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gogooood o o

MSRIOOOOOODODOOODDODODODODODODOOOoDOoOOOoDOooooooooooag

goooooo
[0 Are you Peter Kronheimer 70

000000 oo oooonoooooooan
Jodoooooobomoobomooood

000000000 000000 [Na)OOOOO0Ooooooooooooood
dodooooooooooooobooooonoooooonoooooon
gO0oo0o0oo0o00opo0d0oO00dD0ODOODU0D000ODU00OODODDODUODOOD
0oodoooodoooooooooooooonooooooooood

Atiyah-Drinfeld-Hitchin-Manin 0 S* O 0 anti-self-dual connection 0 0 0 0 O
0000000000 [ADHM]OOO0O ADHM construction D OO0 00000
O000D000000D0000000000 OPeter Kronheimer 0 00000 ‘ALE
gravitational instanton’ D 00 00000000000 0O0OOOOOOOODOOOO
O0D00000000000 self-contained0 0 0000000000000 ALE
gravitational instanton 0 0 0000000000000 DOOODODOOOODODODOO
00000000000000000 Ss4000000000000000O0ALE
gravitational instanton D 0 OO0 OO0 state D OO OO0 OO0
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1. Vector Bundle 0 Connection

0000000 connection0 00 0000000000000 0O0OO [DO-00]0O
0O]00oo

(X,¢) O Riemannian manifold 00 0 O (E,h) 000 0O hermitian vector bun-
dle0D0D00O0OODO EO C°-vector bundled 00O A OOOOO hermitian inner
product OO0 FE O C®-section0 000000 IF)OEODOOODODO p-form
000 (ie. APX®FE O section000)0 QP(E)OOOO

Definition 1.1. C 00O homomorphism V4:T'(E) — QY(E) O connection(0 O 00
covariant differentiation(0 000 )0 000000000 COOOO0OO

(2) Va(fo) =df @ o+ fVap
for p,9 € T(E), f € C*(X)

connectionJ 0O 000O0O0OO0O0OOOOODODOOOOUOUOOOOoOoOoooogo
000000 AO connectionO0 0 OO0 QOQOQOOOUOOO

UO XOOOOOO openset 000 0OU OO FE O local unitary frame field
{¢1,...,0,} 00000000000

Vagi =Y wlp;
J

ooon wg €c QYE|y) 0000 O V4 O local frame field {¢1,...,0.} 0000
connection form 0 O 00 {¢1,...,%,} 000 local unitary frame field 0 000 O

U = Zufgoj for some (ul) € U(r)
J

Oo0ooooooooooon {4,...,1.} 0000 connection form O w’g 00
god

W= duf (u )+ ufwp ()
k k,l

000000000 symbolicd o =duu! +uwu=! 0000
A0 A 0000 connection0 00000000

o =Vy, —Va,
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0 Endskew(F) 00000 1-formO00000000 connectionA O fix OO 0O

000000 a€ QY (Endskew(E)) 00000 V4 +a 000 connection 00 00
curve ¢:[0,1] - X 0000000D0DO¢(0) 00 fiber OO €€ E, oy D000

goboboooobboooobbooooo

Ve(r) §() =0

O00v, 000 vODOOO¢(t)e By O &0 connectionV 0000 parallel
translation(J 000 )00 00O

Definition 1.2. connection A OO0 OO O curvature form R4, 00000000
Ra(v,w)p =V Vo =V Ve = Vi, ue for v,w e TX, p € I'(E)
000000000000 curvature 000 O00O00ODOOODO (DODOO
Ra(v,w)fo = fRa(v,w)p for f € C°(X))00Q?(Endskew(E)) O 00 0O O Ovector
bundleOO0 OO0 00000 0OOOOOOOOOOOOOO
p-form o« OO0 OO 0O exterior differential operator dae 0 OO O O OO O con-

nection ADDOODOF 00000 p-form o« D000 OO exterior differential
operator dqa OO OO0 O0O0O00O0OO

da: QP (E) — QPYY(E)
ogoboooooooad
da(pa) =dp Na+ pda for p e T'(E), a: p-form

0000 curvature D Ry =daoda:QY(E) — Q*(E) 00000 0 O exterior dif-
ferential operator d 0 d>=0000000000 dy 000000000000
gbbooboogdobodao

dia=RaNa for a € QP(FE)

000000000 Rsa 0O bundle00000 End(F) 00000000 Oform O
gbooooooboooboooboaoa



000000 vector bundle 0 complex DO DO OO OO0 O Oreal O vector
bundle 0 0O O0OOO0OOOOOO

tangent bundle O Levi-Civita connection tensor 0 D 00000000 E O
connection A O dual vector bundle E* [0 connection 0 OO O O tensor product
E®P @ E*®4 [0 connectiond D00 induce 00 JO0OO00O E O F O connection
O000D0F®F OO connection O induce U 0O O O Whitney sum F & F 00O
induce 00 0D000O0DOO0DODOODODOODODOODODOCconnection A OO induce O
00 connection0 000 AOOOO

0d Ry O0000D0O0ODbOODODOO

Proposition 1.3. connection A O curvature form R4 O Q?(Endskew(E)) OO
gbooooooboon

daRs =0 (Bianchi identity)
000 dsa O Q%(Endskew(E) 0000000 exterior differential operator 0 0 O O

0000000000 subbundle 0 000 induce 00O O connection 0 OO0 S
0 E 0O subbundleO OO0 FE O metric h 0 SOOO0O0OOOOODOO SOOOO
hermitian metric0 OO 0O0O0O0O A DDOOOSOOOO0OOODOOOOOO EFO
subbundled S+ 0000V, 0 SO St00000VS0 NIO00000000OO

Vap=Vip+Ip ¢el(S)
oooQ

Proposition 1.4.

(1) V5§ O (S,hs) O connection 0 000

(2) IO Hom(S,S) 00000 1-formO 000 (I O second fundamental form
ooono)

(3) (Gauss equation) V4§ O curvature form R° 0000000000

hs(R%(v,w)g, ) = h(Ra (v, w)p,9) — h(IL(v)e, I(w)y) + h(IL(w)p, I(v)y)
for v, € T'(E)

00O principal bundle O O 0O 0O 0O connection 0 0 0 00O O
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Definition 1.5. G O Lie groupOd O O O C* -manifold P 0 X 00O principal bundle

O000000GO POO smoothd (DOODO)action0 000000000000

goo

(1) GO POO actionO free0 00O (OOOO pg=p forsome pe P OO0
g=e00O0O0O)

(2) PO GO action0ODODOOO0OD XOOOOODDOOO m: P — X O smooth
goodn

(3) PO locald trivial 00000000 O0O0ODO z€ X OOODOODO UDO G-
equivariant-diffeomorphism ®:7~1(U) - UxGODO00D0000 UxGOO G
0odooooooooodd actd o

0000 G O principal bundle P OO0 OOO0O0O0O

POOO0OOOODODOOODOOOD OO0 hermitian vector bundle £ O frame
bundle 00 DOOOOOO0OODOO0ODOOOODO xeX OOOO P, O vector space
FE, O unitary frame OO0 OO0 O DP:UxeXPw OoooonOo ¢ -structure O
O00000000ooog U(r) (r=rank F)OODODO

Definition 1.6. P 000 connectionJ O O G O Lie algebra g OO OO0 P OO
1-form ¢ 0000000 DOOOOOODODO

(1) 6(&*) =¢ forall { € g
(2) R0 =Ad(g~ )0

O00R,;:P— PO p—pgO000000 diffeomorphism 0000000 & 0O
P 00 vector field 000000 OODOO

