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Quantum Loop Algebras'

e g : simple Lie algebra of type ADE /C
(or symmetric Kac-Moody)

e Lg=g®Cl[z, 2] : its loop algebra
e U,(Lg) : quantum loop algebra
= quantum affine algebra U,(g)

without central extension & degree operator
= C(q)-algebra generated by ¢", €ir, firs Pim

(he P icl, reZ,nelZ\{0})
with certain relations

e U.(Lg) : specialized quantum loop algebra (¢ € C*)

Assume ¢ ¢ V1 today. Write ¢ instead of € from now.
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U, (Lb) el (q", hi+m) C Uy(Lg) : commutative subalgebra

o

h.

Let pi(2) =) exp <— E [Z’i]m zim> . (generating function)
mie

m=1

Analogy

e (-weight space el 2 simultaneous generalized eigensp.
of ¢", hitm
e /-highest weight module V' ety
dvectorveV — e ,v=0 Vir

— simul. eigenvec. for ¢", him

-V =U,(Lg)v

~N

(Weights for g-modules «— /-weights for U, (Lg)—modules)

-

° {simple (-highest wt. modules} — {K—highest wts.}

o (-weight o eigen value (for finite dim. modules)

— (gi((z)»zel with P;(0) = Q;(0) = 1, coprime
s.t. ¢" acts by gthi(deg Pi—deg Qi)mi) 4 pilp,
Pi(z)
Qi(2)
o= deg PZR(Z)
2= degQiQi(z)

pi () acts by + nilp.

p; (2) acts by X const. + nilp.

e (-weight is ¢-dominant Ll v Qi(z) =1, i.e. polynomial

e asimple ¢-highest wt. module is finite dim. (or integrable)
<= (-highest weight is /-dominant
(Drinfeld, Chari-Pressley)

J
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4 Problem

Study the category of finite dimensional representations of
Uy (Lg).

New features
e No g-analog of the evaluation map Lg — g (z — a €
C*)
e Therefore a Uy(g)-module may not be lifted to a
U, (Lg)-module in general.
e The category is mot semisimple.
e V' ® W may not be isomorphic to W ® V.

e canonical/crystal base may not exist.

~N

-

t—deformation of the representation ring'

R % Rep Uy(Lg) : Grothendieck ring of finite
dimensional U,(Lg)-modules (commutative ring, i.e.
[Vew|=[WeV])

{L(P)} : simple finite dim. modules give a basis of R

e R, : its t-deformation (noncommutative algebra over
Z[t,t71]) can be defined. (via filtration on modules....)

o L(P) has a characterization: analog of Kazhdan-Lusztig basis,

PBW /canonical basis
- I(P) = L(P),
_ L(

) =
Pye M(P)+ Y  t'Z[t7'IM(Q)
Q:Q<P
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(" L(P) has a characterization )

L(P)
L(P)

L(P)’

e M(P)+ > 'zl M(Q)
QQ<P

where M (P) is a standard module:

e a tensor product of level O-fundamental modules w.r.t. a

certain order

e (a specialization of) an extrmal weight module of
Kashiwara (= a Weyl module of Chari-Pressley)

level O-fundamental module :

diel,acC*st. Pi(z)=1-az, Pj(z) =1 for j #1i.

ka. Type A: Ginzburg-Vasserot, Arakawa )

e R; can be defined by perverse sheaves on graded quiver

varieties = (quiver varieties)torus fixed pts,

Analogy

R; via graded quiver (U™)* via quivers
>

varieties (Lusztig)

The affine graded quiver variety 9t (P) has a stratification:

Me(P) = U M 4(Q, P)
Q<P
parametrized by I-tuples of polynomials ().
e L(Q) : simple module «— IC(M;4(Q, P)) : IC sheaf

e M(Q) : standard module «— Coperez(q,p) © constant

\_ sheaf extended by 0 )
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4 )
o Q<P L mee(Q,R) c MIS(P,R) (indep. of R)

From the characterization we have

(1P - m@)

