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1. Motivation



Moditied gravity

Modified gravity as an alternative to dark energy

- A new scalar degree of freedom, ¢ , participates 74% Dark Energy
In long-range gravitational interaction

-  Modification persists down to small scales...

- Need screening mechanism in order to evade k
solar-system tests

4% Atoms




Screening mechanisms

‘¥

@ is responsible for cosmic acceleration

@ is screened on small scales

How to screen scalar-mediated force In the vicinity of matter:

- : - : Mota, Barrow 2004;
|. @ s effectively massive — Chameleon mechanism Khoury, Weltman 2004

2. @ is effectively weakly coupled to matter — Vainshtein mechanism
Vainshtein 1972
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How to screen scalar-mediated force In the vicinity of matter:

- : - : Mota, Barrow 2004;
|. @ s effectively massive — Chameleon mechanism Khoury, Weltman 2004

@ 2. @ is effectively weakly coupled to matter — Vainshtein mechanism

Vainshtein 1972

Let’s look at how the Vainshtein mechanism operates based

on a generic class of modified gravity theories!




2. Brief review

—\Vainshtein mechanism



Example

Scalar-field theory non-minimally coupled to matter:
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Example

Scalar-field theory non-minimally coupled to matter: (C’)(H_l)j
0
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( :dimensionless) Non-linear derivative interaction

(cubic Galileon)

Key non-linearity

T?Dgp can be large even if ¢ < 1




Example

Scalar-field theory non-minimally coupled to matter:
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(@ :dimensionless)
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Key non-linearity

R— :

Non-linear derivative interaction

(cubic Galileon)

k- TG ot

; (Op)?

T?Dgp can be large even if p < 1

+ T ",

Geg < G

Effectively weakly coupled to matter



Spherically symmetric solution

=M o

(Dp)? — (9,009)°] = —8rGT}* ~ 8nGp

Spherically symmetric solution:

3r 16 7472
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(Ts: Schwarzschild radius)




Spherically symmetric solution
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Spherically symmetric solution:
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Vainshtein radius “ (Ts: Schwarzschild radius)
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Spherically symmetric solution

=M o

. (D) — (8,0,9)%] = —8rGT /' ~ 8wGp

Spherically symmetric solution:

167 r2)
0, \/ ==
Ba 812 ( ro )

Ty = (TST )1/3 - Vainshtein radius © (75 : Schwarzschild radius)

J r>ry —» 8,,,,90 ~ T—S ~ 0, (P : gravitational potential)
T

3/2
v rT<ry — 9, NT_S<L> < 0,.®

screened!



2. Brief review

— I he most general second-order
scalar-tensor theory




Horndeski’s theory
(or generalized Galileon)

In 1974, Horndeski determined the most general Lagrangian of the form

L= L(¢,00,0%0,0%D, 3 Gy, 09y, 0> Gy, > G, -+ )

having second-order field equations both for ¢ and Guv

Horndeski, Int. J. Theor. Phys. 10,363 (1974)



Horndeski’s theory
(or generalized Galileon)

In 1974, Horndeski determined the most general Lagrangian of the form

L= L(},00,0%0,0%b, 3 Guv, OGu» 0> Gy, > G -+ )

having second-order field equations both for ¢ and Guv

Horndeski, Int. J. Theor. Phys. 10,363 (1974)

Horndeski's theory Is equivalent to the generalized Galileons [Deffayet
etal. 2011] in 4D

TK, Yamaguchi, Yokoyama, Prog. Theor. Phys. 126, 511 (2011)



Horndeski’s theory
(or generalized Galileon)

Lagrangian for the most general second-order ST theory:

o — K(¢7X)_G3(¢7X) ¢
+G4(¢, X)R + Gax [(0¢)* — (V. V,0)?)

—|—G5(¢7 X)G/LV\/M\/V¢ T %G5X [( ¢)3
—3 ¢(\/,uvl/¢)2 - 2(\/uvu¢)3]

where X := —%((‘M)Q, Gix = 0G;/0X



Horndeski’s theory
(or generalized Galileon)

Lagrangian for the most general second-order ST theory:

L= (K qﬁ,__j— G3(¢, l ¢
ml (¢, X)R + Gax [(09)* = (VuVid)?]

