Twistor 0 0 0O 0
0000000 MO O O(Hiraku Nakajima)

twistor 000 OPenrose [11]0000000000000O00O0O00OO0O0OO0O0O0O0O0O0O0OO
obOobOoooooOooooooooboooobooboooboboooobooOobooobbooDn
OO00ODDOO000D00 twistor theory D0 DDODOODDOODO O twistor theory D OO0 O0DDO O
O0000000000000D00 twistortheory DO DO DODOOO0O00D0OODOOOOODOO
gboobooooboboobbuooooooobuoboboboboboooboooooobooDo
0000000000000000 (0O00U000O0000000O0000) twistor theorist O
oooooood

§ 1. quarternionic manifold 0 0 0O twistor space 00 00 O

O O quarternionic manifold D 0000000000 OO00OODO twistor space O almost
complex structuwre 0 D 000000000000 OOOOOOOOOODOOOOOOO(@MOO
00000000ooooooooon)

00 (S.Salamon [14], L.Bérard Bergery [3]). 4n OO (n > 2)0 C>* 000 X O quar-
ternionic manifold D 0000 0 End(TX) O rank 3 O subbundle ¥ O torsion 0 00000
affine connection VO Y OO0 000O0O00D00O00000 »eX 0O0O0OODODOO U, 000
0000000 0Y|U, O frame field I, J,, K, 0 I?=J2=K2=-1d, I,J, =—J,I, =K,
goboodbooobooooon

0000 {I;,J: K;} O orthonormal basis 000000 YO metric0 0000000000
00000O(«000000)00000O0O0O0O0O0OUO0 n=100000000000000I,,
Jy, K, 0000 orientation 0 00000000 O0DOO DO O Otorsion free connection 0 0 00 O
0000000 00obOoooooooooooooOoobOo0o0oooono n=100000

O0.400 C* 000 X O quarternionic manifold 00000 0 X OO0 orientation 0 O O
OO0O0D00OO0DOO0O Weyl tensor O anti-self-dual 000000000

00000000 n=10000000000 (00000 quarternionic manifold 00 00 O
00 000) M.F.Atiyah-N.J.Hitchin-I.M.Singer [2] 0 0 0000 Weyl tensor 0 2-form 0 0O O
Hodge star operator 0 metric0 0000000000000 0ODOODOOOO

quarternionic manifold X 000 O O O unit sphere bundle Z 0000 OO almost complex
structure J 0 0 00 O O twistor space 0 0 OO

00 Z0OO pO00xz=m=n(p) 0000 tangent space T, X O almost complex structure O O O
0000000000(p=al, +bJ, +cK, (a®>+b*+c?2=1)0000 p*=-1d0O0O0O0O0O
0000)000 P O tangent space T,Z O connection V 0000

T,Z = T,F & n*T, X

O000000(T,F O tangent space along the fiber 000 0)000 »*T,X 0000 pO0D000O

almost complex structure 0 00 O 7, F 0000 fiber O Riemann 0000000000 almost

complex struture 0 D0 00000000 7,7 O almost complex struture J, D 000000
o0o0oo0o0ooooOoooo



00 (n=1000 [2], n>2000 [14, 3]). quarternionic manifold X O twistor space Z [

~

complex manifold 0 00 0000 O almost complex structure J O integrable

G O00O00O0000 approach O L.Bérard Bergery-T.Ochiai 4]0 000000
twistor space 1 0 DO 00000 DODODO real structure J 00 O O anti-holomorphic involution
T/ — 7z 0
7(p) = —p, for pe Z = S(0)

gooooobobooboobbobboobooood

00 (n=1000 [2, n>2000 [14, 3]). complex manifold Z O
1) (C>* 00000)CP!-fibration 7:Z — X 000 OO fiber O complex submanifold O O O
normal bundled C*"® O(1) 0000
2) free O anti-holomorphic involution 7:Z — Z 00000000 fiber OO0 O
000000 X O quarternionic manifold 0000000 Z 000 twistor space d 0 00O