§'(p)= —| p-exp(t)

P O connectionJ 00 00 OO O O horizontal subspace H, 0O
H,={veT,P|6v)=0}

000000000 tangent space 1,P O T,P = T,G(p) ® H, 000000
O0G((p) O p0O00 G-orbitOOOOO0OO00OODOODOOODOO GOOOOO
00 equivariant D OO O OO0 connection # D O0O0O00OO0OO0OO mP — X O
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00 O horizontal subspace H, U tangent space T,y X U 000000 tangent
vectorv € T, X OO0 O0ODO OO horizontal subspace 0 OO v O horizontal lift O
O000penz) 0000 OO horizontal lift 0 unique D 000 O

G O vector space V OUOUOO p O0O0O0ODODOO0OP OO associated vector
bundle E = P x,V O

E={(p,&)ePxV}/~
where (p, &) ~ (p',¢) <= p' =p.g.& = p(g7 )€ for some g € G

0000000000000 PO hermitian vector bundle £ O frame bundle O O
O0U(r)00000 Cr 00000000 associated vector bundle 00 0O 0O E
0000000

P O connection # O 000 O Oassociated vector bundle £ 0O O connection(O
000000000D0)0000000 induce 000000 section ¢ € I'(E) O
G -equivariant map ¢o: P — V 000000 O O tangent vector v € T, X 000 O
00 horizontal lift0 v e H, 0000 (pern(z) 0 fixOOD)OOO

Vo = dp(v)

O0000de 0 POODOOOOODDODOODOODOOODOODODO pleﬁ_l(m)DDD
0000000000 GO0O0O000000 Ve O well-defined 00O 0O O

00 vector bundle £ O connection VO OOOOOOOO OO0 frame bundle P
O connection0 0000000000 Op € P, O E, O orthonormal frame {eq, ..., e}
000000200000 curve ¢(t) 00000000 p(t) ={ei(t),...,e-(t)} O
O0000p(t) 0 POOO carve00O0O00OO0DOOO

d
Hy={2p(0) €T,P | c(t)0 00000000 cwve D000

O horizontal subspace H, CT, P 000000000000 O0O0O0O00O00O0 POO
connection0 0 00O 0OO0OO0OOQO frame bundle P O vector bundle £ 0000
OO0 0000000 connection0 OO0 000000 DOOO0OOO0OOOOOOOOOO



2. Clifford algebra [0 Dirac operator

0 O section O O Clifford algebra 0 0 O spin 0 0 OO OO Dirac operator 0 O 0O O
000000000 [Atiyah-Bott-Shapiro|,[Roe] 00 0 00 O

V' O n 00D real oriented vector space 10 000000 (, )000000O
000000V O tensor algebral T(V) O OOO

T(V) =
(V) ZV@ @V
>0 .
- (g
vev+ (v,0)l (veV)OOODOOO T(V) O ideal I 000 Oquotient alge-

bra T(V)/I O V O Clifford algebra0 000 C(V) 0000V 0000000
{e1,...,e,} OODOODOCKV) O e1,...,e, 0O0DO0OOO relation

e? = —1, eiej +eje; =0 if 1 £ j

K3

000000000000 00000000000 vector space00 00 CI(V) O
0000 MV OOOO0OO0OOO(algebra00DO0O0OOO0OOOO)000O

dim C1(V) = 24mV
0 0000 Oreversion map *: C1(V) — CI(V) O

(v oK) =vg -0y for v; €V

000000e;, e, 00000000000000000 linear span0 CL°(V)
00000000000000000 linear spand CIY(V) 0000

Definition 2.1. Pin(V) Cc CI(V) 00000000000000000000O

(1) zeCll(Vyual (V)
(2) rr* = a¥r = (—1)d8”
(3) zvx* €V forVveV

Pin(V) O Lie group 0 00 O Pin(V) N CI°(V) O Spin(V) OO 00 Pin(V) O
Vv Oooo p:Pin(V) — GL(V) O

p(x)v = zvz™

goooooogo
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Proposition 2.2.
(1) p(Pin(V))=0(V) O OO exact sequence0 OO 0O0O0O

1 — 7/27 — Pin(V) 2 O(V) — 1
(2) 00O exact sequence0 00000
1 — 7/27 — Spin(V) £ SO(V) — 1

(3) dimV >2000 Spin(V) O connected0 000 dimV >3 000 Spin(V) O
simply connected 0 00 O (000O Spin(V) O SO(V) O universal covering group
oooo)

o0 viobOnOO0OO 22000000000
Proposition 2.3. 0000 vector spaceS 0 0000 O
Cl(V) ® C = End¢(S)
000000000 S O the space of spinors 0 00 0 0O
7i=(V-1Dle; e, €cCl(V)COOOO02=100000085*0
S*:={seS|7s=+s} (the space of positive (negative) spinors)

00000070 C°%V) 000000000 Spin(V) € End(S*+) @ End(S™) O
000000 S$*0 Spin(V) 00000000 positive(negative) half spinor rep-
resentation 0 0 00 Spin(V) O compact 00000000000 unitary0 000
00 S=StesS 0000000000

gdoboodoboboboooobuoooboobbbobooooooob 4000
gobbotoboooouoooboboooboobbbooba

vector space V O R* = C2 0000 2,22 0 C20000000000000
googn

ST := Linear span of {1,%0521/\(%2}
1

1
S™ := Linear span of {—dz,
V2 V2

dzs}
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O0D0ooOoocC(V)O S=SteS~ 000000V O real vector space 00 O O

0000 basis{er, ez, e3,e4} 0000

1 1 1
€1 12—2d_1, 61'§d31/\d32:Ed§2
v—1 1 _ v—1 _
62'1: \/5 dEl, 62'§d21/\d22:— \/§ ng
1 ! dz 1d_ A dz ! dz
€31 = ——=dz9, €3 —az 29 = ——=Aaz
3 5 2 3 9 1 2 \/§ 1
v—1 1 v—1
eq-1= dzs, €4 —dzy Ndzy = dz
4 \/§ 2 4 9 1 2 \/§ 1
1 1 1
€1 —Qdfl = —1, €1 - Ed?g == —Edzl /\dzg
1 1 v—1
eg'ﬁdzlz\/—l, eg'ﬁdfgz— 9 dfl/\dzg
! dz 1d_ ANdz ! dz 1
€3 —=az1 = —az Z9, €3 —=azo = —
3 \/§ 1 2 1 2 3 \/§ 2
1 v—1 1
es - —=dz1 = ——dz1 N\ dzs, e4 —=dzy =v—1
4 \/§ 1 9 1 2 4 \/§ 2

000000000000 C(V) 0000 well-defined 00000 O CYV) ® C
Endc(S) 0000000000000000000000O0

S* O anti-linear map Jg+ O

1 1
J5+1:§d§1/\d§2, JS+§d31 /\dzgz—l

Jo-dz, = dz, Jodze = —dz,

OO000O0O0000000 vector space V U Oreal vector space 00 [
HOHlJ(S+,S_) = {f S Hom(S+,S_) | Jsff = f.]s+}

000000000 Homy(St,S7) 0 Hom(S™,S57) O real formO 0O O OSpin(V) =}
Spin(4) 0000000000000 0OO0OOOOSU(ST)xSU(ST)ODDO0O0OOO
anti-linear map Jgx 0000 S* O 1 000 quarternion vector space H 0O 00
OO0o0Odooog

wg=(s,8") = (s, Jg+5")

