
An example

& a smooth manifold of dimension n.

: T"& - & its cotangent bundle.

On an open subset UCQ with a coordinate system [19 , - -.. 92)

an element PETE (U) is expressed as

p = Pid9:

The function PHP : on (W) is denoted by Pi,

i
.

e
. Pi(p) = Plot)

The function Go on T (W) is denoted simply by 9.

Then 9(9' ..., 9 , P .. --iPn)) is a coordinate system on
TV .

A symplectic form on TTIN) is given by

w = [d9indPi .
This does not depend on the choice of coordinate system ,

and

defines a symplectic form on TPQ. Thus,

IT"&, w) is a symplectic manifold.



The case of cotangent bundle

M = T*27 P = [Pid9" , w= dindPi

&G right action

- T&8 G right action via pg = g" * p
.

LetUs be the rector field on G generated by 30 %. Then

the vector field Xg on T& generated by 3 is locally
expressed as

X3 = U191 - DiV(9) Pit
D For gt = et3 and for p-Tg&,

· 9:(p9t) = 9
:

1997) Hence

(X39")(p) = af9(19 + )(z= 0 = Vj(9) .

· Pi(p9+ ) = 49+ ( )ag
+
) = g*P(((ag) = P(97* (i) agt) .

Sincea (i)
g +
/to Lust) a - 0

:UsK

* Pi(p) = Pi(p9t)(t=0 = P) - d :V(2)) = - & :Us (9)9j .



Then

ixw = Vj(9)dPi + 190 :Vj(9)P = d(P : Us"(9)) .

Thus
, < M(p) , 3) := - P(Uz) satisfies &[M . 3) = - ix,

which is the condition (i) of moment map. Condition (ii) ?

I
.
e

. for peTE , Pg(Ug199)) = PlUgig+ (9)
Il

p(gU , (99)

Uz(99) is tangent to the curve age* at += 0. Thus

gUg(95) is fangent to the curve agetgat to,
-

+93g7

hence is equal to Uggg+ (9).
= ge

i
.
e
. gUg(99) = Vg3g+ (9).

So YES
,
the condition (ii) is also satisfied

.

We conclude :

A moment map M : T"Q- Y" is provided by

<M(k, 3) = - P(Vz)



Suppose &/G has a structure of a smooth manifold and

& - &/G is a principal G-bundle .

Then
,
as symplectic manifolds

the symplectic quotient M(0)/G

=> the Cotangent bundle TY&/G)

& It is enough to prove this on each UCQ/G with

a local trivialization olu = UX6
.

There
, T& ly = TPU XT"G as a symplectic manifold.

LetY = (ppo) be the map.

For 3 %, Ug(9 . 9) = 10
, 93) and hence

[M(p)
, 3) = - (Pu , Pa)(0 , 93) = - Pa(s3) .

· i M(p) = 0 = Pa = 0

: M10In ETPU X 6 and MI/6 = T
&

U.
&

O-section



An example
-

Recall that the Yang-Mills theory with gauge group G on

d-dimensional spacetime IRP = 1x Re is equivalent to

the Hamiltonian system with conjugate variables Aia(
*)
, Ejo(X)

with i
,jel , -ide, azl

,

--

,
din G having Poisson bracket

EAials , Ejb(y)) = dij das G(X-Y),

Hamiltonian

H(A , E) = (d
*

x)Ei + t Fij()
where Fij = diAj-0;Ai + (Ai , Aj]

and a constraint

& (x) := D . E = D
: Ei = &(0 : Ei + (Ai ,Ei]) = 0

.

The phase space of this theory may be identified with
the cotangent bundle T

*

A of the space

* = (AFR (I* y)/A() + 0 as ( + 0 3
.

(We imposed one natural boundary condition at spatial infinity .)
The fiber direction corresponds to the field #(x)

.



The group

9 = (g : /R"- G(g(x) - 1as(x) + x]

acts on Al (hence onTA)) by g : A +A = gAg + g'dIg.

For -E Lie ,
i
.

e. E : Rol of st E + 0 as 1x1 + 0,

(
,

e) := (axG(x) ((x) = -)dXE(x)DE(x)
= - E(deA)

Thus
, E is nothing but the moment map of the action

TM & ,

and the reduced phase space is isomorphic

to the cotangent bundle of Al/g :

E(0)/g = T
+

(A)/g) .

If we regard this as the physical phase space , physical

states of the quantum theory are wavefunctionals on

Ale , or equivalently , the warefunctionals on which

are invariant under all spatial gauge transformations :



E(AS) = F(A] Eg = 9 .

Alternatively , we may regard the physical phase space as

Ei0)/
.

= TMAYgo)

where So is the identity component of $. Then,
the physical state condition is

F(1P] = FLA] Fge Do
.

or equivalently

Je[(A) = 0 Fy-valued function E(X)
,

that is
,
the Gauss law constraint,

&F (A) = 0
.


