terms is topological in a precise sense. We evaluate the formulae for toric Sasaki-Einstein
manifolds and for the circle bundles over del Pezzo surfaces in section 8.4. In section 8.5, we turn
to field theory dual and show, firstly based on explicit examples, that the results obtained in previous
sections match with predictions based on AdS5/CFT4 correspondence. We also provide a generic
proof for toric cases. We present in section 8.6 the beautiful analysis by [17, 81] which compares
the a-maximization and the Z-minimization, utilizing the formula obtained in section 8.5. In section
8.7, we explain the simplicity of our results in section 8.5 using the flow triggered by the Higgsing of
dibaryons. Finally in section 8.8, we elaborate on the mathematics behind the charge lattice associated
to the five-dimensional Einstein manifold with isometries.
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8.2 Perturbative Supergravity Reduction

Consider the type IIB theory on AdS5 × X where X is an Einstein manifold of dimension five. Let
us carry out the Kaluza-Klein reduction and retain only the massless gauge fields. The corresponding
five-dimensional action has the form

S =
1
2

∫
τIJF I ∧ ∗FJ +

1
24π2

∫
cIJK AI ∧ FJ ∧ FK + · · · , (8.2.1)

which yields the equation of motion

τIJd ∗ F I =
1

8π2 cIJK FJ ∧ FK . (8.2.2)

We would like to calculate the Chern-Simons coefficient cIJK of the gauge fields. We will eventually
choose the indices I, J, . . . to label the integral basis of the gauge fields in the next section, but in
this section we take them arbitrarily. We chose the numerical coefficient (24π2)−1 so that cIJK =

tr QIQJQK under the AdS/CFT correspondence, where QI is the global symmetry corresponding to
the gauge field AI , and the trace is over the label of Weyl fermions.

The arguments which are to be presented in sections 8.2.1, 8.2.2 and 8.2.3 only uses the fact that
the metric is Einstein, so it is applicable, e.g. to the manifolds T a,b for (a, b) , (1, 1).

8.2.1 Details of supergravity reduction

Our goal in this section is to perform a compactification of a ten-dimensional solution of IIB super-
gravity to five dimensions. This subsection is highly technical, so that if a reader wants only the
outcome s/he can skip this section and go directly to section 8.2.2.

There is an extensive literature on supergravity reduction on positively curved symmetric mani-
folds. For example, there are some constructions of full consistent non-linear Ansatz for the reduction
on the spheres [84]. Other interesting truncations are presented in [85] and references therein. In this
subsection we carry out the compactification of the type IIB theory on generic 5-dimensional Einstein
manifolds. It is worth stressing that we are not attempting a consistent truncation to a five-dimensional
theory. As such, we are forced to the perturbative analysis and will not pursue full non-linear reduc-
tion in this paper. Indeed, it is known that the consistent truncation is possible only for a restricted set
of manifolds [86].

Consider the type IIB theory compactified on an Einstein 5-manifold X to have five-dimensional
theory on AdS5. Let the coordinates of X and AdS be yi and xµ, and their fünfbeine be ei and f µ,
respectively.

Since the action of the self-dual five-form in ten dimensions is rather subtle, we carry out the
Kaluza-Klein analysis at the level of equation of motion1. Let us explain the main technical point
before going into the details. Schematically, one first expands the fluctuation using the harmonics of
the internal manifold X,

φ(x, y) = φ0(x, y) + δφ(i)(x)ψ(i)(y) + · · · , (8.2.3)

so that δφ(i) are the mass eigenstates. Then, one can identify the cubic couplings such as the CS
coefficient by finding the equation of motion of δφ(i) in the form

(D2 − m2)δφ(i) = C(i)
( j)(k)δφ

(i)δφ( j) + · · · . (8.2.4)

1Quite recently, the authors of [87] constructed a covariant action for the self-dual five-form fields, and can be used
to derive the results presented in this section transparently. Unfortunately, their form of the action needs a choice of the
Lagrangian subspace of the space of the five-forms, and it takes some pages to present their formalism. Thus, we chose to
express the results via a more down-to-earth approach taken in [19].
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If one is only interested in obtaining certain parts of the cubic coupling, one can set to zero any
fluctuation which does not multiply the couplings. It does not change the results, and at the same time
it greatly reduces the calculational burden.

Another technical difficulty lies in maintaining the self-duality of the Ansatz for the five-form.
Suppose X has ` U(1) isometries ki

a, a = 1, . . . , ` so that exp(2πki
a∂i) is the identity. For toric SE

manifolds, ` = 3. The ansatz for the metric is the usual one,

ds2
X =

∑
i

(ei + ki
aAa)2, (8.2.5)

where ei are the fünfbein forms of the Einstein manifold and Aa = Aa
µdxµ are one-forms on AdS5.

Let us abbreviate êi = ei + ki
aAa. Then, the Hodge star exchanges

f 1, . . . , f 5 ←→ ê1, . . . , ê5. (8.2.6)

Thus, one can anticipate that the introduction of the following ˆ operation on general differential
forms of X defined by replacing e by ê,

α(p) = αi1···ipei1 · · · eip 7→ α̂(p) ≡ αi1···ip êi1 · · · êip , (8.2.7)

greatly helps in maintaining the self-duality of the Ansatz for F5.
The following two formulae are useful in calculation. First is a formula for the ˆ operation using

interior products:

α̂ = α + Aa ∧ ιkaα +
1
2

Aa ∧ Ab ∧ ιkb ιkaα + · · · . (8.2.8)

Another is ∗(α(5−p) ∧ β(p)) = (−)p(∗α) ∧ ∗β where the number in the parentheses in the superscript
denotes the degree of the forms.

Let us carry out what we have just outlined. The equations of motion and the Bianchi identity in
the type IIB supergravity are:

Rµν =
c

24
FµαβγδFν

αβγδ, (8.2.9)

F = ∗F, (8.2.10)

dF = 0 (8.2.11)

where Rµν is the Ricci curvature of the ten-dimensional metric and

F =
1
5!

Fµνρστdxµdxνdxρdxσdxτ (8.2.12)

is the self-dual five-form field strength. We use the relation above with p! substituted for 5! to translate
a p-form to its components in general. c is equal to 16π6α′4g2

s as before. We set other form fields and
fermions to zero, and dilaton to constant.

Let N units of five-form flux penetrate X, where we normalize the five-form F5 to have
∫

F5 ∈

2πZ. Then, the zero-th order solution is

ds2 = L2ds2
AdS + L2ds2

X , F =
2πN

V
(volX + volAdS) . (8.2.13)

We take the convention Rµν = −4gµν for the AdS part, Rmn = 4gmn for the SE part. V is the volume,
V = Vol(X). Plugging (8.2.13) in to the equation of motion of the metric, we get

4 = c
(
2πN

V

)2

L−8. (8.2.14)
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Let us expand the fluctuation around the zero-th order solution in modes. One can consistently set
to zero all the modes which are not invariant under the U(1) isometries. We then take the ansatz for
F5 as

V
2πN

F5 = ê1 · · · ê5 + Ba ∧ ∗ka − F I ∧ ω̂I + ∗F I ∧ ∗̂ωI + (∗Ba) ∧ ka + f 1 · · · f 5 (8.2.15)

where ka = gi jki
ady j, ωI are three-forms to be identified shortly, Ba = Ba

µdxµ and F I = F I
µνdxµdxν/2.