0000 S* 0O symplectic structure 0 00 000000000000 complex iso-
morphism (S)* = S+ 0000



10

4 000 vector space V O second exterior product A2V 000000000
0000000 subspace ATV O AV OO0O000O0O0O0OV O V*OOOOOOO
Hodge O star operator *: A%V — A2V 000000

ATV = {a € A’V | xa = +a}

0000000+« =100000000 00000000000

0000000000000 A*V O Clifford algebraCl(V) O vector space 0O
000000 Ospinorspace S 0000000000 ATV OOOOOOOOOO
00000 ATV O basisOOO

e1 Nea+e3Ney e1Nes+eq N\eo e1r Neqg+ e N\es
2 ’ 2 ’ 2

000000000000000000000000S- 00000 ooOoOooOsSt
OO00000booD basisOOOO0OOOOOODOOO

(_\(/J__l \/(1_1) (—01 (1)> <—\9—_1 _\{)__1>

O000000 su(ST)=su(2) 0 basis 00000000 ATV 2su(S™) 000
Ooooood
ANV)=ATV e AV 2su(ST) @su(ST)

D0D000D000D00000000A%V) O SO(V) O Lie algebra0 000 O
0000 so(V) 2 su(St) @su(S™) O Lie algebra 0000000000000 O
covering map m:SU(ST) x SU(S™) —SO(V) 00000000 DOO

00 Dirac operator 000000 (X,¢9) O n 000 oriented Riemannian man-
ifold 000000 (X,9) O spin 00000 Otangent bundle 77X O orthonormal
frame bundle P 00000 Spin(n) 00 reduce 00 0000000000000
O Spin(n) 00000 OO principal bundle Py, O bundle map Pypin, — P 00O
O fiber 0000000 Spin(n) — SO(n) OO O double covering map 0 0 00 O
O0D0D00000000000 (X,9g) OO0 spinstructure 10000000 OO
0000 principal bundle Py, 0000000000000 0O0

000000 000000000 Opositive (negative) spinor representation pi
0000 Pspin O associated O vector bundle

+
Pspin X pt S
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00000000 X 00 positive (negative) spinor bundle 0 D0 0000000
ST 000000000000 Otangent vector v € TX O Clifford multiplication
Ooo0d

St>s—wv-se 8T

O00D0O0O0DO0OD000O00O0

tangent bundle O Levi-Civita connection 0 [0 induce 0 0 O P OO connection
0eQ(P)®so(n) 000000000000 Peypin 00 connection 0 000000
000 hermitan vector bundle S* O O connectiond induce D0 00000 V O
000d

Definition 2.4. vector bundle S* O sectiond ST O section0 00 00O0D00O0
00 D+ O

n

DEs = Z ey Ve,$

p=1
0000 Dirac operator 000000 O {ey,...,e,} O tangent bundle O local or-
thonormal frame 0 000000 frame 000000000000 OO0O00ODOO0O
0Oodn

X 00O hermitian vector bundle £ — X [ connection A OO OO0 OOOO
VOOOOO AQO VOO induceO0OO ST®E OO connection 000000

000 twisted Dirac operator
DE:T(S*®E) - T(ST®E)

O define00 00O

Dirac operator U D0 OO0 0000 0O0OOODOOOOOO

Proposition 2.5.
(1) DAiDDDDDDDDDDDDDDDDD
(2) Dj‘tD adjoint 0 DY 000000000

(DJ 51, 82) — (51, Dy 82) = diva for s eT(STQE), so€l(S™®F)

000000000 a0 aw) =(v-s1,s2) 000000 1-formO000
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(3) (X,¢) O Kahler manifold 0 00O O

(a) O X O spin 00 000 <= O canonical bundle Kx O square root K;(/Q

(ie. line bundled KY’ @ KY?’=Kx 00000000)00000 @M

(b) X O spin0000O

gt o~ @/\O,Qk ® K§/2, g o~ @/\0,%—!—1 ® K)l(/2
0 O O O Dirac operator DX O
V20 + 35 P N* e Ex K - PN\ * M e Ee Ky

ooooobD, 0000

(4) (Weitzenbock formula)

DIDE = Viv4 + g +RP

00 0k 0O (X,g) O scalar curvature 0 O V;Vy4 O rough Laplacian

ViV = — (Z Ve, Ve, — vveﬂ)
w

(covariant derivative V4 D 000000000000 VOOOODOOO)ORE
O EFO00O000

R7(s®@@)=> eu ey 5@ Raley,e,)p

o

0000000 operator 0 00O
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3. Uguooooogd

(a) Anti-self-dual connection

(X,¢9) 0 4 000 oriented Riemannian manifold 00 00 (E,h) - X 00000
hermitian vector bundle O 00 O [

Definition 3.1. E 00 connection A O anti-self-dual connection 01 0 00 O Ocurva-
ture R4 O anti-self-dual 2-formO0 0000000000 OO HodgeO star operator
O «x000000

xRa=—Ra

gooooboogooon

00000 (X,9)0 (RYgsa) D0OO0OA%20 globalD OO dzyAdey, (p<v)
0000000 A0 anti-self-duval 0 0 000

Rio = — R34, Ri3 = Roy, Ri4 = —Ros where Ry = Z Rl“’dx# A dx,

p<v
0000000000 R* O tangent space 0 0O

o B B 9
b d bi + cj + dk bedeR
a6$1+ 8w2+c8x3+ Dra a-+0t+cy+ (a, ,e,d € )

0000 quarternion HOOOOOOOOOO «,7,k 0000000000000
OO0 HOO R-linear mapd0 00000000 End(TR?*) O section 0 00000
0000000000 I,LJ,KOOOOO I,J,K 0 R* 00 integrable O almost
complex structure 0 0 O 0 O metric gyq 00 O 0 O Kéhler metric 0 0 0 0O (0 O
O R* O hyper-Kihler manifold 0 00000 cf. §*) 000000000000

A is anti-self-dual
< Ry(v,w) =Rs(Iv,Iw) = Ra(Jv, Jw) = Ra(Kv, Kw) for all v, w € TR*

goodggo

4000 2-formO000000000000 L2-000 conformal invariance O
00 Ometric g O ¢’ O conformal000 (000000 pointwise conformal) 00 O
oooo ¢~ oo fOoO0Oad

g (v,w) = fg(v,w)  forall v,weTX
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000000000 o,80 2-formUO00000 O pointwise 0 000 OO
g'(a,8) = f2g(a, B)
000000000000 volume element [
AVy = 12V,

Jdodooooddd
/dmﬁw@=/Mm@M
X

X

00000 0OHodge O star operator [

g(a, B)dVy = a A %403

doddooooooooooouoouaoo
*gﬂz*g’ﬂ

00000000 Oconnection A O metric ¢ 000 O anti-self-dual 0 00000 O
¢ 0000 anti-self-duval 0000 0OOOOOOOO

R* O noncompact 0 manifold 000 Oend 0000000000000 anti-
self-dual connection 0 0 0 O O Ostereo graphic projection m: S*\{0 0 } — R* O
000 sS4 00000000000000000000000000000x~% 0
S* O standard 0 metric0 000000 R* O standard 0 metric 0 conformal O
0000000000000 0oooog