000000 quarternionic manifold 0 00 0000 OO

0.0000000 HP™ O quaternionic manifold 0 0 0 00O twistor space 1 CP?"! 00
0 O projection CP*™ - HP" O C*»*2 0000000000 LOOODDH' OOO LO
0000000000000 00000000000000000C**2 0 H!'oooood
O Oreal structured L OOOO Lj={zjeC>™2|2eL} 0000000000

twistor 000000000 S* 00 instanton 0 000000000000 O0O0O0ODOEOQ
quarternionic manifold X O 0O hermitian metric 0 0 0 O complex vector bundle 0 0 00O E O
O connection A O anti-self-dual connection0 D OO0 OOO0O0O R4 O

Ru(Iv, Iyw) = Ra(Jpv, Jyw) = Ra(K,v, Kyw) = Ra(v,w) for x € X, v,we T, X

oooobOoboooboXooooooooboooooboooooooooooo

00 (n=1000 [2], n>2000 [14, 3]). vector bundle E O anti-self dual connection A [
projection 7 0 000 twistor space J 00 0 O O O Oholomorphic structure 0 00 0 00 00 0O pull-
backed connection (000 A O OO0O)0O associated O exterior differential operator dy O 00O O
o 0 (0,p) O 00O 0 0 0 0 0 00Dolbeaux operator Oa:
Q0P(r*E) — QUPHY(r*E) 000000004 04 = 0000000000 «~*E000DODO
O holomorphic structure 0 O OO O holomorphic vector bundleD 00O OO0 FOOOOOO
00000000000 1)FOOfiber 000000 trivial 000 02) (E O hermitian metric 0
0000000) 7F 0 F* 000 holomorphic isomorphisme 000000000 o000 F
00 fiber 00O section 00 O vector space (000 E, 0000000)0000000OOOOO
positive definite 0 hermitian inner product 0 0 0 000 Z OO holomorphic vector bundle F O
1),2) 000000 X 00 hermitian vector bundle O anti-self-dual connection 0 0 00O

00000000 M.F.Atiyah-V.G.Drinfeld-N.J. Hitchin-Yu.I. Manin [1] 0 S* = HP' 00 anti-
self-dual connection 1000 00000 CP? 00O holomorphic vector bundle 0 00 0 0 000
oboooobooooooooooooooonon

000000 OBuchdahl 5|0 000 CP* (0000000000 OOOOOOOOOOOOO
00) 00 anti-self-dual connection0 0000000000

000000 quarternionic Kahler manifold 0 00000000000 O0O0O



OO0 (S.Salamon [14], L.Bérard Bergery [3]). 4n OO (n > 2) 0 quarternionic manifold X O
quarternionic Kdhler manifold 0 00000 I, J,, K; O hermitian 0 0 00 00O Riemannian
metric ¢ O 0 00 O quarternionic manifold 0 0 OO0 O O torsion free connection 0 g O Levi-
Civita connection0 000000000004 0000000 Ooriented Riemanian manifold O
anti-self-dual Weyl tensor 0 0 0000 Einstein 000000000

000000000 Riemannian metric ¢ 0 Einstien 00000000 OOODOO scalar
curvature J 0 0 0O O O O positive, zero, negative D 0 D00 OO0 OO

O (Wolf space [15]). g O compact simpled Lie algebral t O Cartan subalgebra, O heighest
root 000 0Oroot g OOOO

gs={X cg|[H X]=2mip(H)X foral Hect}

OO0 D0OLie algebrall g OO0 simply connected Lie groupd GO

E=tDg.® @ 93
<aaﬁ>:0

00000 Liesubgroupd K OOOOOOOO G/K O quarternioni Kédhler manifold of positive
scalar curvature 0 00 0 00O 0 non-compact dual [0 quarternionic Kahler manifold of negative
scalar curvature 0 0 O O

§2. 0000000

gboooboooobobooooooo

00 (Y.S.Poon-S.Salamon [13]). 8 0 OO compact quarternionic Kéhler manifold O positive
scalar curvature 0 0 0 0 00O O Wolf space 0 00O

0000000000 OWolf space 000 compact quarternionic Kahler manifold with positive
scalar curvature 1 0 00 0 0000000000000 0O0OODOOODOODOOOOOOOO