We will see that this gives consistent equation of motion in five dimensions.
F5 above satisfies F5 = ∗F5 by construction, because the one-forms f µ and êi constitutes the

zehnbein of the metric. dF5 = 0 requires

dωI = ca
I ιka volX (8.2.16)

for some constants ca
I . We define kI ≡ ca

I ka for brevity. Furthermore, we assume ωI to be co-closed.
Then, dF5 = 0 imposes on Ba, F I the equations

d(Aa + Ba) = ca
I F I , (8.2.17)

dF I = 0, (8.2.18)

d(∗F I) ∧ ∗ωI = −(∗Ba) ∧ dka + F I ∧ FJ ∧ ιkJωI (8.2.19)

where we kept the fluctuations up to the second order. Let us define ωa by ∗dka/8. One has dωa =

ιka vol by using the fact2 that we have ∗d ∗ dk = 2tk for any Killing vector k in an Einstein spaces with
Ri j = tgi j. Then we see, from (8.2.19),

d ∗ F I ∧ ωK ∧ ∗ωI = −8 ∗ Ba ∧ ωK ∧ ∗ωa + F I ∧ FJ ∧ ωK ∧ ιkJωI . (8.2.20)

Another important equation of motion comes from the Ricci curvature Rµî f µêi with one leg in the
AdS and one leg in the SE. While

Rµî =
1
2

kia∇ν(∂µAa
ν − ∂νA

a
µ) (8.2.21)

from (8.2.5), the right hand side of (8.2.9) is given by

c
24

Fµ....Fî
.... =

c
24

(
2πN

V

)2

L−8
(
48Ba

µkai − 6(∗F I)µνρ(∗ωI)..FJνρ(ωJ)î
..
)

(8.2.22)

= 8Ba
µkai − 4(∗F I ∧ FJ)µ

(ωIιeiωJ)
vol

. (8.2.23)

Thus we get

1
16

(d ∗ dAa) ∧ 〈kakK〉 vol = ∗Ba ∧ 〈kakK〉 vol+
1
2

F I ∧ FJ ∧ ωIιkKωJ (8.2.24)

2 One can replace ∂i by ∇i in the definition of Lie derivative. Thus ∇ik j + ∇ jki = 0. Then

Rl jkl = Rk
lk jk

l = [∇k,∇ j]kk = gkl[∇k,∇ j]kl = −gkl∇k∇lk j − gkl∇ j∇kkl = −∇
2k j.

Hence, for Einstein manifold with Ri j = tgi j, we have

(∗d ∗ dk)i = ∇
j(∇ik j − ∇ jki) = 2tki.
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where 〈k1, k2〉 of two vectors is their inner product.
From (8.2.20) and (8.2.24) we see that the mass eigenstate is Ba and the mixture of Aa and Ba, and

the former is massive and the latter is massless. Let us add the both sides of the equations (8.2.20) and
(8.2.24), and integrate over the internal manifold X. Using

∫
X ωK ∧ ∗ωa =

∫
X〈kKka〉 vol /8, the term

including the massive mode Ba cancels, and we finally obtain the equation of motion for massless
fields :

d ∗ F I
∫

X
(ωK ∧ ∗ωI +

1
16
〈kKkI〉 vol) =

1
4

F I ∧ FJ
∫

X
ω{I ∧ ιkJωK} (8.2.25)

where {IJK} = IJK + IKJ + · · · without 1/6. The factor which multiplies d ∗ dFI exactly reproduces
the combination g−2

IJ
KK +g−2

IJ
CC which appeared in ref [18], where it was derived in a slightly different

way.
Let us recapitulate what happens during the detailed calculation above. If we reduce some higher-

dimensional form-field theory on an internal manifold without isometries, we need to have simulta-
neously closed and co-closed wavefunctions in the internal manifold to have a massless field in the
non-compact dimensions. If the metric is the sole dynamical field, then upon reduction an isometry
produces a gauge field through the ansatz (8.2.29). Through the coupling between the metric and the
five-form field, the gauge field from gµν and the gauge field from F5 with co-closed but nonclosed
wavefunctions get off-diagonal components in the mass matrix, and precisely one linear combination
remains massless per one Killing vector field. Thus, the total number of massless gauge fields in AdS
is

d = ` + b3, (8.2.26)

where ` is the number of independent Killing vectors and b3 is the dimension3 of H3(X).

8.2.2 Summary of the reduction

The presentation in the previous subsection was precise but highly technical. We would like to sum-
marize the result here in a more informal way. First we change the normalization of ωI and kI so
that

(ωI from now on) = −
2π
V

(ωI so far), (8.2.27)

and that
(kI from now on) = 2π(kI so far). (8.2.28)

The definitions used in the previous subsection were chosen to minimize the number of messy factors
of V and 2π in the equation of motion; the new ones are more suitable for the topological analysis
later.

Suppose X has ` U(1) isometries ki
a, (a = 1, . . . , `). Take the usual Kaluza-Klein ansatz for the

metric
ds2

X =
∑

i

(ei + ki
aAa)2 (8.2.29)

where ei are the fünfbein forms of the SE, and Aa are the one-forms on AdS5.
The Ansatz for F5 was rather intricate already at first order. We write F5 as the sum of components

Fp,q which has p legs in AdS5 and q legs in X so that

F5 = F0,5 + F1,4 + F2,3 + F3,2 + F4,1 + F5,0. (8.2.30)

3 Forms which are closed and co-closed are automatically invariant under the isometry, hence the number of harmonic
three-forms is the same as the number of invariant harmonic three-forms.
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Then we take the Ansatz to be

F0,5 =
2πN

V
volX , F5,0 =

2πN
V

volAdS, (8.2.31)

F1,4 =
2πN

V
Aa ∧ ιka volX + ∗0 F4,1, (8.2.32)

F2,3 = NF I ∧ ωI , F3,2 = N(∗F I) ∧ ∗ωI . (8.2.33)

Here, ωI are three-forms on X, and F I are two-forms on AdS5, respectively. The range in which I can
take values is 1, . . . , d = b3 + `, as will see again. The first term in (8.2.32) is necessary because eq.
(8.2.29) modifies the Hodge star.

The exterior derivative is decomposed into d = dX + dAdS where dX,AdS is the exterior derivative
on the respective spaces. Then, dF5 = 0 imposes

dAdSFp,q+1 + dXFp+1,q = 0. (8.2.34)

F4,1 can be shown to yield massive degrees of freedom, so we set F4,1 = 0. Then, in order to have
massless equation of motion dF I = 0 and d ∗ F I = 0, there must be constants ca

I such that

d ∗ ωI = 0, and dωI =
2π
V

ca
I ιka volX (8.2.35)

for ωI and
dAa = ca

I F I (8.2.36)

for F I . One important thing is the non-closedness of ωI , which was already pointed out in [18]. If
dωI = 0 in (8.2.35), the allowed number of F I would be precisely b3 = dimH3(X). The presence
of ιka volX enlarges the dimension of the space of wavefunctions ωI for massless gauge fields by the
number of isometries, `. Thus, the index I runs from 1 to d where

d = ` + b3. (8.2.37)

Let us introduce vol◦ ≡ vol /V and kI ≡ 2πca
I ka. Eq. (8.2.35) becomes

dωI + ιkI vol◦X = 0. (8.2.38)

