
Chiral anomaly (Outline : see the additional note for details

Consider the case VR= V
, VECO3 for simplicity·
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where Pr=r Projection to R - components.

For the purpose of computation of anomaly ,
we can

consider the Dirac fermion 4 with values in V where

A is coupled to Pr = PR4 only :

GA . J = iTaAYr = iTPr4 .

Now let us compute
-
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⑪ quadratically divergent .

Pauli-Villars regularization Introduce 3 regulators :
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This replaces ⑧ by
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It turns out that the integral is convergent it tilzo.
Then

,
after some computation ,

we find
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This does not match with JAEIA] = 0 for the claimed formula.

If fact , this can be cancelled by adding a local counter term

XWCA] to WCAT .
In fact
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with C= logta D = t
does the job,



We
may

also add
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which has de DWCA) /azo = 0.

We shall Consider WIA] = W(A] +XW(A] +*'W[A]

for the above C and D and for some E.

Next
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If we set E = /11 ,

the 192-gg) a 8"p= pops terms

Cancel in + * + #,2 ,
and we find
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modula O(A3) terms



S
Summary By computing mon-Su,
we have seen

acA] =( + (dAdA) + O(AY)

(A) = Jeth)EdAdA) + O(t))
modulo d local (A].

This is consistent with

alA] = ) + (FE)

ala) = JTn(ed(AdA + [A))
.

"We may computer
, ~On ---

to fix the higher order terms O(A3).

But that is not necessary if we use the

general structure of anomalies.



The general structure of anomalies

Wess-Zumino consistency condition

① The anomaly AECA . PJ is local
,

i.e.

S dix polynomial of derivatives of (E ,
A

, P),

because it comes from regularization procedure ,
which is

non-trivial only for divergent diagrams- local
.

& (Already discussed) There is a freedom to

modify the action by local counter terms. Thus

the anomaly AcCA ,
PJ is defined only modulo

de local functional of [A, PJ .

③ JedezTaP-derde Dap = Green Dad

(we've been considering right action) .
Thus

de Ae(A , P1-de9e(A , d) =

(e,) (A , P)



Let us consider the case of chiral anomaly with V= 10).

(i) a (A) = c (trun(Ed(AdA + [A3)
↑

Constant

Satisfies the WE consistency condition. (Exercise

(ii) It is also the unique solution to the WE condition

(of course modulo de local (A7) with the
" initial condition"

a (A) = (Strm(EdAdA) + O(A3)
.

Thus
, our computation for mor a mosis

enough to prove

aCA] = Str(EdlAdA+A)
In view of the relation between GCA] a acos(0·A) for

VIj x G ,
this also confirms

acA) =(t (F) .



Fujikawa’s method

... an alternative
,
direct method to compute anomalies.

Axial anomaly (Gunganged

4 : mussless Dirac fermion with values in a

unitary representation V of aCompact Lie group G.

S = Jax=i) A4 .

Axial anomaly (Note : right action 4 (eiers)"4

& (Feiers) &(4) = (Det energ OF 04

: @ = (Deteter( (= o

= 2 Trliet)

--- divergent .

A regularization :

ac(A) = 2 Fr(tVe )
.

Note : Di = Da since UNE-UM and D = - Die (Vanitary).

Thus Da has real eigenvalues and hence

-/
e can provide a regularization.
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Use the plane wave basis Thia() = e fixes

of the space of V-valuedSpinors

( se: CV ,
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integrates
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Note : The axial rotation group is Abeian

it, Vs
. gits i (E ,
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and the infinitesimal formula a (A) = /EtF
is additive

ala]+ (A) = ae(A] .

Thus
,
it to the anomaly formula for

finite axial rotations
,

i G (A]
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Chiral anomaly VV , V=90

For the purpose of computing the anomaly .
We may consider

a Dirac fermion with values in V

S = (dix(i) ↑DARY ; Dar= O + Air

Chira rotation :

-I

49 = (9Pr + P1)4
,
4 = 5(Pr + gP)

843843 = Det (Pr+9Pc] : Det (9Pm + Pr) &F O4

= Det((Pr + g"Pc) 19Pr+ Pc)] 8484

= Det (gPr+ gP)8584

: i@ = Tr(EPr-EP1) =Tr(EV) --- divergent.

A regularization :

-Yar/)id(A) = Tr(EVs e

: Similar computation

=> (tr(Ed(AdA+[A)) + deloc(A)
.



Axial anomaly in a general even dimension d = 2n

Gr ,pry = -25 MU= -d represented on S= D2
"

(V !..2)2= ( )
d

Va := ...r ; Va= 1
,

Ver = -U"Va

P mussless Dirac fermion on IP with values in

a unitary rep V of a compact G.

S = (ax (i)πP

Axial anomaly
id (A]

Activate) j

a (A) = 2Tr(eVane-E/]
= 2/x((x))tos(va eiY)

: same computation (Exercise (
"
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