00 (N.J.Hitchin [8]). 4 O OO quarternionic manifold 0 O O twistor space O Kéhler metric
O0D00000O0S*0 CPPoOOonoOd

quarternionic Kaher manifold 0 postive scalar curvatured 0O 0 O 0O O twistor space 0 Kéhler(O |
000 projective) 00000000 OOOOOOOY.S.Poon-S.Salamon 0000000000
O technical 0000000000000 (QOOCOO lOODOO) HitchinOOOOOOODOOO
000 Fano 3-fold0 000000000 O0O0O0DODODOODODOOODOOO

0004 000 quarternionic manifold O twistor space0 00000000000 ODOOOO

1) H*(Z;R) O free H*(X;R)-module generated by c;(Tr) 0000 ¢;(Tr)? = (2x + 37)[X] €
H3}(X;R) 0000000 O Tp O tangent bundle along fibers0 ¢ 0 X 0 Euler 00 70 X
O signatured [X] O X O fundamental class0 0 00O

2) real structure 7 O cohomology H*(Z;R) O induce 00 map 7 000000 ¢ (Tr) O —1
O000HA*(X;R)0O0O0Doooooo

3) Z O canonical bundle K 0 T£* 0000 (Tr O holomorphic vector bundle 0 0 0 0)

1) e2(2) = (3 +37)X], ea(Z) = xer (Tr)[X]

5) H(Z;K™)=0for m>0. 00000 Z0OOOOO 00000

3



6) Z O non-zero holomorphic p-form (p>0) 0000000

Z 0 Kéahler metric0 000000 0w O Kéhler form OO0 000 w O positive form 0 0 0O O
7*w 0 negative form 0 0 0 00 O cohomology class [w] € H?(Z;R) = Rey (Tr) ® H*(X;R) O
00000~ 000000 -1000000 10000000 [w) e Ray(Tp) D000 T O
real line0 00000 OQ2) 0000000 T =K"Y20 ampled000 Z O Fano 3-fold of
index 2 or 40000

00 Z O Hodge number AP O Bettid b, 00000000 6) O0O00b; = MO 4 0!
=2p0=000000000 Riemann-Roch 0 6) 0000

c1c0/24 = Z(_l)PhP»O 00 —

00 2) 00 ciep/24 = (x +7)/20000b = by(X)Oby = bo(X)+1 00000065 =
16(2x +37) = 16(5 —by) 00000000001 < by <40000000 Ishkovski O Fano
3-folds of index > 2000000000, =10000 Z:CP3Db2:2DDDD smooth
divisior on CP? x CP? of bidegree (1,1) 0000 b, =3,40000000000000000

O0b=1000 X=S8*0b=2000 X=CcP’0000

OO0 HitchinOOOODOODODOOODOOOO

00 (F.Campana [6]). 4 OO compact quarternionic manifold X O twistor space 0 00 OO
Class CO0O00 X O CP?0 n OO0 connected sum 0S4 O homeo 0 0 0 O

000 KeyOUOm(X)=100UOOO0OO0OO0OOOOOHtchinOOOOODOODOOOO X O
intersection form O negative definite 0 0000000000 Om(X) =10 0000 ODonaldson
0000 Freedman 0 OO0 O0000O000O00CDODO

Campana 0000 sharpO0 00000 COOOOODOO

OO0 (C.LeBrun [9]). D00 n>1000 CP?0 n OO connected sum O OO twistor space
0 Moishezon 0 0 O quarternionic manifold 0 000 OO0

C.LeBrunO0 OO0 0O 0O0O0O OO OGibbons-Hawking ansatz 0 hyperbolic monopole version 0 [
00 Otwistor space 0 0000000000 000On = 20000 Y.S.Poon [12]
000 twistor space 0000 000000000000 ODOODODOOOOOO OC.LeBrun
00000D0D000DOO0000Gibbons-Hawking ansatz 0 hyperbolic monopole version 0 O
ogooooood

U O hyperbolic 3-space 0 open subset 00 O U OO S'-bundle P 00O hyperbolic monopole
(A0¢) DODUJDO0O0ODDODODDQOUUOOO A O P O connection 00O0O® O P O ad-
joint bundle 0 section 0 000000000 OOOOOO