This form will be referenced in later sections.
One contribution to the Chern-Simons interaction arises as follows. The Hodge star ∗ for the

metric ansatz (8.2.29) forces F5 to have a second-order contribution of the form

δ(2)F ∝ Aa ∧ F I ∧ ιkaωI , (8.2.39)

just as we had Aa ∧ ιka volX term in (8.2.32). Then, dAdSF3,2 + dXF4,1 = 0 requires the presence of
Fa ∧ F I terms on the right hand side of the equation of motion. Full analysis was carried out in the
previous subsection, with the result (8.2.25). In the present notation, it becomes

d ∗ F I
∫

X
(ωK ∧ ∗ωI +

1
16V2 〈kKkI〉 vol) =

1
8π

F I ∧ FJ
∫

X
ω{I ∧ ιkJωK}. (8.2.40)
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8.2.3 Comparison to the 5d Lagrangian

Let us write down the formula for cIJK and τIJ . In order to determine the combination of τIJ and cIJK

entering the five-dimensional action, we need the normalization of the kinetic term of F5 entering the
ten-dimensional action. The self-duality of F5 makes the problem rather subtle. As for our case, we
can give up the full ten-dimensional covariance and only retain the invariance under SO(5, 1) × SO(5)
local Lorentz transformation. Then, the action for F5 in (2.1.2) can be written down to be

S F5 =
1

4π

∫
AdS×X

F5 ∧ ∗F5 (8.2.41)

where F5 = F0,5 + F1,4 + F2,3.
Plugging (8.2.29) and (8.2.33) into the action above, we obtain

τIJ =
N2

2π

∫
X

(ωJ ∧ ∗ωI +
1

16V2 〈kJkI〉 vol) (8.2.42)

where the first and second terms come from the kinetic terms for the five-form and the metric, respec-
tively. Then, from (8.2.40), we obtain

cIJK =
N2

2

∫
X
ω{I ∧ ιkJωK}. (8.2.43)

The expression for τIJ agrees with the one presented in [18].

8.2.4 a and the volume

Before moving to the explicit evaluation of cIJK for various Sasaki-Einstein manifolds, let us deter-
mine the central charge a from our formula (8.2.43), and check that it is inversely proportional to the
volume. In this subsection, we assume X is not just an Einstein manifold but is Sasaki-Einstein.

Let J be the Kähler form of the cone C(X) over X, and er = r∂r the dilation on the cone direction.
Let e be the one-form ιer J. It endows X with the structure of a contact manifold so that volX =

e ∧ J ∧ J/2 and de = 2J. The Reeb vector is ier.
Since X is now Sasaki-Einstein, the corresponding CFT is N = 1 superconformal. Let the R-

symmetry in the superconformal algebra be the linear combination RIQI . Then, the central charge a
is given by

a =
9

32
cIJKRIRKRK =

N2

2
27
16

∫
ωR ∧ ιkRωR (8.2.44)

where ωR = RIωI and kR = RIkI . It is known through the work [77] that ωR is a multiple of e∧ J. We
should normalize it so that kR is proportional to the Reeb vector, and the holomorphic three-form Ω to
have charge 2 under kR. Thus, we obtain

kR = 2π
2
3

ier (8.2.45)

because Ω scales as r3 and the natural holomorphic one-form on the cone is re. The extra factor of 2π
comes from our convention kI = 2πca

I ka relating kI in F5 and the ka in the metric ansatz.
Thus, we have

ωR = −
πe ∧ J

3V
(8.2.46)
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from (8.2.38). Then eq (8.2.44) becomes

a =
N2

2
27
16

4π3

27

∫
e ∧ J ∧ J

V2 =
N2

4
π3

V
, (8.2.47)

which is precisely the relation established in [88, 56].

8.3 Properties of the supergravity formula

8.3.1 Giant Gravitons and the normalization of ωI

We have found so far the formula for the CS coefficient cIJK given in terms of three-forms ωI on the
Einstein manifold X. The gauge field in the AdS space has these forms as the wavefunction. In order
to compare the result to the field theory in four dimensions, first we need to find the basis of the gauge
fields so that charged objects have integral charges with respect to these gauge fields.

Let us recall the situation in the compactification of the M-theory on a Calabi-Yau Y . In that case,
a massless gauge field arises from the M-theory three-form with a harmonic two-form ω on Y as the
wavefunction, and harmonic two-form naturally corresponds to H2(Y,R). M2-branes wrapped on a
two-cycle C in the Calabi-Yau give rise to the charged particles in the noncompact dimensions, and
the charge is given by

∫
C ω. Thus, H2(Y,Z) ⊂ H2(Y,R) gives the integral basis we wanted.

Similarly in our case, D3-branes wrapped on three-cycles in the Einstein manifold X give rise to
charged objects on the AdS side4. There are b3(X) homologically independent three-cycles. We also
have ` Kaluza-Klein angular momenta associated to the ` isometry. For example, gravitons moving
inside X will give charged objects from the AdS point of view. In all, there are d = b3(X) + ` types of
charged objects which match with the number of the massless gauge fields.

Let us give a simple argument showing that ordinary homology of 3-cycles is not the correct
mathematical object to classify the charges of the supersymmetric wrapped D3-branes. For S 5 the
homology is trivial but there are giant gravitons. A less simple example comes from the Y p,q geome-
tries: there are various supersymmetric 3-cycles which are homologically equivalent but have different
volumes. D3-branes wrapped on different cycles correspond to different operators in the dual quiver
gauge theory. These supersymmetric 3-cycles are invariant under the U(1)l = U(1)3 isometries. The
point is that we cannot deform one such supersymmetric 3-cycle to another keeping it invariant un-
der the isometries. It is thus clear that we need some kind of homology that keeps track also of the
isometries, which show up in AdS5 as Kaluza-Klein momenta.

Another important fact is that the wavefunctions ωI are not closed in general. Then the charge of
a wrapped D3-brane depends not only on its homology class, but also on extra data, as expected also
from the discussion in the previous paragraph. The Kaluza-Klein gauge fields coming from the metric
also enter the expansion of F5, because in the expansion (8.2.33)

δF5 = d(AI ∧ NωI), (8.3.1)

AI includes the gauge fields from the metric through (8.2.36). The non-closedness of ωI allows a
D3-brane wrapping a topologically trivial cycle C to have a non-zero coupling to AI given by

N
∫

C
ωI . (8.3.2)

4The R-charge of the wrapped D3-branes was studied in [77]. The analysis of the R-charge and the baryonic charges in
the regular Sasaki-Einstein manifolds was carried out in detail in [89].
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For instance, if we consider the type IIB theory on S 5 with N units of five-form flux and we wrap a
D3-brane on S 3 at the equator, it will give rise to a soliton with N unit of Kaluza-Klein momenta. This
is precisely the maximal giant gravitons treated in [65, 66]. The point is that, although the D3-brane
sits in the equator apparently at rest, it couples to the gauge field corresponding to the rotation through
the mixing of the gauge fields coming from the metric and the F5.

For simplicity, let us restrict our attention to branes which are apparently at rest in the SE. In order
for them to be charge eigenstates, their worldvolume should be invariant under the isometry. Let us
introduce an equivalence relation such that C ∼ C′ if C −C′ = ∂B where B is an invariant four-chain.
Then, the coupling of the branes to the gauge fields AI depends only on the equivalence class, because∫

C
ωI −

∫
C′
ωI =

∫
∂B
ωI =

∫
B

dωI =

∫
B
ιkI vol◦, (8.3.3)

and the integral of ιk acting on anything vanishes if the integration region is invariant under k. It is
because the integrand is zero when k degenerates on C and the interior product kills the legs along C
when k does not degenerate on C.