Proposition 3.2. S* 00 hermitian vector bundle £ — S* 00000 anti-self-
dual connection A 0 S*\{0D } 00000 !0 R*ODOO0O0OO0ORY OO
anti-self-dual connection 0 O curvatured L2 000000000000

cooobooooobobooobooboobboOoodn Uhlenbeck D OOOODO re-
movable singularities theorem[Uhlenbeck] 0 0 0000000000000 O00O0O
0000000000000 00000O0(@DOODO0DODO0OD [Do-000-00]
0 [00-00]0000)
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Theorem 3.3. R* 00 hermitian vector bundle £ 00O 0O OO anti-self-dual

connection A 0

|Ral*dr < o0
R4

0000000000000 D stereo graphic projection m: S4\ {00 } — R* O
000000000 bundle #*E O connection 7*A 0 S* 000 smoothO 000
ooog

(b) Chern-Weil theory

Chern-Weil theory 0 000000000 [DO-00)000O0O

X O C*®-manifold 0000 (E,h) D0OOO rank O r O hermitian vector
bundle 0 00O 0 E O connection A D 00000 O0O0DOOO0OOOOO curvature
form R4 € Q?(Endskew(E)) 0 00 O O Chern form

2my/—1
0000010 E0D0DD0O0O0O0DOOO0 evenformOOO0 Q¥ 000000
000000000 Olocal frame for £ 0000 lE—ﬁRAD Qeven 000
D00000000000000O0det 00000000000000 Endskew(E)
0000000000 local frame0000000000O0NQ OOO00OO well-defined

guogboouogobodobd

c(E,A) =det <1E S RA)

Proposition 3.4. Chern form ¢(E, A) O cohomology class (€ H*V"(X;R)) 0O
connection A 00000000 DO total Chern class ¢(F) D O0O0OO0O0O

00000 Chern character ch(E) O

tr (exp— L RA)
2/ —1
O represent 0 0O OO0 O0OOOO
c(E,A) O 2k-form 0000 ¢(E,A) 0O000O0O k-th Chern form O 000
0000000 S* O quarternionic projective line HP 00000000000
00 H2\{0} O H* OO0 (q1,q) — (pq1,pq2) 00000000 O Ohomogeneous

coordinate [q1 : ¢2] (¢ € H) DO OO O Hopf fibration

8" = {(q1,q2) € H? | |q1|* + |g2* = 1} — HP'

(Q17QQ) — [(h : Q2]



17

0000 Sp(l) =SU(2)-principal bundle 0000000 SU(2) 0000 C200
representation J [0 O associate] 0 vector bundle [] ((CP1 000000 )hyperplane
bundle 0 000 000000S” 0000 Riemannian metricd 000 SU(2) O orbit
00000000000 Sp(1)-principal bundle S7 — HP' O connection 0 00 0 O
ogooogno

R*=H >z [1:2] € HP!

0000 imageO0O 0O S7 — S* O section
(1, )
VI+aP
0000 connection 00O curvature 0 O O 0O O 0O O hyperplane bundled ¢y =0,
co=—-10000000000000(00 connection O self-dual 0 00O 0O)
00000000000 ¢(F,h) 0 co(E,h) 000000000 O0O00OOODbase
manifold X 0 4000000000det 000000O0DOO0O

H>z—

da@1—A):AT—HAX‘*+%«HAF—¢NA5)+“'
gooooog 1
E,A)=-—" tR
Al )= o
1
ca(B,A) = —— ((ttRa)? — tr(R%))

872
0000 OO0 local coordinate (z1,x2,x3,24) 0000

Ry =) Ry,dx, Adz, Ru, = —R,,
MoV
Doooooon
1 s 1

es(B, A) = Se1(B, A)

= 8? Z sgno tI‘(RU(l)U(g)RU(g)U(4))d$1 Adxo Ndxs N\ dry

0ooo
000 X O Riemannian metric g D 000000000 DO OO curvature Ry O
self-dual part Rj O anti-self-dual part R, O OO0 coordinate x1,x2,x3,24) O
normal coodinate U0 OO0 00O O0O0OOOOO
R} = (Ri2 + R3s)(dz1 A dws + das A dxy) + (Ris + Rao)(dzy A dzg + dza A da)
+ (R14 + Ra3)(dxy A dxy + dxo A dxs)
Ry = (Ri2 — R34)(dzy Ndxg — das A\ dxy) + (Ri3 — Raz)(dzy A das — dxg A das)

+ (R14 - Rzg)(dl‘l N dl’4 - dCL'Q VAN dl‘3)
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00000000000 Endskew(E) O (A,B)=—tr(AB) 0000000000
ggo

RG> — |R;|? = —4 (tr(Ri2R34) + tr(Ri3Ra2) + tr(R14Ra3))

gaooo
1
(IRA = |R4[%) AV = =87%(ca(B, A) = Se1 (B, A)%)

000000 X O compact 0O OO0
/X (RGP — [R5 %) dv

O topological invariant 0 connection 0 00000000000 OOO A O anti-
self-duval 000 R, =000000000000

Proposition 3.5. anti-self-dual connection A 0 Yang-Mills functional
Ar— / |Ra|? dV
b's

gobbooubgdg

(¢) Holomorphic vector bundles

0O holomorphic vector bundle 0 D 000000 OOOODOOO X O complex
manifold 0 0 0 00 O O complex vector bundle 7: £ — X O holomorphic vector
bundle 000000 X 000 open cover {U,} OO U, OO local trivialization
Vo ElUy — U, xCrO00UanUs 0000000 holomorphic0 0000000
Ooooobooooooog

Vo oWt (UyNU) x C" — (Uy NUp) x C”

U, o \1151(1-, v) = (z, fap(z)v) fap:Ua NUz — GL(r;C)

0000000 fag O holomorphic functionO0 000000000000 E O sec-
tion £ 000000 U, OO &y =mcroV¥,0&U,—-Cr 0000 d¢, ODODODO
00 (0,1)-component 0 9&, 0000 UanUs 00O

§o = faﬁfﬂ
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000000000 fas O holomorphicOOOO0O0O0O0OOOOO

5504 = fa,@gg,@

000000000 {d&}. 0 QVYE) 0000000000 860000000
(p,q)-form0 000000000000

0: OP4(E) — QPItH(E)

0D000O0ded=0000000

000000 hermitian vector bundle (E,h) - X 000000000 OO con-
nection A 00§20 0 00 exterior differential operator d:QP(E) — QPTY(E) O
O0oooo QE)O0D0D0DODOO

da: QPU(E) — QPTLI(E) @ QP9 (E)

O0000000000000 QFYY(E)-000 0,0 QP4 (E)-000 04 00
O0000000curvature Ry =dgodg O

RA:3A03A+(0A05A+5A06A)+5A05A

000000000 Q3E)=0*°F)eQ(P)eQ?(R) 00000000000
00000 04004=000000000000000000000000

Proposition 3.6. holomorphic vector bundle £ — X [0 hermitian metric A [

0000000000 00000 connection A O
0 =04

00000000000000000000 0 0 holomorphic vector bundle 00 O
0 O-operator 0 000000 94 O connection ADOODDOOO0O0O0O O-operator
gogd

0000000000000 connection O (metric A O 00O O) hermitian con-
nection 0 0 00 A O hermitian connection 0 0 000 OO0 curvature R4 000
0 QY(E)000000000 0400,=0000000000 AO metricdD
00000000 94004=00000000 RA0 (1,1)-formO00000000
ooooo
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Proposition 3.7. hermitian vector bundle (E,h) O connection A O curvature
R,0 (L)-formOOOOOOO0OODO XOOOOOOOOOO almost complex
strucuture 7 00O OO

Ra(Iv,Iw) = Ra(v,w) for all v,w e TX

00000000 FEO A O compatible 0 holomorphic vector bundle 0 0 O 0O O
000000 FE O holomorphic vector bundle 0 D OO 00O O A O metric h O
000 hermitian connection 0 OO0 O OO0O0OOO