Hence the Problem is reduced to
_ t-analog of g—character

How to compute M (P) ? ~
Xq,t
Xqt(M(P)) = the generating function of Betti numbers of
smooth graded quiver varieties M*(Q/ R, P)

= Z gr-dim(f-wt. sp.) x e?/%
Q/ R:l-weight

Q/R _ wia) o Qi(2) _ wila
where €%/ —HHYz'a for Ri(2) —H(l—az) (@),
K el a a )

determined

(v(p) : 71@Q)))

~—

4 )
Method of Computation'

Xg,t gives an injective homomorphism
Xa, _
R; B Z[tat 1][n,a]iel,ae<‘c*

o f=t1 Y=Vt

i,a i,a
e twisted multiplication mq * mg = td(m1’m2)m1m2 and
Xqt(M(P1) @ M(P,)) = Xqt(M(P1)) * Xq,t(M(F2))

* Finally x,(level 0 fund. rep.) can be determined from
the ¢-highest weight vector recursively. ...... Condition o

cf. Frenkel-Mukhin : x,; € Ker(screening op.’s)
In Summary,

[ Xgq,t is “computable” theoretically, but not practically. J

. J
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g—character (or (—character) I

Recall the character of a g-module:
Z dim(wt. sp.) X
A:weight
Definition. (Frenkel-Reshetikhin)
Xq(M) e Z dim(f-wt. sp.) x ef/@

g 3 l-weight

where ef/@ = H HY”’(a for —(2) = H(l — az)”i(“).

el a

\_

Example. g =sl,; : V = vector representation

It can be lifted to a Uy(Lg)-module.

f1,0 72,0 fn,0
—_ [ ] —_— —_—
weight  ¢®! w2 =1 —@n
q q
_wei -1 1
(-weight Y7, YLqQYz,q qunﬂ

] l |

n+1
coxqe(V) = Z (tableaux sum expression)

For later purpose, fet us introduce

. - Yl qk, .k 1 qk+2Y2 qk+1, etC.

\_
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Example. g = sly, f-highest wt. P(z)=(1-2)(1—zq)--(1—2¢2("~ 1)

a lift of the irreducible n-dim. rep. of U, (slz) (evaluation module)

f1,0 f1,0 f1,0
o _ ® Y i e _
weight q" g2 q "
{-weight 7 e
g 7 N Q\
< ) N
7 : oo
e + M
N NN TN
%" R
i oo, oo Q\ S,
N
J N
’j N \; 29,
J N

Yo(L(P)) = > luhyfobpy

1<ip <io <+ <in <2

v
N

e
1] -1 2 2022
1 0 ! 2 1 2(n—1) 0 2(n—2) 2(n—1) 0 2 2(n—1

~N

<
<

J

-

Let us prove this by our method !

For example, n = 4:
Xqt(M(P)) = !0'2!4'6 (= Y1,1Y1,2Y1,g1Y1g0) +
+t .0.2.4.6 Yy g1 Y1 g0 6) +
+t 1.0.2.4.6( Y 1Y1q
+t 1.0.2.4.6( Yi1Y1 e 42
+ t72=0!2=4!6(: ) +
"Xt (L(P)) = Xqt(M(P)) =t xqu(M(Yy a7 46))
—t 7 X (M (Y11Y1,46)) =t Xt (M (Y11Y1,42))+t X0 (M (1))

\_

J
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Example. V = vector representation

fnfl,o/i \\J’:L,O

fn,o\\ A‘n—l ,0

We define the ordering < on the set B={1,...,n,7,...,1}
by above. Remark that there is no order between n and 7.

\_

4 )

f1,0 f2,0 fn—2,0 —1 /2,0 f2,0 f1,0
nE A e B A

J

-

Theorem. Let 1 </ <n.
4], ,
xq,t(éth level 0 fund. rep.) = Z U=

[4],_

where [(T) = #{p | ip = i,iptn_1—i = i,i = 1,...,n — 2}.
Remark. (1) Proof is given by checking the RHS satisfies
the Condition o.