Suppose X has U(1)` isometry and the third Betti number to be b3. In the explicit examples we
will treat in the following sections, there are always d = ` + b3 of independent invariant three-cycles,
although we could not find a general proof in the mathematical literature5. Assuming this, D3-branes
wrapping on invariant three-cycles form a good basis of charged objects with respect to the gauge
fields AI . Let us denote the basis by CI , (I = 1, . . . , d). Then, the conditions∫

CI
ωJ = δ

I
J , (8.3.4)

determines the dual basis for the wavefunctions of the gauge fields AI . Then a D3-brane wrapping the
cycle CI has charge N under AI , and charge 0 for other gauge fields.

8.3.2 Metric independence of cIJK

In sec. 8.2, the form ωI is co-closed and ‘closed up to isometry’ (8.2.38). We show in this section
that cIJK and the normalization condition do not change when ωI and vol◦ are shifted by exact forms
dα where α is invariant under the isometries. Thus, the knowledge of the metric is not required in the
calculation of cIJK .

First, we can freely shift ωI by exact forms, ωI → ωI + dαJ , without affecting cIJK and the
normalization condition (8.3.4). The latter statement is obvious. The former one can be verified easily
as follows:

δcIJK ∝

∫
dα{I ∧ ιkJωK} = −

∫
α{I ∧ ιkJ dωK} = −

∫
α{I ∧ ιkJ ιkK} vol◦X = 0. (8.3.5)

Secondly, we can add exact forms dα to vol◦X without affecting cIJK nor the condition (8.3.4). The
change induces the change ωI → ωI + ιkIα via (8.2.38), which in turn causes cIJK to change by

δcIJK =

∫
ιk{Iα ∧ ιkJωK} = 0. (8.3.6)

5 In [67, 68], one can find interesting discussions on the construction of the supersymmetric three-cycles using the
complex algebraic geometry of the cone over the Sasaki-Einstein manifolds.
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Hence it does not change the CS coefficient. As for the normalization (8.3.4), the cycles CI are
assumed to be invariant under the isometry. Then we have

∫
CI ιkJα = 0, using the same argument as

before.
Let us recapitulate the method to calculate cIJK :

• We first take any invariant five-form vol◦ which satisfies
∫

vol◦ = 1.

• Then find ωI with the normalization
∫

CJ ωI = δ
J
I , (8.3.4).

• Next we define kI as the linear combination of ` isometries such that the condition dωI +

ιkI vol◦ = 0, (8.2.38) is satisfied.

• Finally we plug these quantities into the formula (8.2.43) and evaluate it.

The procedure does not require the knowledge of the Einstein metric on X. We would like to em-
phasize that the Sasaki structure on X is not necessary in the calculation of cIJK either. The only
ingredient is the action of U(1)` on X. In this sense we claim that cIJK is a topological invariant of the
manifold with U(1)` action.

8.4 Explicit Evaluation of the supergravity formula

8.4.1 Sasaki-Einstein manifolds with one U(1) isometry

We first treat the case where there is only one isometry k on the Sasaki-Einstein manifold X. We take
the period of k to be 2π. Then, the isometry determines on X an S 1 fibration

S 1 → X
↓

B
(8.4.1)

over a Kähler-Einstein base B. Let the one-form e be e = gi jkidx j. Then, the Sasaki-Einstein condition
implies that the curvature of the circle bundle de is equal to twice the Kähler class J of the base B,
that is,

de = 2J. (8.4.2)

We have vol◦ ∝ e∧ J ∧ J. Then, an elementary calculation shows that elements of H3(X) corresponds
to elements of H2(B) annihilated by J∧. Thus, b3(X) = b2(X) − 1. Since we assumed ` = 1, the
number of the gauge field d is

d = ` + b3(X) = b2(B). (8.4.3)

Thus, we need to find b2(B) of three-cycles CI and three-formsωI in X which satisfy the constraint
(8.2.38) and (8.3.4). To this end, take a basis of two-cycles D1, . . . ,Dd in B and the dual basis of two-
forms γ1, . . . , γd on B such that

∫
DI γJ = δI

J . Let us take CI to be the three-cycle above DI in the
fibration and ωI = (2π)−1e∧γI . Then the normalization (8.3.4) is automatic, and from dωI + ιkI vol◦ =
0 (8.2.38), we have

kI = −2(
∫

B
J ∧ γI)k. (8.4.4)

Thus we obtain

cIJK =
N2

2

∫
B

J
π
∧ γ{I

∫
B
γJ ∧ γK}. (8.4.5)
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8.4.2 Higher del Pezzo surfaces

Circle bundles over del Pezzo surfaces are prime examples of five-dimensional Sasaki-Einstein man-
ifolds, where the n-th del Pezzo surface dPn for n < 9 is CP2 blown up at generic n points. For
n = 1, 2, 3 they are toric, which will be treated in the next subsection. In this subsection we evaluate
(8.4.5) for del Pezzo surfaces with n ≥ 4, which have only one isometry which rotates the circle fiber.
We compare the result with the field theory result in section 8.5.1.

Let us take γ0 as the two-form dual to the base CP2, and γi, i = 1, . . . , n be the two-forms dual to
the i-th exceptional cycle. The intersection paring is Lorentzian, i.e.∫

dPn

γI ∧ γJ = diag(+1,−1, . . . ,−1). (8.4.6)

where I, J = 0, 1, . . . , n. The Kähler form J is chosen to be equal to the negative of the Chern class of
the anti-canonical bundle,

J =
π

3
(3γ0 −

n∑
i=1

γi). (8.4.7)

The area of the dPn is then
∫

dPn
J ∧ J/2 = π2(9 − n)/18. Formula (8.4.5) can be conveniently packed

in the cubic polynomial

Pn(a0, a1, . . . , an) ≡ cIJKaIaJaK = 3N2
∫

dPn

J
π
∧ γ

∫
dPn

γ ∧ γ (8.4.8)

by introducing indeterminate variables aI , I = 0, . . . , n and γ ≡ γIaI . It can be easily evaluated to be

Pn(aI) = N2

3a0 +
∑

i

ai

 (a0)2 −
∑

i

(ai)2

 . (8.4.9)

An obvious consequence is that we have

Pn(a0, a1, . . . , an) = Pn+1(a0, a1, · · · , an, an+1 = 0). (8.4.10)

We will see the physical mechanism behind it in later sections.

8.4.3 Toric Sasaki-Einstein manifolds

We would like to move on to the case where there are three isometries in the Sasaki-Einstein manifold
X, i.e. ` = 3. In that case, the Calabi-Yau cone over X is toric, thus X is called a toric Sasaki-Einstein
manifold. Let us describe X as a T 3 fibration over a two-dimensional d-gon B, where the coordinates
of T 3 are θ1,2,3 and those of the base are y1,2. We take the periodicity of θi to be 1. Denote the edges
by EI , I = 1, . . . , d, the 3-cycles above them by CI . It is known that H3(X) = d − 3 so that the number
of the edges is precisely the number of gauge fields which we obtain by compactifying the type IIB
string on X. Let kI = kiI∂/∂θi be the degenerating Killing vector at CI , see figure 8.1.