00000000 0 Oholomorphic vector bundle £ 0 OO OO local trivialization
000000 holomorphicO O OO OO OO O O hermitian vector bundle 00 OO O
000000 unitary matrix 0 0000000 (DO0OOOO local trivialization
E\U - U xC" 00 fiberd OO hermitian isometry O induce 00000 ) 000
000000000 hermitan metric 0 O O holomorphic vector bundle 0 O 0O O O O
000000 local trivialization OO OO 0O O0OOODO0O0O0OOOOOO0OOOO
000000000 holomorphic O OO0 O isometry O induce O O 0O OO local
trivialization 0 D000 D0D0O00O0OO0O0ODDOODOODOOOO local trivialization O
0000 connection0 0000 flat (0000 R,=0)000000000000
Ooooo0

(X, g) O Kéhler manifold 00000000 20000000 0w O Kahler form
00000000000 000o0oooboOooo

AT ®C=A*"e A% @ (Cw)
A” ®C = (Cw)* c QVY(E)
00000000 (Cw)yd AY 000 0Kihler form O scalar 000000000

0 form 00O subbundled 0 (Cw)* 000 AV 00000000 DOO0OO0OO
ooooo

Proposition 3.8. A 0 hermitian vector bundle (F, h) O anti-self-dual connection
000000000 F OO A O compatible 0 holomorphic vector bundle 00 00 [
Ooooooo

ggobbdooooobuoooobooboboooobobboooo
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Proposition 3.9. R* 00 hermitian vector bundle (E,h) O connection A O anti-
self-dual connection 0 0 0 0 0 O 0O 0O OO Ointegrable [0 almost complex structure
I,J,KO0OOOO R* 0000 Kéhler manifold 0 00000 FE O A O compatible
O holomorphic vector bundle 0 0 OO0 OO0 OO0 OOOOOO0O

4. ADHM construction

O000D0O0ooDOoooooooo

T 0 1000 quarternion vector space 10 O ATT* O dual space T* O second
(real) exterior power O self-dual part 0 0 O O

OO0 data0DDOO0ODOODOOOO

a pair of hermitian vector spaces, V and W'
an element A € (T* @r Endskew(V));

and a homomorphism ¥:V — ST W .

(Endskew (V) O V O skew-adjoint endomorphism 000 O0000000) OO
T* =2 Hom;(ST,S7) 0000 A0 Hom(St®V,S~@V)O00OO0O0O000O000O
0000 St=(SH)* 00000V 0 Hom(S*®V,W) 000000000000
0000 T=R* 00 (trivial) vector bundle 0 0 0 homomorphism

D:STRQV S Ve W

D=A-zv-1ly)o V¥ for z € R*

0000000002 O Hom(ST,S7) DOO0OOOOOOOOOSTY, V, WO
hermitian product O O 00O D O adjoint

DS TV e W -8tV

0 00 O O anti-self-dual connection 0 0 0 bundled Ker D* OO OOOOOO0O
00000 Ovector bundle 00 O well-defined 0000000 PO R* 00000
00 injective 000000 0D0OO0O OO (non-degeneracy condition)
E:=KerD*O S ®V & W O subbundled O O 0O 0O OProposition 1.40 000
induced connection 0 0O OJO0O0OO0O0OOOODODOO connection 0 anti-self-dual
OO000000000ooDooooooooooooooooon
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[AAA] € A°T* @ Endskew (V) O O

ANA] = [Ai, Aj]®e; Ae; where A=) A;®e¢;

2]

000O0O0(7T0 T*00000007 O basis{e, e2,e3,e4} D00 00 T* O basis
00000)00000 ATT*-component0 [AAA]T D000 ¥ O adjoint

U* € Hom(W,V ® ST)
Ovooooo

U*¥ € End(ST @ V)
000000 su(SH)®@Endskew(V) 00000 {09} 0000000008* O
basisOD OO0 ¥ O

U= (Uy,—U7):STRV - W U, € Hom(W,V), ¥y € Hom(V, W)

0000 (00000000000 oooonD)0oooo

LWwiw, — v, 0Y) — Uy
\IJ*,‘;[/ — 2 22 1¥1 2*1 )
oy ( —U1 0, 3 (U T] — U50,)

000000000000 sw(SHATT*O00O000
ATT* ® Endskew(V)

gobboooooood

Theorem 4.1. A0 v O0O0D0O00O00ODOODOOOODOOO
(1) (Non-degeneracy) D is everywhere injective;
(2) (The ADHM equation) [AAA]T + {¥* ¥} =0.
000 the induced connection A on the bundle £ = Ker D* 00 anti-self-dual
connection (000 O curvature 2-form 0 anti-self-dual) O Ofinite action (curvature

0RO L?2000000)000000 bundle E O topological O data 0
rank £/ = dim W
c1(E) =0, c2(E)[S* = dim V

gooboon
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Proof. 20000 basisO 000 R?* O orthonormal basis {e1, €2, e3,e4} O Hom (ST, S|
dddoooouoouooooooooo

1) (o =) (09) (&%)

00000007T*00000 Homy(ST,S7)00000000000A=)", Aie;
goooobooon

o A1 +vV—-1A4y —As++v—-1A4 d_ef B, B;
A“(A3+VCIA4 Al—vCI&z> (62 _g: ) Br€End(V)
00000 [AAA* O

([Al,.AQ] -+ [.Ag, .A4])(61 N es +e3 N 64) -+ ([.Al,.Ag] -+ [./44,./42])(61 Nes—+eq N 62)

+ ([«41,./44] + [AQ,Ag])(el Neg—+ex N 63)
_ (—%([Bl,Bﬂ + B2, B3)) [B7, B3] )
—[B1, Ba] 5([By, Bi] + (B2, B))

000000 x=x1e1 + x9eg + x3€63 + 1464 U

T = <Zl __22> Z1=T1+ V-1, 20 =23+ V—124

29 2

O00D000000000000000
D*D

=AU +iz@ly)(A—iz®1ly)+ ¥*U

_ (Bi+iz Bi+iz \ (Bi—in  Bj+iz U o
o (BQ - iZQ —Bl + iZl BQ — izz _BT _ Z‘gl + _\Ijl (\Il2: \IJ1)

2
> BiBy +izkBy —izBi + |zl* B, Bs]
_ | k=t L P WY
2 —U U, U0
* . . * 2
—[B1.Ba] Y BiBi+izBy — iz By + |2l
k=1
000000O(space0 0000000 0 v/-1000000000)000 ADHM
equation 000 D*D 0 14+ @A 000000000000 OA€End(V) O

1
(BeBi + BiBy) + iziBy — 2185 + |21]* + = (U105 + UhWy)

2
— 2

A=y

k=1

N =

000000 D'DO Je+®1ly OO0O00D0O(0DO0ODOOO Weitzenbock formula
O00000ooooooo)
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p O subbundle FE=KerD* 00 STV & W IOOODOOODOOOUO Onon-
degeneracy condition 00 D*D 0000 O0OOOOOOO FOOODOp O second

fundamental form IT O
p=1—DF D"
[I=-DF (dD*)=DF (de®1y)*rg
O000o00oooono =g 0 STV OO STV @ WIOOOOOOOOOOAO