(2) t =1 case : shown by Kuniba-Suzuki
L(wy) if £ is odd

(3) Res L(P) = L(wy) ® L(wp—2) ® -+ @ o
L(0) if £ is even

\_

J
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Recall that a general x,+(M(P)) is given as a twisted
product of x4 ¢(level 0 fund. rep.)’s. It can be given by a

tableaux sum expression.

(See ‘t—analog of ¢—characters of quantum affine algebras of type
Ay, Dy, Cont. Math. 325, 2003.)

~N

-

Exceptional types I

Our condition o can be implemented into a computer

program. (I have used the programing language C.)

Write i, = Y; 4n (and replace ¢ by t71).

Example.
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Two things to overcomel

e We must deal with a huge number of data. For example,
g = Ex,
Xq.t (5™ level 0 fund. rep.) consists of 6899079264
monomials.
We need to avoid a memory overflow.
— I store the data in a recursive way to save the memory.
— I used a supercomputer with a huge memory (> 120

GByte). (Kyoto Univ. did not have one in 2002.)

e We need a budget to use a supercomputer.

Fg, 5% level 0 fund. rep.

e Require 120GB memory
e More than 300 hours
e Final result > 450GB ~ 100 DVD’s

For example, the monomial with the highest coeff. is

(1 + 422 +10t* 4+ 20t% + 33¢% + 4719 + 5912 + 66t
+ 66116 + 5918 4 47120 1 33¢%2 1 202" + 10¢%0 4 442 1 30)

X 114 11_61 3%431_625:1))451_6371471_61'
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Fermionic formula I

e Kirillov-Reshetikhin made a conjecture on
X(Res(KR module)),

where x is the ordinary character of a U,(g)-module.

e Hatayama et al. introduced its graded version with a
conjectural crystal theoretic interepretation of the
grading.

e Lusztig conjectured the grading = the cohomology
grading for the case a KR module = a standard module.

e There are many partial results. (e.g., true for classical

types, T-system giving a recursion (unknown initial term,

\_ Nakajima, Hernandez, etc.)

J

As we have

x¢(Res(¢" level 0 fund.))

= Xg.t(£" level 0 fund.) :
Yvi,aHyi

we can compute the LHS.

Theorem. The (graded version of the) fermionic formula
(of the original form) is true for all level 0 fundamental rep-

resentations.

For example, the restriction of the 5% level 0 fund. rep. of Eg

is

\_
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w5 w3 + Wy w2 + wsg wy + 2wy w1 + we 2w w7 + ws
1 2 2444 4 12414446 46 t242¢4 4246448
w1 + w3 wy 2w + wry wo + wr w1 + wsg
214446448 t242¢4 42464484 246 484410 3144461484 214456 458+
410 24104412 34105412, 14

2wy w6 3wy wi + w2 w3 wi + wr
3164284+ 2t4 44464 84412 2t645¢8 4+ 5645184 2649184+
341044124 615 4+4¢104 5¢104 74104 10104
114 34124414 34124 46124 104124

416 24144416 34144416 614y
418 46164
24184420

ws 2wy wo w7 w7 0
6451484 5¢104 3846104 54104 44124 t144 3418 4
810 44124 114124 6124 514 20 49422 4
74124 614 geldy 014, 816 124,26,
6114, 34164 74164 66161 54184 430
44164 34181420 4 20184 64184 5420
2418 1420 122 34204422 3420 34224
422 124 2422424 24241426

426 128

-

Quantum toroidal algebras ?

‘Theoretical’ results remain true.

But the computer program does not stop forever

Remark. The coproduct does not make sense, but the
standard modules = ‘tensor products’ of level 0 fund. rep.
can be defined.
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Example (Varagnoro-Vasserot). g = Ag) = 5A[n+1.

Res(0™ level 0 fund. rep.) = the Fock space rep.
The corresponding quiver variety
smooth one : |_| HilbN (C?)%/n+1
N>0
affine one : U SN(C?/(Z/n + 1))
N>0
There is a T?-action on Hilb™ (C?)%/"+1 coming from
T% ~ C2.

Fixed points are parametrized by Young diagram («

monomial ideals). This gives an explicit formula for xg .

\_

~» two parameter (q1, q2) deformation of toroidal Lie alg.

J