We will see shortly that the calculation of cIJK only depends on kI,J,K and not on the other kL,I,J,K

or the number of the edges. From now on, all the forms are assumed to depend only on y1,2.
Firstly, take a two-form F on the base B supported on a region S with

∫
F = 1. S is marked with

dark grey in the figure 8.1. Choose

vol◦ = F ∧ dθ1 ∧ dθ2 ∧ dθ3 (8.4.11)
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Figure 8.1: Construction of ωI . The polygon designates the image of the moment map. The dark
grey blob S is the support of F and the pale grey region RI is the support ofAI .

as the normalized volume form.
Secondly, for each edge EI , draw a region RI which contains S and touches only with EJ with

J = I (cf. fig. 8.1). Choose a one-form AI on the base B which is non-zero only in RI such that
dAI = F . Notice

∑
J

∫
EJ
AI =

∫
B F = 1 ,

∫
EJ AI = 0 for J , I thus

∫
EI AJ = δ

I
J .

We need to ensure furthermore thatAI has only components parallel to the edge EI . Then

ωI ≡ −AI ∧ ιkI dθ1 ∧ dθ2 ∧ dθ3 (no summation on I) (8.4.12)

is a well-behaved form on X, since the existence of ιkI guarantees that ωI is regular near EI , and the
fact AI vanishes outside the pale grey region RI guarantees ωI is regular near EJ,I . It also satisfies the
constraint (8.2.38) and (8.3.4) almost by construction.

Now we can clearly see that the forms ωI,J,K can be taken to be the same irrespectively of, for
example, whether we are calculating cIJK for the hexagon inside or the triangle outside in the figure.
Thus, cIJK depends only on kI,J,K and not at all on kL,I,J,K . It is even independent of the number of
the edges, i.e.

cIJK = f (kI , kJ , kK) (8.4.13)

for some function f .
First of all, if two of kI,J,K are equal, then f is obviously zero because the integrand is zero. Next,

let us consider the case when they are all different. We can assume the base B is a triangle without
loss of generality. We will show that X is an orbifold of S 5, which allows us to obtain cIJK .

Take the universal cover U of X, that is, remove the periodicity θi ∼ θi + 1. X can be obtained
by dividing S 5 with the lattice N generated by (θ1, θ2, θ3) = (1, 0, 0), (0, 1, 0) and (0, 0, 1). Instead,
consider a manifold Y by dividing U by the lattice L generated by kI , kJ and kK . Along the edges of
B, precisely the direction kI,J,K degenerates. Thus we have shown that Y is topologically an S 5, and
X = S 5/Γ where Γ is the finite group L/N. The order of Γ is

#Γ = |det(kI , kJ , kK)| . (8.4.14)

Let us denote the corresponding quantities on S 5 by adding tildes and the projection map by
i : S 5 → S 5/Γ = X, we find

i∗ωI = (#Γ)ω̃I , i∗ vol◦ = (#Γ) ṽol
◦
, and i∗kI = k̃I . (8.4.15)
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I
J

K

Figure 8.2: Pictorial representation of the toric formula cIJK =
N2

2 |det(kI , kJ , kK)|.

Then ∫
S 5/Γ

ω{I ∧ ιkJωK} = (#Γ)−1
∫

S 5
i∗ω{I ∧ ιkJ i∗ωK} = #Γ

∫
S 5
ω̃{I ∧ ιk̃J

ω̃K} (8.4.16)

that is, cIJK is #Γ times that of S 5. Finally, for S 5, one can do the explicit calculation to find cIJK =

N2/2. Thus we obtain the formula

cIJK =
N2

2
|det(kI , kJ , kK)| , (8.4.17)

which is proportional to the area of the triangle inside the toric diagram, see figure 8.2.

8.5 Triangle Anomalies for corresponding quiver theories

8.5.1 del Pezzo surfaces

Now we want to discuss the gauge theories corresponding to the complex cones over del Pezzo sur-
faces. The quivers were constructed in [69] for toric del Pezzo surfaces (dP1, dP2 and dP3), and in
[78, 90] for the non toric ones, i.e. dPn with 4 ≤ n ≤ 8. The generic superpotential for dP5 and dP6
was derived in [91], for dP7 and dP8 the explicit superpotential is still not known. In [92, 93], all the
baryonic and R charges are explicitly listed for dPn up to n = 6. It is simple to compute, using these
data, the cubic ’t Hooft anomalies and to match with our geometrical findings in sec. 8.4.2.

In [89], the R- and baryonic charges of the dibaryons were analyzed through the framework of the
exceptional collections on the del Pezzo surfaces. In particular, they showed that the triangle anomaly
among one R-symmetry and two baryonic symmetries tr(RB1B2) is proportional to the intersection
form of the two-cycles which are perpendicular to the Kähler class of the surface. It is easy to check
that our formula in sec. 8.4.2 naturally reproduces their result.

8.5.2 Toric cones with four edges

Let us report in detail the results for the case of toric diagram with 4 corners. The toric diagram is
given in figure 8.3 and the global symmetry charges are given by table 8.1. The charge assignments is
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(1,0)

(a,p)

(0,!1)

(!s,b)

(p,1!a)

(s!p,a!b) 

(0,0)

(b,s)

Figure 8.3: A generic toric diagram with four corners, i.e. a generic Lp,q|r, and the associated (p, q)-
web. We have s = p + q − r. The integers a and b are such that as − bp = q.

Field Number QB
1 QB

2 QB
3 QB

4 QF
1 QF

2 QF
3 QF

4

B12 p 1 0 0 0 1/2 −1/2 −1/2 −1/2
B23 r 0 1 0 0 −1/2 1/2 −1/2 −1/2
B34 q 0 0 1 0 −1/2 −1/2 1/2 −1/2
B41 p + q − r 0 0 0 1 −1/2 −1/2 −1/2 1/2
B13 q − r 1 1 0 0 1/2 1/2 −1/2 −1/2
B42 r − p 1 0 0 1 1/2 −1/2 −1/2 1/2

Gauge p + q 0 0 0 0 1/2 1/2 1/2 1/2

Table 8.1: Charge assignments for the basic superfields in the case of toric diagrams with four corners.

determined from the rule explained in section 7.3. The column labeled by QB
I lists the charge of the

bosonic components under the global symmetry generator QI , and that labeled by QF
I is the charge of

the fermion in the multiplet.
It is straightforward to check that the linear ’t Hooft anomalies vanish, i.e. tr(QJ) = 0. This has

to be the case for any superconformal quiver [92, 94]. A general proof of the vanishing of linear
anomalies using the folded quiver picture was given in [17]. Since (QF

I )2 = 1/4, tr(QJ) = 0 also
implies that

tr(Q2
I QJ) = tr(QJ) = 0 (8.5.1)

The remaining cubic ’t Hooft anomalies (recall they are completely symmetric) are easily com-
puted to be

tr(Q1Q2Q3) = N2 r /2 (8.5.2)

tr(Q2Q3Q4) = N2 q /2 (8.5.3)

tr(Q3Q4Q1) = N2(p + q − r) /2 (8.5.4)

tr(Q4Q1Q2) = N2 p /2 (8.5.5)
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It is now straightforward to check that these are proportional to the area of the triangles

|det(kI , kJ , kK)| (8.5.6)

spanned by the corners of the toric diagram of figure 8.3. Thus we have shown that, for a toric diagram
with four edges, the cubic anomaly cIJK is given by

cIJK =
N2

2
|det(kI , kJ , kK)|, (8.5.7)

which agrees with the supergravity result (8.4.17).
This nice result can be proven for a generic toric diagram with arbitrary number of edges, by an

easy mathematical induction, which is the topic of the next subsection.