Proposition 1.4 0 Gauss equation [0 [0 0 induced connection A [0 curvature [
Ra(v,w) =75 (de(v)®@1ly) F (de(w)®@1y ) tg—7g (de(w)®@1y) F (de(v)®1y)*7s
00002000 de O
dz(Iv) = V—1dx(v), dx(Jv) =dx(v)Jgs, dz(Kv)=v—1dx(v)Jg+
goooooooo
Ra(v,w) = Ra(lv, Tw) = Ra(Jv, Jw) = Ra(Kv, Kw)

O00000 sectiond 00000000000 R4 O anti-self-dual0 00000
ooooo

00 R4, €L?000000000000000Gauss equationd 000 second
fundamental form 0 000 00000000000 0O0OOOO0OOOODOOODOO
O action O conformal invariance 0 0D 0000 OO0 ODODOO vector bundle £ O
connection A 00 S* 00000000000000O0

S* 0 quarternionic projective line HP! 00 000 O O O Ohomogeneous coordi-
nate

[1:q) (eH)DO00O000O0
Dy=(@A—@Vv-1ly)dqa¥

O000@P 00 ST0 HOOODOOHP! 00 hyperplane bundle L 0000
ooo DO
D:L*®CV—>(H®CV)EBE

000 bundlemapO OO0 OO0 00O =1000000000 R{ODOODODOOODO
0oog D, O
(A—-—qgpev-1ly)a ¥
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O000000000 R*O00O construction 000000000 [g1:q2] =[0:1]
googobd
Ker D, =W

00000000000 Ker Dy O smooth vector bundle 0 000000000
Ker D, O HP!' 00 smooth vector bundle 0 000000 ODOO00OO0O

Eo=W Eee O EO co=00 € 5* 00 fiber

guoboooogooooogo

rank £ = dim W
goooooon

ch(F) =ch(H® V) + ch(W) —ch(L* ® V)

000LO (L)[S4=-1000000000000

co(E)[SY] = dim V
goob——0oog

Remark. 0000000000000 0OR*0O basisO fix0ODO (00 complex
structure J fix 000 )0000 0O dataO

a pair of hermitian vector spaces, V and W';
endomorphisms Bi, By € End(V);

and homomorphisms ¥:W — V| Uy:V — W
000 0ADHM equation [

(1) [81,82] + PPy =0

(2) [B1, Bi] + [B2, B3] + U1V} — ¥530s =0

000000000000 [Donaldson) 000000000
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6. Inverse transform

0000000 construction 0 O 00O 0O O O O anti-self-dual connection A 0O O
V, W, A vOOOOODOOOO0840 construction0 0000000000 O0O
O00000O00D0D000 analyticO preliminary 0 0000 O

(a) Analytic preliminary

R* 000000 hermitian vector bundle (E,h) OO0 finte action anti-self-dual
connection A O 0O 0O O O Uhlenbeck 0 removable singularities theorem O 0O O O
stereo graphic projection 0 00 0 S* =R'U{co} 00D DODOODDOOOODO

00000 oo OO fiber E,, OO0000O0O000O0O0 oo 0OO0O local trivializa-
tion0 DD 0000 R*O00000OR*\ Bg 00O local trivialization 0 connection

form w O
5 O
— g
|V V| =0(z[7)
000000000000 O0000O0D00000000000 000 local trivializa-
tion0 D00 EO (R*\B,)xCr 000000000
o = (1+ |«[?)/? 0 00O O non-negative integer k¥ 0 weight 6 e RO OO 0O DO

weighted Sobolev space Wf’Q(E) 000 norm 0 finited R* 00 E O section O
0 O Banach space 0 O O 0

kL
P
o272 Fllge 4o+ o™ 2T T e

INF)0DOO0ODO distribution0 000000000 Wf’Q(E) 00 bounded linear

functional 0 OO0 O OO0D0OOO W__ffé(E) O000Oduval norm 00000000
0,2

WZi_s(E) D

W (E) s o /X (p,90) AV, for p € W7 (E)

DDDDDW__IL%(E)D denseJ 000 OOO0ODODOOOOODO
00 rough Laplacian 0 0 OO0 O QOO0

ViVa: Wy (E) = Wi 2 (E)
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00000000000000000000 Wk2-0000 weighted Sobolev norm
O000dg a prior: 00

HQO||W§72(E) < O(||VZVA90||W§:22’2(E) + HSOHW;)’Q(E))
0000000000000 V3V O adjoint O
* 2—k,2 —k,2
VaVa:WIZ5(E) — W7y (E)
OO00OOself-adjoint 00 O0O0OO0O0O00O0O0O0O0O ViVa O cokernel O
Ker ViVa: W (E) - WF*2(E)

0000000 (regularity 00 W2,*2(E) 00 kernel 00000 WF (E) O
oon0)

e € T'(F) O covariant constant section at infinity 0 0 000 OR* O compact set
00000000 local trivialization at infinity 0 OO0 O O O Oproduct connection
Ay 000 O parallel (ie., Vaoe=0)000000000

Lemma 6.1.
(1) 00000 ViVa O kernel 0 §<0 000 trivialDO0 —-2<d< 0000
ViVa O isomorphism[]
(2) OO0 covariant constant section e at infinity of £ 00000000 00O
E [0 harmonic section ¢ U e 00000000 O0O0OOOOO0OOO

(a> VZVASOe =0
(b> Pe =€+ O<T_2)a VASOE = O(T_S)

O00O00 FE O harmonicsection DOODOOODOOOOOODODO
Remark. Lemma 5.1 (1) 00 ViVa OO G4 O00O0O:
Ga: Wy 22(E) — W2 (E)
for —2 <4 <0.
Proof. weight § <0 0000 ¢ O WH*(E)DD0OOD V4Vap =0 O solution O

fulsfufsls
Alpl* = [Vagl* > 0.
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v 0D0OD0OD0O 00000000 Omaximal principle 00 o=00(1)000000
e O covariant constant section at infinity 000 AOOOOOOOOOOOOe

ViVae € W 2A(E)
O anysmall e>000000000(1)00 ¢0€W1f’12+E(E) 0
VaVapo = V3 Vae

O00oooooooooooooin ¢ge=e—po DOO0OOe. 0 Vi3Vape =0

0 e — e as x — oo 0000 DOharmonic function 00 expansion 0 0 O ¢, O
Ye=e+ar 24 for some constant a

000000ooono (2)ooooooooog
00000 FE O harmonic section o D O0O0O0O0O0OODOOOOO harmonic

function O expansion O O O
p=e+ ar 24 ... for some constant a

00O covariant constant section e at infinity 0 00000000000 (2)00
goob——0on

00 Dirac operator 0 00000000 S* O R* O positive (negative) spinor
bundle 0 00O O E O connection A 0 00 OO O twisted Dirac operator Djlt g
O O weighted Sobolev space [I [

Dy : W2 (S* @ B) — Wi "*(ST @ E)
0 0O O O adjoint operator [
DI W M(sF @ B) » W P2 (5% E)

ogoon
R* O tangent bundle TR* O canonical O section 00 O

z+— (r,2) € R* x R* = TR*

0000000000000 000 00000000 0Ospinor bundle O section
s 000002 O Clifford multiplication 0 OO0 OO0 OO0

xXr-S

0 0O O spinor bundle 0 OO O sectiond OO 0O OO
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Lemma 6.2. wEW§’2(S_®E) (0<0)0 Dyv=000000000000
00 ¢ 000 asymptotic behaviour 0 0O O :

=1t e +0(rY),
00 s O covariant constant section of ST ® E at infinity 0 0 O O

Proof. R* 00 Weitzenbock formula 0 O O O Dirac operator 0 00 DTD~ 00O
Laplacian A 0 00 0 0000 Dirac equationd 0 s 0 harmonicO O O Oharmonic
polynomial 0 0 OO OO0 decayd 00O OO ODO ODirac equation 0 00 000 O