“fGS ¢7XjG,LLV\/’u\/ ¢ T 1G5X [( ¢)3

—306(V,V,0)2 +2(v V., $)°]

Winere: WX — —%((‘M)Q, G;x = 0G;/0X



Horndeski’s theory
(or generalized Galileon)

Lagrangian for the most general second-order ST theory:

B (K q%__j- Gs (¢, l ¢
#szL (9, X R+G4X [( 0)° — (\/M\/,,gb)z}

Gy qﬁ,XjGWv“v%b ~ = Gox[(@9)°

—3 ¢(V,uvv¢)2 + Q(Vu\/u¢)3}

Winere: WX — —%((‘M)Q, G;x = 0G;/0X

e 4 arbitrary functions of ¢ and X



Horndeski’s theory

(or generalized Galileon)

Lagrangian for the most general second-order ST theory:

where

£ =K X)-Gs(s, )7

4@4 (9, X R+ Gax |( 0)° — (VMVV¢)Q]

‘(Gk’) ¢7XjG,u1/\/'u\/V¢ T 6G5X [( ¢)3

—3

1

S(VuVid)* +2(V,.V,0)°|

. _%((‘M)Q, Gix 1= 0G;/0X

e 4 arbitrary functions of ¢ and X
* Non-minimal coupling to gravity



Special cases

G4:T B /)

_G3(¢7 X)

o D

Kinetic gravity braiding

Deffayet et al. 2010

Mg,
2
Gy= f(¢) =P LD f(P)R

R Einstein-Hilbert

(0¢)°

Familiar non-minimal coupling

¢

DGP (brane bending mode)

Luty, Porrati, Rattazzi 2003;
Nicolis, Rattazzi 2004

Gs=—¢ == [ GYV,¢V,¢

Gravitationally enhanced friction/purely kinetic coupled gravity

Germani et al. 2011; Gubitosi, Linder 2011



= K(¢7X)_G3(¢7X) ¢
+Ga(¢, X)R + Gux [(O¢)? — (V. V,0)?]

_I_G5(¢7X)G,LLV\/M\/V¢ T %G5X [( ¢)3
—306(V,V,0)2 + 2(V,V,6)%]




s

Galileon-like non-linear derivative interactions

X K(¢7X) _G3(¢7X) ¢

+G4(¢, X)R + Gax |( $)° — (Vu\/vgb)ﬂ

‘|—G5(¢7 X)G,uu\/'u\/y¢ T éGF)X [( ¢)3

—3 qb(vluqub)Q

2(V, V., 6)?]

Vainshtein mechanism operates generically?



3. Vainshtein screening
in the most general ST
theory



Setup

* T[he most general ST theory, minimally coupled to matter

, Horndeski's Lagrangian

== /d4$\/jg [Z + L (Y, 9]

* Cosmological background

ds* = —dt* + a*(t)dx”



Setup

* T[he most general ST theory, minimally coupled to matter

J Horndeski's Lagrangian

S = /d433\/7[["|‘£ (%gw)]

: L____ Non-relativistic matter
* Cosmological background

ds® = —dt* + a*(t)dx*



Setup

* T[he most general ST theory, minimally coupled to matter
J Horndeski's Lagrangian

e / /=G L + Lan(), gp)]

L____ Non-relativistic matter

* Cosmological background

ds* = —dt* + a*(t)dx”

Perturbations — Consistent treatment for scalar field and metric perturbations

ds* = —(1 4 2®)dt* + a*(1 — 20)dx?

¢ — ¢(t) +09(t,x), pm — pm(t)[1+ 0(t,x)]



Approximations

Weak gravitational field on subhorizon scales De Felice, TK, Tsujikawa (2011)
— Useful e.g. for the study of structure formation

M & U Q.= g% <1

¢
~ 0y <K 0; (Quasi-static approximation)

Keep relevant non-linear terms written schematically as
(V2e)?, (VZ€)?, - where e=o, W, Q)

(Quartic terms (VZ€)* do not appear)

Neglect “mass” terms: Kgo < V2, ...