*RA = dA(I)

000 UOO0 (UQ) D LedOD ROOODUODOOOO)® O everywhere positive 0 00000
hyperbolic space 0 0O 0 00O OO Ometric O

B dr? + dy? + dz?
i —

h

0000000 P OO metricO
g:z2(<l>h—|—<I>_1w2)
ooooo



00 (C.LeBrun [9]). metric g O Kéahler O Oscalar curvature 0 0 OO0 000000 Weyl
tensor O anti-self-dual 0 O O O

000 U O hyperbolic space 000000 ® O constantd A O trivial connection 0 000 O
0000000 R* O Euclidean metric 0 0 0 O LeBrun 0 O U O hyperbolic space 0 0 O 0 O
oo {p1,pe,...,p,} 0000000000 PO 000000000 0O0OOODOOOO —-10
000000000 @ 0 Green function G(p,q) 0D OO

O(p) =1+ G(pirq)
=1

0000000oOoUooO P OO connection A O (A,®) 0 monopole 0000000 OOOOO
0000000000 Kahler metric with zero scalar curvature D O OO0 0 00 O O O Osmooth
O completion 0 000000000 C? 000000000000 » OO0 blow-updO Kihler

metric00 0000000000000 metricd00000000 CP? 0 n 00 connected sum
0 00 quarternionic manifold 0 0000000 OO

000 »>40000000000000000000000 C?0 n 0 blow-upd0O Kéhler
metricO pertwrb 000000000 000000000000 O0ODOO0ODODOOOOODODOOOO
Kahler metric with zero scalar curvature 0 D 0000 0 00 00 OO O conformal compactification
O twistor space D 00 class C 000 0OO0OO0OOOOQOODOOO

00 (F.Campana-C.LeBrun-Y.S.Poon, see [7]). Moishzeon 3-fold O O O deformation neigh-
bourhood 00O OO0ODOODODOODOODOO class COOD0DDOODOOO0OOODODODOOOOODOO
gdad

Kahler DO 000 OO0 small deformation0 00 0 Kahler OO0 00O 0000000 OOOOO

oo

[1] Atiyah, M. F., Drinfeld, V., Hitchin, N. J. and Manin, Y. I., Construction of instantons, Phys. Lett. 65A
(1978), 185-187.

[2] Atiyah, M.F., Hitchin, N. J. and Singer, I. M., Self-duality in four-dimensional Riemannian geometry, Proc.
R. Soc. London Ser. A. 362 (1978), 425-461.

[3] Bérard Bergery, L., Variétés quarternionniennes, unpublished.

[4] Bérard Bergery, L. and Ochiai, T., On some generalizations of the construction of twistor spaces, Global

Riemannian geometry, Ellis Horwood, 1984, pp. 52-58.
Buchdahl, N. P., Instantons on CP?, J. Diff. Geom. 24 (1986), 19-52.
Campana, F., On twistor spaces in the class C, J. Diff. Geom. (to appear).

[7 , The class C is not stable by small deformation, Math. Ann. 290 (1991), 19-30.

[8] Hitchin, N. J., Kéherlian twistor space, Proc. Lond. Math. Soc. 43 (1981), 133-150.

[9] LeBrun, C., Explicit self-dual metrics on CP2# ...#CP?2, J. Diff. Geom. (to appear).

[11] Penrose, R., Nonlinear gravitons and curved twistor theory, Gen. Relativity Gravitaion 7 (1976), 31-52.

[12] Poon, Y.S., Compact self-dual manifolds with positive scalar curvature, J. Diff. Geom. 24 (1986), 97-132.

[13] Poon, Y. S. and Salamon, S. M., Quarternionic Kahler 8-manifolds with positive scalar curvature, J. Diff.
Geom. 33 (1991), 363-378.

[14] Salamon, S. M., Quarternionic structures and twistor spaces, Global Riemannian geometry, Ellis Horwood,
1984, pp. 65-74.

[15] Wolf, J. A., Complex homogeneous contact manifolds and quarternionic symmetric spaces, J. Math. Mech.
14 (1965), 1033-1047.

[5
6