00000000000 -"2000000000

000000000 ooobo0oobggg twisted Dirac operator O kernel O [0
00 expansion 10000 00——000

positive spinor U0 00000 00OOO0O0OOOOOO

Lemma 6.3. Dirac equation Div¢ =0 for ¢ € VV;JQ(S+ ®@F) (<0)0 00O
gouboooogon

Proof. A O anti-self-dual 0 0 O Weitzenbock formula 00 O
Dy Df =15+ ® V4iVa
000 Lemma 6.1 00000000 —000

00000000000 DDy =14:@ViVa0000D; Dy 000 15+ ®Ga
0000000
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(b) The construction

Oo0ooooooogood

V := L?>kernel of D :T(S™ ® E) = (ST ® E)

W := bounded kernel of V;V4:T'(E) — I'(E)
O000Part (a) 0000000 weighted Sobolev space 0 0000

V =KerDy:WF2 (S~ @ E) — W' 12 (ST @ E)

W = KerV;iVa: Wi (E) — W 22(E)
0000000000008 0 constructiond OO0 00O constructiond 00 OO0
O0DO000DOo000o0o0oDODOoOOV DO wiobhobhoboooboooooboo
00D00000dimW =rank FEO0O00O00O0V OD0O000O dimV =c(E)[SY O
index theorem 000000 Lemma 6.30 0000000000000V OO0 L2-
0000 induce 0O O hermitian inner product 0 D OO W 0O E,, 0000000
fiber metric 0 2vol $% OO O hermitian metric 0 D0 00000 endomorphism
AV T AO

AV 39— /—1z-9 0 V OO L?-projection

O0O000000DOo A00O0OoDooooobooooooooooooboooog
0004 0 O %) 0 decay0 00 v—1z-9 0 OF3) 0000020000
00000000000 V O orthonomal basis {¢1,...,¢,} 00000000

(V=12 ,4) o= /R4<\/—_1x ) AV

0 ¢;0 O(r %) 0decay0 000000000000 D0000000O000 L2-

projection [J

D (V=Tz -, )

?

000000000000 x20 “real’ 00000000 AO T*®gEndskew(V) O
000000 v:V—STeW 0000 adjoint O

U ST@Was®@p— Di(s®@p) eV

000000000DS(s®e)0 VOODO0O0DO0OOWeitzenbock formula V;Vy =
Dy D O Part (a) 000 decay estimate 01 0 0000000
000000000DO0OD0ODOO0OO00OD0 ADHM equation O non-degeneracy con-
dition 0 check 0 0O O O O O non-degeneracy condition 0 O O O section 0 OO O
constructionJ 4 000000 0000O0O0OO0OO0OOOOOOOOODO
D00V -Stew O0OO00O
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Lemma 6.4. ¢y ¢V 0000 V() OO0 asymptotic behaviour 00000 O :

Y =242 U(y) + 0%

Proof. 00O ¢ eV O
Y~ b
00 0 asymptotic behaviour D 00000000 Lemma 6.20 00000000

Voo =2¥(y) 000 DODD0O0s®epeSteW OOOOO

(W), s ® @) = (i, T (s © @) = / (4, D (s ® ) dV

R4
0
= — lim — -, s® p)do
r—00 3Br(ar )

a0 % O the outward unit normal vector of 0B, 0000000000 Dy¢ =0
0000000 asymptotic behaviour 0 0 O 0 OO

1
§<80078®Q0>
00000000 29(w) =v.. 000000——000

0000000 complex structures I, J, K 000000000 O00O0O0O0O0O
0000 symmetry O break O O complex structure I O fixO0O R*=C?> 000
000000 ST O basis {1,w@=%d21/\d22}DDDDDDDDD St~C?200
00 B1,By:V —V OO

Bi(1) = v/—1zp O V OO L2-projection
oooodwv:W -V, ¥y:V W O
T=UipU,:V - SToW
OO00O00000ADHM equation

(1) [81782] +W¥,¥y, =0

(2) [B1,Bi] + [B2, B3] + U197 — ¥5¥y =0
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000000000000 0Ocomplex equation (1) 00000000 JOO0O0OO
00000000000000 (2)00oooooooog
rough Laplacian 0 0 0 O Green operator G4 0 00 00 O L2-projection 7 O

T=1-DJ(1g+ ® Ga)D}

O00000@00000ood formula0D840000 p=1-DFD* 00000
O000000000o0)yeVoooo

V—=1z1¢ = Biyp = (1 — m)vV=121¢ = D (1g+ ® Ga) Dy V=120

V=129 = Botp = (1 — m)vV—120¢) = D (15+ ® Ga) Dy V—129¢
0 00000 Proposition 2.6 000 (R* = C?2 O canonical bundle O trivial 0 O
O00000000) spinor bundle 0 ST 2 A0 g A%2 S~ AM OO0 OO0OO

Dirac operator 1 Da = v/2(04 +0%) 00000 v/~12 O holomorphic 0 0 00

0oQg
V=121 — Bt = 204GAO5N — 1219

\/—1Z2¢—62¢ = 25AGA5A*\/—1221/J
O000(1g+®Ga 000 G4, OOOOO)0O0OO

vV —12182’(/) —V —122811/1 = 25A(2'1GA5222¢ — ZQGAaZZﬂﬂ)
== DX(ZlGADXZQQﬁ - ZQGADXZﬂb)

Doooo0d
V—=121Bot) — V=122B1% = [By, Bo|tp + Df Ga Dy (V=121 B2tp — vV —122819)

DO00o000000O0oOooo

[B1, Ba]y = DJ (21GaDy 209 — 22Ga Dy 21%) + D GaDy (V—=1z0B19) — /=121 Ba1))

00000000 [By,Belw=Dff 0000 bounded section f 00000000
000 Ker D, 00000000 f 0 harmonicO0O 00000 Lemma 6.1 00
fO0000D0000O0ODODOODODOOOOO0ODO0ODO0ODODO oOODOODODOOODOO
000000000 D00o00on0 « O asymptotic behaviour

o~ 2r i B(Y) = V2r (s T (Y) — 22T (¥))dZ + (225 (¥) + 2102 (¥))dZ2 }
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0o
Dy z1tp ~ —4r~ (21 V5 () — Z22W5 (1))

Dy ztp ~ =4~ (201 (¥) + 21 P2(1))

0 0 0 O trivial connection 0 0 0 O (positive) Laplacian 0
A(r—2z,) = 4r 'z,

gobboodgn

GaDy z1h ~ —r (210 (¥) — 2202 (¥))

GaDj zoth ~ — 1 (220 (V) + 2102 (¥))

ogooood
21GADy 29 — 20GA D 217 ~ =W ()
ooodn
[B1, Ba]tp = =01 Wa(¢)
ogodoo

Theorem 6.5. 0000000 A, ¥ O ADHM equationd 000 O

98. Hyper-Kihler manifolds and moment maps

O000000D0000000 Kronheimer 0 ALE gravitational instanton O 0O 00
[Kronheimer| 00000000000 0OO0O section 0O dual space d induce 00O
O transpose [0 hermitian adjoint 0 O O O O OO O O hermitian adjoint 0 O OO §
ooboooobooogooo

(a) Generality for hyper-Kdhler manifolds and moment maps

O0000000000000000000000000 00 manuscript (00 0O)
gobbobobooboooboooboboboo
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(b) ALE gravitational instantons

