
In the process of showing

dais An = 5N duct % CAR .

C ]

In ,o4 = - ENCY ( Sw
,

% constant )
Inis C = - I % C C

,

from global gauge symmetry
A Zinn - Justin egn ,

We needed the following

FACT # )

G a compact Lie
group . simple . of ⇐ Lie (G)

.

of : of x of - of antisymmetric IR - bilinear
map

St .

Ceo) G - equivariant
 

: 919454 )=s4l X. Y )
,

cel ) YCCX , Y )
,

Z ) -14114.77
,

X ) -14/(7×7,4)=0
.

Then
, Y ( x. 4) = 2 C X. Y ] for some YER .

We show that this follows from a fact on Lie

algebra
Cohomology ( which is also explained )

.



Rmk_ The infinitesimal version of ( 40 ) :

(g) *
4 ( CZX ]

,
Y ) + 4C X

,
[ ZYD = [ Z

, 41 x. Y ) ]
.

(4) k + ( 91 ) ⇒

( 42 ) [41×41,2] + [ 4C YIZI
,

X ] + ( 412 ,× )
,

Y ]=o
.

Lie algebra cohomology

Let of be a Lie algebra and M be a g- module

( ie
.

a representation of of ) over a field k
.

Put C 'C9,M)={a :g'
'

→

Mlanmtislemanegmeajrkytinear)
and define d :CP ( 9,14 ) - CM ( 9. m ) by

( dd) ( Xo
,

-

. Xp ) = Estis :X:&1 xo
,

'  - -7 .  - Xp )

- I.

Gina
( Cx :X ;] ,

Xo ;. T
. I. . .K . )

Then we have dod = o and we can define

H'Cg
,

M ) =

Ker ( d :C "C%mHdty%m, )

I m ( d :(
 "

( % M ) - CPC 9. M) )

( fth cohomology group of of with values in M )
.



E.g .

•

me
Cy 9. M )=M : ( dm ) ( X )=Xm

.

• f e C
'

( 9 ,M)=Hom ( 7,14 ) :
k

(df) ( X. 4) =XfCY ) - Yfcx ) - fax ,Y7 )

• 9 e (4%14) :

(d4)( X. Y
.

-2 )= XYCY ,Z ) - Y4( X. E) + Z4( x. Y )

- 4( ( X ,Y],Z)+4( CXZIY ) -44%2-3 ,X )
.

Rink Our 9 is in [ ( 9,9 ) and satisfies d4=o .

.

The 1st line =0 by ( 42 )
,

the 2nd line =o by @1) .

We have a

Theorem *

When of is Semi . simple and M is irreducible

and non . trivial
,

HPCG ,M)=o tp .

A proof will be given in a moment
.



Proof of FACT # )

Let us apply THMA to g=M=Lie(G) in our setup .

Since G is Simple , of is ( semi ) simple ,
also

14=9 is irreducible and nontrivial
.

1

Thus H
"

( 9,9 ) =o tp .

Zn particularfor p=2 .

Since our 9 et ( 9,9 ) satisfies d4=0
,

Ffe C
'

( 9. 9) =Hom( 9,9 ) sit . 4 = df ,
ie

.

IR

4( X. Y )=[ X. fly) ] - ( Y ,Hx ) ] - f ( 1 x. YI )
.

Since 9 is G- equwariaut , of = F=dF
,

where

the average a ms I is defined by

J ( Xiii Xp ) =

fadg gJ( 5k , -75 'xp )
.

Note that I is always G- equnariat :

Jnlgkiisk . )={ ds '
s 'Ll gtgx ,

-75 's Xp )
91=9¥

{ ag
"

ggig ( gix ,
,

. ;gi' xp ) = gdlxi ,

- ik . )
.



Thus if : of - of is also G- eqaivaniaut , ie
,

commute with G - action .

Since of is simple , it is irreducible as a repoeseuhtwn of G
.

By Schur 's lemma
,

F A idg .