8.5.3 Triangle anomaly for general toric quivers

Here we are going to prove the formula

cIJK =
N2

2
|det(kI , kJ , kL)| (8.5.8)

for quiver gauge theories on the D3-branes probing the tip of a toric Calabi-Yau cone. Let us denote
by kI = (1,~kI) (I = 1, . . . , d) the toric data of the toric Calabi-Yau manifold. We set k0 ≡ kd. One can
express the same data using the language of the (p, q)-web, in which the direction of the i-th external
leg is given by (pi, qi) = ~ki −~ki−1. The field content of the corresponding quiver theory is summarized
in sec. 7.3, Properties 1, 2 and 3, and the global symmetry charges are described by Properties 4 to
7. Let us consider a linear combination Q = aIQI of the U(1) charges QI . Then, the charge of the
superpotential under Q is

∑
aI and the charge of the chiral superfields in Bi j is

j−1∑
K=i

aK = ai + ai+1 + · · · + a j−1. (8.5.9)

The number ni j of chiral superfields in Bi j is given by the intersection number of the two (p, q)-legs,
that is,

ni j = det(~k j − ~k j−1,~ki − ~ki−1), (8.5.10)

while the number nV of gauge groups is given by the area of the toric diagram

nV =
∑

det(~kI − ~k1,~kI+1 − ~k1). (8.5.11)

Then the triangle anomaly among three Q’s is given by

1
N2 cCFT

IJK aIaJaK = nV (
1
2

∑
aI)3 +

∑
I<J

nIJ

J−1∑
K=I

aK −
1
2

∑
aI


3

. (8.5.12)

This expression follows from the folded-quiver picture of [76], and was first explicitly written down
in the work of Butti and Zaffaroni [17]. In the usual formula we have 1 instead of

∑
aI/2; we would

like to have the triangle anomaly including the global symmetry usually fixed by
∑

aI = 2, so we
resurrected that combination.

One can show, by mathematical induction, cCFT
IJK only depends on kI,J,K and not on other kL for

L , I, J,K. nor on the number of edges. The proof goes as follows :
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Suppose I, J,K , d and let us show cIJK is independent of kd. Consider two toric data, one is
the original set {k1, k2, · · · , kd} and the other is {k1, · · · , kd−1} without kd. Let us distinguish various
quantities for the latter by adding tilde above, e.g. ñV and so on. Then we have two relations

nI,d−1 + nI,d = ñI,d−1 (8.5.13)

and
nV − nd−1,d = ñV . (8.5.14)

Applying them to the formula (8.5.12), we obtain

cCFT
IJK aIaJaK

∣∣∣
aN=0 = c̃CFT

IJK aIaJaK . (8.5.15)

Thus, cIJK for I, J,K , d is independent of kd. Inductively, we can show that cIJK depends only on
kI , kJ and kK .

Hence, we can obtain cCFT
IJK by considering the case of a triangle. One can easily show that, in this

case,
nV = nIJ = nJK = nKI = |det(kI , kJ , kK)|. (8.5.16)

Plugging in to the formula (8.5.12), we finally obtain

cCFT
IJK =

N2

2
|det(kI , kJ , kK)|. (8.5.17)

It precisely agrees with the result from the supergravity analysis (8.4.17).

8.6 a-maximization vs. Z-minimization

In the previous section we established the formula for the triangle anomaly cIJK in terms of the toric
data of the cone. On one hand, one can form trial a-function from cIJK and then to carry out the
a-maximization. On the other hand, one can carry out the Z-minimization process explained in sec.
6.5 directly to the toric cone. From the AdS/CFT correspondence, a at the maximum and Z at the min-
imum should be inversely proportional with the proportionality constant specified in (6.2.10). Thus it
is a natural question whether the relation between a and Z can be established directly without recourse
to AdS/CFT correspondence. When done, it will give another generic test of the correspondence.

There is an apparent difficulty in the matching of a and Z. First of all, the number of variables
for the trial a function is d − 1 with d the number of edges, while for the trial Z function it is always
two, irrespective of the number of edges. Furthermore, the function a is cubic, while the function Z is
a complicated rational function. With all the difficulties, the authors of [17] established a miraculous
identity. To present it, we need to introduce some notation to make it easier to understand. Let

LI(R) =
det(kI−1, kI , kI+1)

det(R, kI−1, kI)det(R, kI , kI+1)
, (8.6.1)

and S (R) =
∑

LI(R). The inverse of the Z function (6.5.12), aMS Y (R) ∝ 1/Z(R), is given by

aMS Y (R) =
9
32

24
S (R)

, (8.6.2)

where it is normalized so that we expect it to match as aMS Y (R) = aCFT at its maximum. We drop the
overall coefficient N2 for brevity below. Then the relation found and proved in [17] is

aMS Y (R) = aCFT (aI =
2LI(R)
S (R)

), (8.6.3)
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even without the maximization with respect to R.
The proof in [17] was extremely long, which was dramatically simplified with the use of the

formula (8.5.8) in [81]. We present the proof following the latter reference. Let R = (1,~r). Firstly,
note that LI(R − kI) with no sum in I satisfies

LI(R − kI) =
kI − kI−1

det(R, kI−1, kI)
−

kI+1 − kI

det(R, kI , kI+1)
(no sum on I). (8.6.4)

Summing over I, we get
LI

S
kI = R. (8.6.5)

Another key is the lemma that the relation

LI ≡ cIJK LJLK = 3S + det(~r − ~kI , ~u) (8.6.6)

holds with a fixed two-column vector ~u. The proof is postponed to the end of this section.
Combination of (8.6.5) and (8.6.6) immediately implies

LI BI = cIJK LILJ BK = 0 (8.6.7)

for baryonic symmetries BI , which satisfies BIkI = 0 by definition. Additionally, the relation

aCFT (aI =
2LI

S
) =

9
32

8LILI

S 3 =
9

32
24
S
= aMS Y (R) (8.6.8)

also follows easily, which was to be shown.
Before discussing the proof of the lemma, we would like to study the physical significance of the

relations (8.6.5), (8.6.7) and (8.6.8). Recall that for charges aIQI , its projection to the mesonic charges
modulo the baryonic charges is found by forming the linear combination aIkI . Then the equation
(8.6.5) means that the charges 2LI(R)QI/S (R) is a particular combination of the global symmetries
with the given mesonic charge 2R. The relative coefficient 2 comes from our normalization in this
chapter that

∑
aI = 2. The combination is fixed uniquely by (8.6.7), that is,

∂

∂BI aCFT

∣∣∣∣
aI=2LI/S

= 0. (8.6.9)

Thus, the charges on the left hand side of (8.6.8)

aI(R) =
2LI(R)
S (R)

(8.6.10)

is chosen so that

• aI(R)kI = 2R, and

• it maximize the trial a-function keeping aI(R)kI fixed.

In other words, aI(R) is obtained by partially maximizing the a-function along the baryonic direction.
Then the result (8.6.8) means that, after the partial maximization just discussed, the Z function is
inversely proportional to the CFT a function.

What is surprising here is that the relation (8.6.8) holds without the maximization over R. Indeed,
the AdS/CFT relation (6.2.10) is expected to hold only at the superconformal point. (8.6.8) implies
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that the relation (6.2.10) still holds slightly off-shell in the sense of five-dimensional supergravity.
It might be expected that we can find a physical explanation for (8.6.8) through the dimensional
reduction for the scalar potential in five-dimensions, as was done for gauge fields and their Chern-
Simons interactions in section 8.2. It is because the Z function is related to the volume of X5, which in
turn is linked to the vacuum energy in the five-dimensional theory in AdS. It would be very interesting
to carry out this program.