[1] Scalar-field EOM

AgV2Q — A VAU — A V2D - a2B£I2 02)
aQB - (V2UV2Q - 0,0,90'0' Q)
af ]_212 (V2OV?Q — 0,0,90'0° Q)
af 5 (V2OVPT - 0,0,90'0'T)
af = |(V2Q)° = 3V2Q (0:0,0) +2(9,0,Q)°]
af ]_1]4 :Q(Q)VQCI’ — 2V*Q0;0;,Q0'9" @ + 20;0; QY 6%@8%} =0,

where Q@ := (V2Q)” — (0:0,Q)°



[1] Scalar-field EOM

Linear terms

AoV?Q — A1VY — A:V% - aZB}OIQ o)
af;p (V2OUV2Q — 0,0,90'9" Q)
af;p (V2OV2Q — 0;0;99'9° Q)
af 132 (VZOV2T — 90,0507 1)
0 [(vQ)° - 3v2Q (0:0,Q)° +2(00,Q)]
af]_lﬁ :Q@)v?cp — 2V2Q0,0;Q0' ® + 20;0,Q0’ a’f@akai@} — 0,

where Q@ := (V2Q)” — (0:0,Q)°



[1] Scalar-field EOM

Linear terms

AoV?Q — A1VY — A:V% - aZB£[2 0@
af 1;2 (V2UV2Q — 9;0,90'0°Q) (V7€) terms
af 5 (V2OV2Q — 8:0,00'0° Q)
af 73 (VOVAY - 9,0,00'0 V)
i [0 - 39°Q 00,0 +2(00,0)°
af]_ll4 :Q(Q)VQCD — 2V2Q08,0;Q° " ® + 20,0;Q akQakaicb} — 0,

where Q@) .= (VQQ)2 — (0:0;Q)°



[1] Scalar-field EOM

Linear terms

ff RV - A,V aI CLZB;)IZ o
aZB 5 (V2UV2Q - 0,0,90'0 Q) (V7)™ tems
o777 (V8°Q - 2.0,00°0°Q)
CLZB]; (V2B — 50,000 W) (VZ€)? terms
[ a40 = |(V2Q)° = 3V2Q (0:0,0) +2(9,0,Q)°] 1
L To@v2e 2V>Q0;0;Q0' 07 ® + 20,0;,Q’ 3kQ0ka%}

at H4

DY - 7 )

where Q@) .= (VQQ)2 — (0:0;Q)°



[1] Scalar-field EOM

L/near terms
T NG | (/go )
I

= (V2UV2Q — 9,0, \pazaﬂQ) Ao %%% 2Gr — 29 - EXP

1 dGr

Coefficients are written in terms
of K,G3,Gy,Gs. (Messy!)

A= gy T
% 2 197 0
s (V2OV2Q — 0,0;20'9 Q) 4 = o ©,
By = %{¢G3x+3(X+2HX>G4xx+2XXG4XXX

(VZOV2U — 9,0,90'0° V)

+ <H + H2> bCsx + ¢ [2HX n (H + H2) X] e

Ty ST
_ s By = 2X {G4X + ¢ (Gsx + XGsxx) _G5¢+XG5¢X} :
A2 e2d 0929 9. MAaia B o= —2X (Gix +2XGixx + HiGsx + HOXGaxx —
_Q V0 — 2V<Q0;0,Q0°0 b HoxC

2

., == . Co = 2X2G4XX4—T(2<5G5XX+€5XG5XXX—2G5¢X
where Q(Q) = (V2Q) — (azan)Q C1 = H¢X (Gsx + XGsxx).




[2] (00) equation

GrVU + A,V4Q — 2,

’ 26522 b a2B 3 (V2UVPQ = 0,0;90,0,Q) < (V2
| 3;}{4 [(VQQ)B - 3V2Q(8:0;Q)" + 2 (aian)g} — (V')
sy 40



2] (0O0) equation

Sl g [G4 —2XGyx — X (H¢G5X ~ G5¢)}

y A 2
(V2OUV?Q — 0,0, o
Q zajqjazan) A (V2€)2

| 2Q)°
(V2Q)° - 3V2Q(9,0,Q)° +2(0,0,Q)°|  «— (V%)°




2] (0O0) equation

Sl g [G4 —2XGyx — X (H¢G5X ~ G5¢)}

Y A 2
(V2OUV?Q — 0,0, o
Q zajqjazan) N (V2€)2

| 2Q)°
T |(V'Q)° -3VPQ00,Q)° +2(819,Q)° ) «— (Vo)
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[3] Traceless part

V2 (Fr¥

B0 = Q'




[3] Traceless part

B
CEyGrh- 10 = 50

e =2 [G4 — X (éG5X

Gas)




[3] Traceless part

e 9 {GAL — X (éG5X G5¢>}

Related to propagation speed of gravitational waves:

T
Or

TK, Yamaguchi, Yokoyama, Prog. Theor. Phys. 126, 511 (2011)



Spherically symmetric
configurations

= a\/éijxixj, rH <1

The 3 equations can be integrated once to give
algebraic equations for &' ¥’ ()’

U D Q' B1 (Q’)2+253 o Q)

r r r H? \ r H? r r’
Be & L oM(tr) B (@ L BVQ  2m (Q
daladn oo — — —_ — _
r 2 StGr 13 H?2 \ r H?2 r r 3HA\ r ’
Q v ¥ | A (Y AVQ HQ | GV
I e et — i
O L 2 H? \ r H? r r H? r r H?2 r r

L0 Q' 3+71<I)/ Q"\*
H4 \ r H4 r r

Coefficients are dimensionless and written in terms of K, Gs, G4, G5




Spherically symmetric
configurations

= a\/éijxiazj, rH <1

The 3 equations can be Integrated once to givg
algebraic equations for &' ¥’ ()’

Enclosed mass:

PLAE S N Y AN L.
r r r H? y Fror
LY. oL 1F5M<t,r) B (N _,BVQ  2m (Q
7+&27 ~ 871Gy 13 _HQ(T‘) H2 ror §H4( > ’
i b (AN, HVQ  hVQ GV
SO e 2{_1—[2(?) H? r r H2 ror H2 ror

L0 Q' 3+71<I)/ Q"\*
H4 \ r H4 r r

Coefficients are dimensionless and written in terms of K, Gs, G4, G5




Let’s see whether or not usual gravity is
reproduced in the vicinity of the source:

 GnOM

& ~ U ~ . — 00!

r



Linear solution at large T°

At sufficiently large r all the non-linear terms may be neglected

2 2

A Cp o — K
o + (201 + 5 ag)ag r?
O Qp + 12 M
o + (200 + ¢ ) 12
L a1 + C%LO(Q 7
o + (200 + 5 ag)ag r?

where [ : L

3 87TgT



Linear solution at large T°

At sufficiently large r all the non-linear terms may be neglected

s > 2 B
q)/ A ChOé() o al /’L
o + (201 + 5 ag)ag r?
\Ij, 2t Qo + 12 I3
S o + (200 + ¢ ) 12 )
AL q + C%LOKQ H
o + (200 + ¢ ) 12
oM
where [ 1= - In general, @' #£ U’
T

(as expected)



Linear solution at large r
(but TH < 1)

S ¢



Large non-linearity

L Ut |
(even for weak field) inear solution at large r

(but TH < 1)

s ——— 5 T



Large non-linearity

(even for weak field) Linear solution at large r

(but rH < 1)

Solve the 3 algebraic equations for ' ¥’ Q’:

Casel Gux =0,G5 =0 == Single quadratic equation for Q'
= L =G4(9)R+ K(¢,X)— G3(¢, X)L

Case2 (Gs5x =0 === Single cubic equations for Q'

Case 3 the most general case, G5x # 0

=l Difficult to solve, but can draw some conclusion



Case |: Gy4x =0 =G5

(Non-minimally coupled version of)
Kinetic gravity braiding L=G4(¢o)R+ K(¢p,X)— G3(¢p, X)

Deffayet, Pujolas, Sawicki, Vikman 2010




Case |: Gy4x =0 =G5

(Non-minimally coupled version of)
Kinetic gravity braiding L=G4(¢o)R+ K(¢p,X)— G3(¢p, X)

Deffayet, Pujolas, Sawicki, Vikman 2010

In order for the solution to be real, G3x (XGsx + G4) > 0




Case |: Gy4x =0 =G5

(Non-minimally coupled version of)
Kinetic gravity braiding L=GC4(0)R+ K(¢,X)— G3(op, X))o

Deffayet, Pujolas, Sawicki, Vikman 2010

In order for the solution to be real, G3x (XGsx + G4) > 0

Short-distance solution: @' ~ ' ~ GNgM Two potentials coincide!
r
1 1

where 871Gy = ——

2G,  2G4(6(1))

Time-dependent G in cosmological background

(Consequences of time dependence will be discussed later)



Case 2: G-x =0

The problem reduces to solving the following cubic equation:

C H*C,
(Q/)B +62H2T(Q,)2+ _1H47,,2 _HQCﬁﬁ Q/ 2 _
2 r

0
2




Case 2: Gsx =0
The problem reduces to solving the following cubic equation:

(Q/)B @QT(Q/)Q i) (;1 1.2 _ Cﬁr> Q/ H@)L _

Written in terms of K, Gg, G4, G5 i G5(¢)




Case 2: G-x =0

The problem reduces to solving the following cubic equation:

e Ao
(Q')3 @QT(Q/)Q . @47“2 _H Cﬁr) Q' H@)L |

Written in terms of K, Gz, G4, G5 = G5(9) o< oM




Case 2: G-x =0

The problem reduces to solving the following cubic equation:

s 4 G
(Q')? @QT(Q/)Q e @447“2 g Cﬁr) 0O’ ch_?} |

Written in terms of K, Gz, G4, G5 = G5(9) o< oM

3 possible solutions at short distances:

C., H?r
Cg 2

Q’:—i—H ng, —H Cﬁ%,



(1) Erther of 3 short-distance solutions Is joined to the
long-distance, linearized solution; real everywhere;

Q,

+H\/Cﬁg

or

W, (i) This solution is not
.8 real everywhere
m []
- !
O ;
® .-'
= v
» T
2
@€ H-r g
Gz v 2 =
o =
m _
¢z p\"* - z
e, H2> for Q' ~+H Cg;
C@ % 1/3 r Ca H?r
—H C@H _C_lﬁ) or 4 ool




4C4C3
T
C
Q/ — _|_H L’u
T
Co
Q — —H Cout
T
Cs>0,Ci >0
Co
Cy = —/2C;
o) T
Gl 2 o
/c[:z;fw/c:gzq)
Cy = /2, Cﬁ<0,cl>0 Cﬁ>0,cl<0




Gravity at short distances

e % Two potentials coincide!
M Q@ ~+H\/Cs i
o oyt o GNOM
Time-dependent G: 72

\

\ ) | 1 -
Ao

| O 2(G4 —4XG4X —4X2G4XX —|‘3XG5¢)
e R A e ) . 7 W,




Gravity at short distances

e % Two potentials coincide!
M Q@ ~+H\/Cs i
o oyt o GNOM
Time-dependent G: 72

\

{ | 1 -
( STG N =

| o 2(G4 —4XG4X —4X2G4XX —|‘3XG5¢)

% B 7 B | W,

Experimental constraints: GN/GN‘ < 0.02H;y  (Lunar Laser Ranging)

— must be much slower than the cosmological time scale
Williams et al. 2004; Babichev et al. 2011



Gravity at short distances

e % Two potentials coincide!
M Q@ ~+H\/Cs i
o oyt o GNOM
Time-dependent G: 72

\

\ 1 -
Ao

| O 2(G4 —4XG4X —4X2G4XX —|‘3XG5¢)

W ¢ B 7 B 7 W,

Experimental constraints: GN/GN‘ < 0.02H;  (Lunar Laser Ranging)

— must be much slower than the cosmological time scale
Williams et al. 2004; Babichev et al. 2011

Gn(t) = Geos(t) (“G’in Friedmann equation)



Gravity at short distances

IZ\/ Q,N_CQH2T
e Cs 2

e Two potentials do not coincide...

¢

] c; oM v’ 1 oM

q)/
i 87TgT 7“2 7 - 87TgT 7“2

1
YPPN = 5
Ch



Case 3: Gsx #0

Difficult to analyze a variety of possible solutions in detall...



Case 3: Gsx #0

Difficult to analyze a variety of possible solutions in detall...

But, can show that inverse-square potentials,

CID’z\If’oci
2

cannhot be a solution on the shortest scales



Evolution of density perturbations

@ is minimally coupled to matter Poisson equation
— matter equations are not modified s modified
x . 4 52 vQ
0+2H0 — = — (1 — D = A1 Geg prm 0
s ! a2 eftp

e On large scales (but well inside the horizon)

Geg — - (#£ GN) De Felice, TK, Tsujikawa (2011)
(messy expression)

e On small scales

Geff — GN (t)

(For an appropriate model choice
with G5X — O)



4. Summary



Summary

e (eneric scalar-tensor theory contains Galileon-like non-
inear derivative interaction

* Vainshtein screening in the most general ST theory!?

* Time-dependent G in cosmological background
... liIme dependence Is not screened

* constrained from observations and experiments

* |nverse-square law cannot be reproduced on the
smallest scales If Gsx #0

* Application to the study of structure formation

Thank you!



