
Axial anomaly in a gauge and gravitational background

Dirac fermion can be defined in a general gravitational

background 9 = Sprdidis (and a gauge background A = Andi")

in which the U-matrices obey Gyr , vry = -y gr.

The action is given by

S = (5dx(i) #Dat ,
Aga = V" Di ; Di = Ou + Wp + Ap ,

Here
, Wh is the Levi-Civita connection on spinors

Wp = - Wib JacJa

where the connection form Wis and the rotation generator

y = -(V? Ub) are with respect to an orthonormal

frame [ea) , gla , es) = dab.

The chirality operator in even d = In is given by

Vat := V ... V!

Check that it satisfies (at)"= 1
,
Vair" = -U *Van.



Axial anomaly :

& (PeiEVay & /giEV-4)
9, A S. A

i (g ,A]
= DTBAP · C ;

a (g , A) = 2Treve/)

i Similar computation (*)

↳
=

2 tredeti)
where R = dxd matrix whose (Mr) entry is the 2-form

Rin = [Ryx* dand" .

# : As in the case of just A , the discussion of

survival under trian-) and the 1-0 limit

simplifies the computation considerably
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In addition , there are two main ingredients :

D -

D = DDa + &R +&v Fr

&

For the particle in IR2 with constant magnetic field ,

say H = < 12 + & (Py - Bx)
2

,

B/2
(x

,3) BH(x ,3) = -

25t sinh (BB/2)

This is a simple exercise in quantum mechanics.

(Do it ! (



A-roof genus

Chern character

Pontrjagin classes

The result is applicable to the Dirac fermion on a

general Riemannian Manifold (X , g) with a spinstructure

With values in a vector bundle E with a connection A :

a (9 .A) = 2) ch(E)[(TX)
with

ChE) = tre)eFA) ,

ICTX) =det)RTX r)) .

ch(E) and ACTX) are closed forms on X and their

cohomology classes do not depend on the choice of A

and g. The classes are called of E

and of TX. The latter can be expressed

in terms of the

A = 1 - + (-4k + pi) + ...