Let us show the lemma to conclude this section. Define

~uI =
∑

I+1≤J<K≤I+d

(~rJ − ~rK)LJLK − 2S
~kI − ~kI+1

det(R, kI , kI+1)
. (8.6.11)

One can show ~uI = ~uI+1 using (8.6.5). Thus we can drop the index I from uI from now on. Then
DI ≡ cI − det(~r − ~kI , ~u) is also independent of I. Using (8.6.5) again, we obtain

D1 = 2S +
∑

2≤J<K≤d

det(~r − ~kJ ,~r − ~kK)LILK . (8.6.12)

The second term in the right hand side is equal to S , which can be proven by the induction in the
number of the edges d. It implies

cI = 3S + det(~r − ~kI , ~u), (8.6.13)

which was the lemma to be shown.

8.7 Rolling among Sasaki-Einstein vacua

The triangle anomalies on the CFT side and the Chern-Simons coefficients on the gravity side showed
a remarkable behavior. Namely, for quiver theories for toric Sasaki-Einstein manifolds, the coefficient
cIJK is determined solely by the toric data kI,J,K and is independent of other kL for L , I, J,K (8.4.13).
We would like to give a heuristic physical interpretation of this fact. The same consideration can be
applied to the del Pezzo cases, and its manifestation is (8.4.10). We concentrate on the toric cases
below.

Consider a toric Sasaki-Einstein X whose dual toric diagram has d edges. Each edge EI naturally
corresponds to a global symmetry QI in the quiver theory. There are bifundamental fields ΦI with
charge δI

J under QJ . Then, we can form a dibaryon operator

BI = εi1i2...iN ε
j1 j2... jNΦI i1

j1
ΦI i2

j2
· · ·ΦI iN

jN
. (8.7.1)

It has the charge NδI
J under QJ , which is precisely the charge (8.3.2) of a D3-brane wrapping the

three-cycle determined by EI .
Now, let us give a vacuum expectation value (vev) to BI . Since BI is charged only with respect

to QI and not to QJ,I , the theory flow to a theory with d − 1 global symmetries. On the gravity side,
the Higgsing means that D3-branes wrapping around CI is condensed, which presumably shrinks it
just as in the blackhole condensation [95], see figure 8.4. It is the blow-down of the toric divisor
corresponding to EI on the Calabi-Yau cone over X. This procedure was used in the determination of
the del Pezzo quiver in [90].

Recall that the same triangle anomaly can be calculated either in the ultraviolet or in the infrared.
Thus, the triangle anomaly cJKL among the global symmetries other than QI is the same before and
after the Higgsing. Since the Higgsing eliminates the edge EI , this means that cJKL is independent
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Figure 8.4: Schematic depiction of the dibaryon condensation. Each edge corresponds to a three-cycle
in the toric Sasaki-Einstein around which D3-branes can be wrapped. Higgsing with the corresponding
dibaryon operator in the quiver CFT eliminates that edge.

of kI . One can repeat the flow as many times as one likes, and we can reduce the toric diagram to a
triangle, which is an orbifold of N = 4 SU(N) super Yang-Mills theory.

Let us consider the behavior of the central charge a along the flow. Consider a flow from the UV
quiver theory to the IR quiver theory triggered by giving a vev to BI . The IR theory contains also
a free chiral scalar field which represents the fluctuation of the vev of BI . Its contribution to a is of
order 1/N2 compared to the contribution from the interacting part, so we can neglect them henceforth.
Then, from the invariance of cIJK along the flow (8.4.13), the central charge a in the IR theory can
be obtained by maximizing the same function as that for the UV theory in a smaller region. Thus, a
will presumably decrease, with the usual caveat on the fact that the trial function attains the maximum
only locally.

Let us compare the process we saw in this section with the rolling among Calabi-Yau vacua [96].
There, theories on various topologically-distinct Calabi-Yau manifolds are connected by adiabatically
changing the moduli. Here, theories on various topologically-distinct Sasaki-Einstein manifolds are
connected by the renormalization-group flow induced by the Higgsing of the dibaryons. Both have
the same number of supercharges, and both can be understood as the Higgsing. Thus, we suggest to
dub the phenomenon we found as the “rolling among Sasaki-Einstein vacua,” although the rolling is
unidirectional. More detailed analysis of the rolling is clearly necessary and will be interesting.

8.8 More on the charge lattice

We would like to elaborate on the mathematics of the structure of the charges of the D3-branes6. The
case for the toric Sasaki-Einstein manifolds were analyzed in ref. [97] mainly from the point of view
of the toric geometry of the cone. We discuss the problem for arbitrary Einstein manifolds.

Let us denote the space of Killing vectors by N, which can be identified with the Lie algebra of
U(1)`. It comes with a natural integral structure by stating that k ∈ N is one of the lattice points if and
only if e2πk = id. Denote the dual space of N by M. Integral points of M correspond to representations
of U(1)`. The Reeb vector R ∈ N is given when we endow X with the Sasaki structure. If X is Sasaki-
Einstein, all the toric data k ∈ N should be on a plane. It is given by a distinguished element P ∈ M
as 〈P, k〉 = 1.

We deliberately used the letters M and N to evoke the connection with the toric geometry. Indeed
they are precisely M and N lattices of the cone over X, if ` = 3.

6The same analysis can be done for (d − 2)-branes wrapping (d − 2)-cycles in a d-dimensional manifold with isometry,
since the mixing of the gauge fields coming from the metric and form-fields is a generic feature independent of the self-
duality of the form-field, see [18]. We would like to thank A. Neitzke for raising this question.
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We only consider the branes which wrap three-cycles invariant under the action of U(1)`. As dis-
cussed in section 8.3.1, two cycles are taken to be equivalent if they form the boundaries of an invariant
four-chain. Let us call the group of the equivalence classes of such three-cycles as HG3(X) where G
stands for Giant Gravitons. We also denote the space of linear combinations of ωI by HG3(X), where
ωI are closed up to isometry (8.2.38).

We have an exact sequence

0→ H3(X)→ HG3(X)→ N → 0 (8.8.1)

where the second arrow is just the inclusion, and the third arrow is given by (8.2.38). The exactness
of the sequence is also obvious.

Correspondingly, we also have another exact sequence

0→ M
ι
−→ HG3(X)

π
−→ H3(X)→ 0 (8.8.2)

where we assumed, as before, that we can take an invariant representative for all H3(X). Then, the
third arrow π is just loosening of the equivalence relation. The second arrow ι is a bit tricky to define,
so we postpone the discussion to the end of this section. In the toric case, the above sequence can be
obtained from the usual sequence [63]

0→ M → DivT (C(X))→ Pic(C(X))→ 0. (8.8.3)

for the cone C(X) over X, where DivT denotes the group of toric divisors and Pic is the Picard group.
Two exact sequences have a clear physical interpretation. First, the relation between various gauge

fields are given by (8.8.1). H3(X) is the wavefunction for the purely ‘baryonic’ gauge fields, i.e. gauge
fields coming from F5. The elements of N are the Killing vector fields of X, which give rise to the
metric Kaluza-Klein gauge field. Formula (8.8.1) says that the total space of the gauge field is given
by combining the metric and F5 gauge fields, and that there is generally no gauge fields which come
purely from the metric.

