
Renormalization group

To describe the same physics,

how are they related?

Choices of renormalization conditions :

"On shell"
,
"intermediate" ,

"Another (M)", . --

Al these originate from the same classical Lagrangian

-> same physics.

But we need a dictionary :

renormalization condition I - Pe
,
12 . . .

renormalization condition # - PE
,
Xe

.

...

I relation ?

e.g . in 4dp" theory

"another R
.

C
.

"

parametrized by a mass scaleMeformalization point
↑ ( P , 1)(p= m) = M+ m2

S P(-p ,p)(=m = 1

↑ (PrPucts ,44))pip
=[Mit

atMi P,



Answer:  so that the bare fields/couplings are the same.

the renormalization group (RG) transformation

the RG equation

z(m ,x ; M . 1)p = P = z(mixin , 1) pl

Molm ,
X = m ,1) = Mo = Molmix ; M , 1)

Xo(m ,X ; M , 1) = 40 = Xo(mix ; M, 1)

To(9 ,
Mo

,
Xo ; 1)

/ I

↑ (P,

m
, x ; M ,r)

A ↑(d)
,
mi

,
X = m', 1)

The change (P ,
M

. X) -+ (d'm ,X) for M- M' is called

,
and

the equalityA is called
/

The relation between the renormalized fields/couplings
has a limit as 1-c ,

and

↑P ,
m

,Xim) ==lim ↑P,
m

, xiM , 1) satisfies as

T(P
,

m
,
x ; M) = P(p , m, x ; m').



( RG flow )the infinitesimal RG transformation

the infinitesimal RG equation

The RG transformation may be written as

b = z(m ,
x = m,m)b

,

m' = R
*

(m ,
X = ' ,) ,

X = R(m ,
x ; m ,) .

Put

Ngz* (m ,Xin)(m =: V(m , Xim),

↑ R (m ,Xi Mim) (p=m =: - Um/m ,X ; M) m,

↑'R (mix ; Mim) /p=M =: B(m ,xip) .

Then
,

is

Matt = -V(m , x ; M)b
,

Mum = - Um(m ,
x ,M)m,

Mix = B(m , x + ) ,

and is

[-VP-Umm++ ]Pp,
m

,xim) = 0
.



Computation in 4d4*

theory

Recall Zo = 1 + +x9 ,
+ Exa+

Zom: = m+ +x b ,
+ +x by +...

2 xo = x + x C + -G + ...

9 = 0

b
.

=- (12- mi) log)) + 1 -v) +m0()]

? = (log() - V- 1 -Jjdxlog(1+x(-x) + 01)

Thus
, to 1-loop , Zo = 1+ Oft) ,

and

0 =M = MP + 0(t)

0 = Mm = Mm +(b +Mb , ) + 0(t)

· =M = M + ↓ (MN c + xMa) + O(ty

=> Nat = Octi)

Mix = -x + 0(Y

Mm = Ot



· V(m ,x =m) = O(ti)

Um(m ,xim) = 0(t)

B(m ,xim) = -XM

=> in

=
+Ok MDm

+ O(t)Mkm

Let us consider the limit m + 0.

As X a Z are dimensionless
, B&U are functions

of of only :

B = B(x) , V= V(x)
.

Indeed
,
in this limit,

V= 0
, B= at Hoop



The RG flow : Max = p(x)

Mind = -V(x)9

The RG equi

(1 +P() - V(x)p- )P(p, xin) = 0.

Instead of M . use t = log(M/ o) or M = e
+

Mo.

Then
,
the RG flow takes the form

x = [ (t) (= a solution to afx = P(x)

P = p(t) = P(0) . e

- So a+ Vix(ty)

and the RGE :

P(PC), J(t) ; eMo) is t- independent .

Writ P in

↑) (pr -

- Pn , Xi m) P(p . ) -
- P(Pu)



RGE n/taNWIt) ↑(px-Pets :EMo) is t-independenta

= P(p --

, Pu ,
Col ; Mo)

On the other hand
, the canonical dimensions are

(n) = 1
, (P) = 1

,
(x] = 0

,
(4) = 0

: (P(Ph -->Pa ,
X :m)] = 4-n =>

Peps --

, etpe ,
Xi eu) = e(-n) + P(px = Pnxim).

"dimensional analysis"

Combining ,

Pletpo ,
--

, etpa
, Two)iMo)

R-nas)Peppe
dim . Gn.

- ePt-nat (1 +Vict))
N(qx --

- Pa ,
Tct) ; Mo)



effective coupling constant

anomalous dimension

This means

D If we uniformly rescale the momenta as

Pi - ePi,

the coupling in effectively changes as

↑ (0) + (t)
.

/

* (t) is the
"

&

-

& The dimension ofP has also changed as

1 -> 1 + VIT(t))

U(X) is the
"

"of P
.



At Hloop ,
=
144)2

=

& (0)
↑ (t) =

I-10

T
t

O s
x- 0 as t + -4

-

M = eTMoYo

The coupling is weaker at lower energies

or stronger at higher energies.



X)Mo)
=· XIM)

1 _3 log(N/M

is valid for M Mo even if llog(M/Mo) ) may be large.