( To be precise ,
we need to Pre at intermediate stages . )

. : F = 2. idg fr some her .

i. 4C X. 4) =[x. FCYI ] - [ Y ,F( × ) ] - I ( [ x. YI )

=[ X. 9. Y ] - [ 4. 9. X ] - 9. C X. Y ]

=q . [ X. Y ]
.

FACT * ) is proved . D



A Proof of Theorem A

To be precise ,
this holds for of a M over

a field k of characteristic 0
.

The basic reference is

C.Cheualleyr 5. Eilenberg
"

Cohomology theory of Lie groups

and Lie algebras
"  

Trans
,

Amer
,

Math . Soc
.

63 ( 1948 ) 85-124
.

Two proofs are given there

or algebra :c & direct

. top logical .

The topological proof is easy for
"

us ? An outline is

as follows . ( For this we may Consider k= R and

we may assume of = Lie ( Go ) for a Gnpaot connected Go )

( i ) H '
( g. M ) E H

'

equiv (

Go,M
) = derham cohomology for

-
avarrat forms

new;D Go
,

k ) = { we RPCGOM )

|g*w
is ( w ),tgeG

. )
t

M - Valued p . forms

on Go
.



D R "eµ( G. M ) E C
"

( 9. M ) by

W { w )

I 2

{ w ) ( k
,

-  '

i Xp )

:=w(e×'
'

'  '

' exp )
for xo

,
.

- ixp eof
.

T(gXi,
.

.

isxp )

:=g(
2 ( × .

,
-  . ixp ) )

( CEGO is the identity ; For g. e Go & XEY
, SXETGGO

is the vector tangent to 9+=fet× at to . )

{dwkxo ,

.  . ik . )= dwtxo
,

-

, # ) k
= II. Hsixiwlxo

.

.
. F- - E.) Ie

- Est 's
'*' wkxiixtxo

.

. -7 . .tn , )1e

where XT is (any ) vector field in a neighborhood of e

St . XT (e) =eXi
.

Let us choose  it to be the

left invariant Vector field : XT (5) =gXi
.

~

Then [ Ii
, XT ]=[ X

, :X ;]
.

Thus

W( [ Ii ,§],l% ; .7
.

. F. Ip )|e= { w ) ( King ] ,Xo
,

.
. ?

 f. . Xp )
.

i



Also XTWHI ,

'  -7 .  - %) le = ftp.wko ,

- in .  .  ' E)letx ,

wtxo .  a
.

. To Yen ,

.=w( etxixo
,

.  - ?
, , etxixp )

= et×iw( exo
,

.  - F.  . exp )|"" " KTEx :{ oy ( × .
,

-7 .  .

. xp )

=

"

Xi {u}( Xo
,

.  - F- Xp )
.

i. { dw ) ( Xo
,

-

, Xp )

= Esty "

Xi { w }( xo
,

'  . 7- . Xp )

- I. Gsitttlw }( [ K :X ;] ,×oi ' F - f- Xp )

= d{ WS ( Xo
, T Xp )

.

ie
. { do }=d{ WS

.

i Hein.it Gam ) ± H "( 9. M )
. ¢

RMI This holds as long as of = Lie Go
.

( No need of Go being compact nor connected . )



liil Hell.v( Go
,

M ) =o tp

if Go Is compact connected

M is irreducible & non . trivial .

D Suppose ( w ) e Hpegu.v( Go
,

M )
.

Take any p . cycle Z  in Go
.

gun

tgeG

,
g ( few )=§s( w )

tfzaiw
= S

,.zwaFo!z°i
0

M irreducible & nontrivial ⇒ Jzw - o
.

W = DX for some deft "( Go ,M)

Go

compact

 ⇒ w=5=dI
,

I e Rely,
,( G. M )

. :[ w ) = 0 in Hetgaiu ( Goin )
. ¢

.

Combining ( I ) Rliil
,

we get

H

"l%M
)

=Hteµ(
Go

,M)=
° B

f C Go Gyiaut connected

9=LieGo M nontrwd Nep .