Secondly, the sequence (8.8.2) relates various charges. Namely, M measures the Kaluza-Klein
angular momenta, and H3(X) measures the D3-brane charges wrapping various cycles. The fact that
HG3(X) is the extension of H3(X) by M tells us that, although we can have excitations with purely
Kaluza-Klein momenta and without D-brane charges, e.g. gravitons, generically any states with D-
brane i.e. ‘baryonic’ charges also have angular momenta. It also matches nicely with the result in the
recent works [98, 99] which studied the BPS states with no baryonic charges and their charge lattice
through the analysis of the spectrum of the Laplacian. The states without D-brane charges also appear
as the semiclassical strings moving along the null geodesics. The analysis for Y p,q was carried out in
ref. [73].

In the literature on the Sasaki-Einstein/Quiver duality, relatively little attention is paid to the M
part of the charges and the N part of the gauge fields, so it seems worthwhile to study further.

Let us now come back to the construction of the second arrow ι in (8.8.2). Take an integral basis of
Killing vectors va, a = 1, . . . , ` of N and take the dual basis ua in M. The basic idea is first to remove
subsets Xa from X so that X \ Xa has a trivial S 1 bundle structure under the action of the vector field
va, second to take a section of the bundle with its graph Za, and finally to set ι(va) ≡ ∂Za.

The bundle structure is non-trivial, thus one cannot take a genuine section. The best one can do is
to get a four-chain. Then, the boundary of the four-chain is the desired image under ι. To construct
an element ι(ua) in HG3(X) for ua, first let us denote by Ya the three-cycle where the Killing vector
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va degenerates. Define Ba = (X \ Ya)/U(1)a where U(1)a is generated by va. Then, the orbit of va

determines a genuine S 1 bundle
S 1 → X \ Ya p

−→ Ba. (8.8.4)

Consider the associated vector bundle over Ba obtained by the fiber S 1 by C, and take a generic
section of it. Let the zero locus of the section be given by taiγa

i where γa
i is a two-dimensional

submanifold of ba and tai is the multiplicity of the zero at γa
i . Then consider the bundle

S 1 → X \ (Ya ∪
⋃

a

p−1(γa
i ))→ Ba \

⋃
a

γa
i . (8.8.5)

It is a trivial S 1 bundle because we removed γa
i , and we can take a section Za of it.

Using Za, we define the image of ua by ι as

ι(ua) ≡ ∂Za = Ya + tai p−1(γa
i ). (8.8.6)

As before, we assume that we can take Ya and γa
i to be invariant under isometries.

The exactness of the sequence (8.8.2) is now obvious because the image is the boundary of the
four-chain Za. Secondly, a D3-brane wrapping on ∂Za has angular momentum δa

b with respect to the
isometry vb. It is because ∫

∂Za
ωb =

∫
Za

dωb =

∫
Za
ιkb vol◦ = δa

b. (8.8.7)

For the sake of completeness, we would like to describe the second arrow ι in (8.8.2) and in (8.8.3)
in the toric case. Let us denote the cone over X by C(X), which is a toric variety. For u ∈ M, we can
take a rational function χu on C(X) satisfying

vi∂iχ
u =
√
−1〈u, v〉χu (8.8.8)

for v ∈ N, where 〈u, v〉 is the natural pairing between M and N. It is unique up to multiplication by
a complex number, since the torus action is dense in C(X). Then the image is precisely the principal
divisor div(χu) determined by χu restricted on X, where the principal divisor div( f ) of a rational
function f is

div( f ) =
∑
α

nαCα, (8.8.9)

with Cα the loci of the zeros and the poles of f and with nα the degree of zeros or the negative of the
degree of poles at nα.
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Conclusion

Recent developments made it apparent that at the basis of the AdS5/CFT4 correspondence with eight
supercharges lies the extremization principle, which determines the superconformal R-symmetry. Un-
covering its details was the main theme of the thesis.

The correspondence can be viewed from three perspectives, namely from that of the 4d SCFT,
from that of the 5d gauged supergravity, and from the geometry of the five-dimensional Sasaki-
Einstein manifold. The extremization principle appears in each of the perspectives in different guises:

• In the 4d SCFT it is the a-maximization reviewed in section 3.4. The basic problem is the
identification of the correct linear combination of the global symmetries to be the R-symmetry,
which was done through the maximization of the trial central charge.

• In the 5d gauged supergravity, the vacuum expectation values of the vector multiplet scalars
were found by the minimization of the superpotential. They in turn determine the linear combi-
nation of the gauge field which minimally couples to the gravitino. The procedure was explained
in detail in section 5.2.

• In the 5d Sasaki-Einstein geometry, the R-symmetry corresponds to the Reeb vector which is an
isometry canonically defined by the metric. Although the determination of the metric involves
the solution to the highly non-linear Monge-Ampère equation, the Reeb vector can be found
through the Z minimization, as reviewed in section 6.5.

We saw in section 5.2 that the a-maximization in 4d SCFT and the superpotential minimiza-
tion in 5d gauged supergravity correspond naturally under the GKP-W prescription. To connect the
a-maximization to the Z-minimization, one first needs to study how the quiver gauge theory is deter-
mined by the toric data of the Calabi-Yau cone, and how the triangle anomaly of the quiver theory is
related to the geometry of the Sasaki-Einstein manifold. The solution to the first problem is reviewed
in chapter 7, while the second was fully explored in chapter 8. Then the relation of the a-maximization
to the Z-minimization was explained in section 8.6 for toric Sasaki-Einstein manifolds. The situation
is schematically depicted in figure 9.1.

There are several unsatisfactory points in the understanding. Firstly, the proof of the equivalence
of the a-maximization and the Z-minimization was done by a brute force calculation. It should be
able to deduce the relation in a more physical way. Indeed, since we have a physical understanding of
the relation between the 4d a-maximization and the 5d P-minimization, what needs to be done is to
connect the P-minimization to the Z-minimization. Indeed, the Z-minimization is the minimization
of the volume in the space of Sasaki metrics. If on-shell, the volume of the Sasaki-Einstein manifold
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4d SCFT
a-maximization

5d supergravity
P-minimization

5d Sasaki-Einstein
Z-minimization

GKP-W brute force proof

KK reduction ?

Figure 9.1: The status of the three extremization principle.

is directly related, through the Kaluza-Klein reduction, to the cosmological constant of the 5d theory
on the AdS space, which equals to −P2. The result in section 8.6 implies the correspondence holds
even for slightly off-shell metrics. It is natural to suspect that the relation can be established by doing
an off-shell analysis of the Kaluza-Klein reduction. The reduction for the gauge fields was done and
explained in chapter 8. Thus, we need to extend the analysis to include the scalar fields. It would be
difficult, but should be doable if we utilize the very special structure of the scalar manifold.

Another point to be discussed is the higher derivative corrections in the 5d gauged supergravity.
In relating the a-maximization to the P-minimization, we assumed that the difference a − c of the
two central charges is small, since it corresponds to the interaction

∫
A ∧ tr R ∧ R. It is a higher

derivative effect in 5d supergravity, while a 1/N or 1/N2 effect in the 4d SCFT. It was already included
in the a-maximization as the tr R(s) term. Unfortunately the 5d gauged supergravity structure of
the corresponding term has not been studied in the literature. It should be possible, however, to
analyze the correction in the 5d bulk, because it also is a protected term in the Lagrangian through the
consideration of the anomaly. We hope to revisit these problems in the future.
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