D0 SU(2) 000000000 RO T O regular representation 0 00 0000
0 R={f:T—C} 00T 0000 0O right-translation

vf(z) == f(zy)

O000000Oinclusion I'  SU(2) D OO 2000 representation 0 @ 0000
Ur(R) O R O unitary automorphism 0 I' 000000000000 groupO0O
000G =Ur(R)/UQ1)D000O0U(1) O scalar 000 group O O O O quarternion

vector space Y [

Y := (Q®End(R))"

group G 0000 Y OactDOOOOODOODOOO moment map O explicit O O

gobbooodgd

prw) = Yo (0] + o)

(s +vV=1px)(y) = [y1,v2]
0000000000Q0O basisOO000 yeY O (y1,492) 00000G O center Z

O Endskewp(R) O trace free part 00000000000 ¢ =(—2v—1¢r,¢c) €
(ReC)® Z O fix0O OO hyper-Kéhler quotient

1, il + [y2, 93] :CR}/
G
[y1,92] = Cc

Ob0o00oGoooooooooooooooooooooonoon Ye»ooooo
000 Xc=Y,/GOOOOO Kronheimer 000 (D00)00000000

XC = {(yl,yg) ey

Theorem 98.1. genericd (0 O00000O0G O Y, 00O actionO free O Oquotient
space X; O C?/I' O minimal resolution O diffeomorphic 0 4 O O hyper-Kéhler
manifold O O O O

0000 ¢0000 X¢ O smoothO manifold000000000O000O ¢=0
00000 X, =C?*/rooon

generic ¢ 000000 Y, O manifold X, 00O principal G-bundle 00 0O O
Y. O Y 0O submanifold 00 000000000000 Riemannian metric 0 0 0O O
G-orbit O tangent space 0 D D000 0OOOODO0OODOODODOOO connectiond O
0000000 hyper-Kéhler quotient 0 000 [DO-00]00000O
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Theorem 98.2. principal G-bundle Y; — X, O 00O connection O anti-self-
dual O [0 finite action 0 00 O O

Y. O associated O “canonical”’0 vector bundled X, 00000000000
OO0 0T O regular representation R 0 0000000 O0OO0OOOOO R O right-
translation 0 0 00 I'-module 000000000 OO0O0OO left-translation O O
Oaction0 0000000000 0OO0O0ORO I'x'-moduledO OO Ry,...,R,
O I' O irreducible unitary representation 0 0 0 OO0 Ry O trivial representation
000000000000 I'xT'-moduleOOO R O

R = @(R%eft)* Q Rgight

OD0000O0RM™™, R 00000 right, left-translation 0 O induce 00 O action
D000o0oQ

Ur(R) = [TU((RE)")

00000G=Up(R)/UN) O URE®)-000 trivial 0 000 00 subgroup O
O00000000 RO G O representation space 1 00 00000 OOOOO
O principal G-bundle Y, — X O associated O vector bundle [J

R:Y< XgR
goooa
RQZYC Xa (Rieft)*
ooodn
ogooooo

hyper-Kaher space X, OO OO O tautological vector bundle emdomorphism [J
oogod
€ eI'(Q®End(R))

O00000D00Q®End(R) O sectiond 0Y, 00 Q®End(R) 00 G-equivariant
0 map00000O000ED

Yesyr—yeQ®End(R)

gooboon
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Lemma 98.3. FE 0O connection A 0000 (complex structure I 0 0O O O ) holo-
morphic vector bundle 0 O 0O 0O 0O O O O endmorphism & 00 holomorphic 0 00 O O

99. Yang-Mills instantons on ALE gravitational instantons

O0O0D0D0DOO main result O statement D 0O OO0 O0OOOO

finite subgroup ' C SU(2) D 000000000 Q O 2000 complex vector
space 0000000 QU T-moduleOOOOOODODO dataODOODOOOOO
oogd

a pair of unitary I'-modules, V' and W ;

By

a I'-equivariant map B = (
B

> V=0QV;
and a pair of I'-equivariant homomorphisms V' P B ANQeV

OO0 V, WO l'moduleDD0O00OO0O0X,0 ¢=00000 C*/ro0oooo
000 anti-self-dual connection d C? OO0 T-equivariant 00000000000
000000000 00ooon

O0D00DDOO vector bundle R O tautological bundle map &: R — Q ® R O
0 00O O bundle map

D:STRVRR - (QRVR)®(WRR)

ST O positive spinor bundle of X, 0000 O X, O hyperkahler0 OO0 O trivial
¢ ¢ Y
rank 2 vector bundle 0 0 0 0) O

B ®1gr BT®1R> (1V®§1 ly ® & >) i
D= 2 — 2 DU R1g, -Vl ®1

((52®1R -Bl @1 ly®& —ly ®€] (P28 1r, ~11©1%)
00000000C?0 trivial T-module0 0000000 D O TI'-equivariant map

000000 M-invariant 0 000 00O
Dl (CPoVaR! - (QeVeR)! @ (WeR)"

0000000 adjointD PP OOOO
R{O0ODDOOOOOOOO DYDY O “real’D 00000 ADHM equation O

ooooooo ¢0
{[§17£2]:C(C

€1, €1 + [, €] = Gr
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0000000000000 0000D00000000 ADHM equation 0 00O
0000 ¢y 000 R?*® Center(Endp(V)) D00 DD0O0O:
V O I'module 00O O

V=€BVZ'®R¢

00000000 C¢ € R*® Center(Endr(R)) 000 R, @ RFf 000 ¢(i) 000
scalar matrix (i.e. an element of R? times the identity) 000000000000
O000¢y O

Cv = (1) on V; ® R;

OO0O00 scalar matrixO OO QO QOO

Theorem 99.1. BO v OOOOOOOOOOOOOODODOOO
(1) (Non-degeneracy) DU is everywhere injective;

(2) (The ADHM equation)

{ [B1,B2] + ¥1 ¥y = —(Cv)c
[B1, BI] + [B2, BY] + 01 W] — Wiw, = —(Gv)r

000 the induced connection A on the bundle E = Ker D'T O anti-self-dual
connection (0 0 O O curvature 2-form O anti-self-dual) O Ofinite action (curvature

0 L?0000)0000

000 R*000000DO00O00Osubbundled curvature formula0 00 000
000000000 bundled anti-self-dual 0 000 00000000000O00RA
0000 trivial vector bundle 0 0 00O O OOO Theorem 9820 000000 OO

00 inverse construction 0 00 O 0 E — X O hermtian vector bundle 0 0O 0 [
A 00000 anti-self-dual connection O finite action 0 000000000

V = L? kernel of D :T'(ST® EQR*) = T'(ST ® E® R*)

W = bounded harmonic sections of £ ® R*
O000O0O0R*00 T-action0O000 V, WO I''module00O00OR* 0000
00 wWOoOOOoOOO fiber (FQR*)e 0000000V O L2-inner product 0

O induce 0O O hermitian inner product D OO0 O W 00 (E®R*)s O hermitian
inner product 0 2vol S3/T 000000 O0DOO
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endomorphism B 0 ¥ [
B;:V 3 1 —— L?-projection of £ v fori=1,2
Uf = (0, 0)): 5T @aWas@p— Di(s@¢p) eV

goodad

Theorem 99.2. 0000000 BO v O ADHM eqation O OO0 O
R 0000000000000 OOOOO
Theorem 99.3. 0000000 BO ¥ O ADHM eqation O 0O O O OO non-

degenracy condition 00 O O O O Theorem 99.1 O construction 0 Theorem 99.2 [
construction 0 OO0 000000 OOOO

-00