· The Series expansion

↑ (p) = x(MO) MOS log (N/)(
has a Feynmann diagram interpretation :

Un
&...

~ xn+ (log Mo/m)
"

"RG sums up a series of Feynman diagrams"



infra-red free theory

asymptotically free theory

finite theory

various possibilities

* O in the IR limit

B(x)

- We've just seen &FT I

e.g. 4d P4 theory , RED

O
The T X &CDp with large # of flavors

next

uV TR 1 + O in the UV limit
-

->

B(x)& eg. 4d Yang-Mills theory
& (Dp with small # of flavors

next

X does not run !

I B(x)= 0

es . 4d N=P Supersymmetric Yung-Mills
next



non-trivial fixed point of RG flow

scale invariant theory

Other possibilities :

UV fixed Point

XX
UV IR IRX E -> E-T ~->0 ER Ur Ev O X* X

IR fixed point

... J
-

At such a point +,
with V : = V(X* )

,

↑

) etp, ---, et Pn ,
X+ iMo)

= g(4-n(1+V xt
+(p + - -

-

, Pn ,
Xxi Mo)

Correlation functions scales in a simple way.
12 1

&

e
.g. + (p , p) = const . (p2)1- **



MP) = [Aj,-P
↑ ( p , p) = p2- X(P2)

-- = - + -- +-- D- +...

=

- (l-
= (1-X)"= 4)

(P(x)p(0) =)As & <pyhu
a

+2v



RG of 4d non-Abelian gauge theories 
~

Consider a 4d
gange theory with gange group G

and a Dirac fermion 4 in a Drepresentation Vf

land/or a scalar o in a Drepresentation Vb).

Aim Compute the functions B ,
V that determines

the RG flow of couplings and fields.

In particular ,
the B-function for the gauge

coupling constant &.

For this
, we choose a renormalization condition and

find out

Za
, Zp ,

Ec
,
Co

,
Mo

as a function of renormalized couplings e, m,

renormalization point M ,
and cut-off 1.

What kind of renormalization condition can we impose ?



We may impose a condition on the 142 effective

action ↑[A , 4,

C
,

I
,
B ; e,

m
,
3 : 1] So that

Za
,
Z4

,

Za
,
to

,
Mo are fixed at each order

in the loop expansion.

Recall

%
S[Xo

,
Kojer , mo, 50] = O(1 ,

t
,

--

,
t t*) from old

new+ /din&NEMFA
- iznenFD4-ine4 +F(zumoSP

+ g*(znewdpC + 1znewtEnew) (Ap . (3) ]
+ O(tY+)

.

Y

A renormalization condition that constrains the terms

·(dAu-drAph ,
-iFQ4

,

Fm4
,
joc

, co"CAp , <]

in T , for example.



Let us write

T = S[Apa(y)(+93(- p , 4) Aub(P)

+ ↑(p)[+ ( p , 4)4(p)

+ (p)Tgh(pp)((p)]

↑I -(199 ,PACS

+.....

M (p , i) e End (VS)
,

Tghtp , 1) , N(-9 , 9
, 1) = End (9)

By Ward identities associated With symmetries /Lorentz,

rigid G, ghost # ,
BRST

,
... ) and additional arguments,

these coefficient functions are constrained as :



↑
Rab
( p , p) = (85 p2- pmpo)8

**

T(P2

[p(p , 1) = A(pY4 + B(PY)

Tgh) - 1 , 1) = p"Tigu(42) idy

↑ (p -9
, 2 , 4) = (p +9)[XG(p1) +9IX* DeSp, 2)

· A(pY , B(pY < End(Vf)oidg commuting with G .

· TT(pY , Igu(PY , C(p19) , DI(p ,9) are scalars
.

C(p .
3)

,
DeSp , 2) depends on P , 9 via pr ,

92 , P . g.

· EXE) basis of subspaces of EndJa isomorphic to &D
, obeying

AdgoXoAdg" = X (Adg)ya

where (Adg)s") is the matrix representing Adg : o -> Y

with respect to a basis /ea/ CJ.

We assumeI = 0 corresponds to the adjoint action of y on G,

so that

Xi = ade?

(see the additional note for derivation .

)



As a renormalization condition
,

we mayrake

#(m = t

A (M2) = - idues , B(p) = moids
,

Tgh(m = - 1,

Coll . 2) /pEg= (p +9= M
= - i

.

Rank We do not impose any condition on

C(p , 9) for [* 0
, D2(p , 9) for FI .



Recall

↑ Ste-P
mu

& IPI vertex

~

↑
Moab
(1 , 9) = t (d

*p2prpg - At Pii

↑y(p , p) = - 4 + m - (+ (P)

Tgh(p) = - p - f - x7 [P] + -...)

319
~

↑M(-9 , 9 , 4) = ~GetIPIt

=- i(P+ 9adea - ... --

↑
LEI loops



Tree and One-loop contributions to 1PI vertices :

unlp = will +
&

num

C
E mi

- mom + ......S S

+mi- 7 scalar( mu tomi (-

~
- 14-=Y

- - .... [PI--..)-- = E
-

E--- - - - - - - - - - -

3 3
M

...c - 14 -2 = - + + .......S


