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: The functions that appear in the renormalization condition

are
,
at I-loop ,
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The last terms are the contributions by the one-loop

counter terms. The renormalization condition

TTMY = & ,
AIRY = -1 , BIRY= my , TIgn(nt = -1

Co(pie)(p=g= (p+g= m = - i

determines them :
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Let us firstConsider the Case My , My <M and ignore

O(mEy2 , Mb/) terms .

Then
,
all of logt's at the

renormalization point = logm2 + M- independent.

Thus
,
with X := E-logy2,
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& higher loop

(Eymo)" = zime + mo" >

mo" = - 3 G(V+)iXm+
+...

: mo = my -3((Vt)(z - logp)my + ...

Using these , we can determine the BaU functions

of the renormalization group ,
at Hoop :
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Up = Mflug = G(V) .

Uc = Mlog = -th +..



For general of a my,
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Heavy fields (m >M) do not contribute to the

running of the gange coupling constant at scale M.

(They
must be integrated out and are absent (in the effective theory at scale M .

Only the light fields (m <>) contribute.



“asymptotic freedom”

Closer look at

B =- -
-

b
,

Mle)= + 0(ey

-= log(Mr) +...

(Mo)
e(m) =

1 + b
, log (MM)-

Suppose b
.
>0

M+n : e(p) + 0

UV free.....

Or equivalently ,

M smaller : &(4) larger

gauge coupling is stronger at lower energies.



“dynamical scale”

“dimensional transmutation”

NOT to be confused with the UV cut-off !

At some M= 1 , it diverges :

1 + blog() =01=expr)
... characteristic energy of the system , the &

( (

It determines how the gauge coupling runs :

exp(-) =( ...

1
,
note

,
is the appropriate parameter of the theory.

---

At M1 , e(m)> 1 : "gauge theory" is

NOT a good description !

If b
,
30
, finding the low energy behaviour of the

System is a difficult problem . "Interesting theory"

When is b
,
>o ?



More general systems

· general gauge group G :

seab jo an arbitrary basis , Fir = IeFapr,

GE =FFb +...

M(t) = (T
T = -trees)

simple factors
Y

For G = UN * Gi with

LE=F

· b= -Tri-Tust

VF = V as a representation of GI

·=T
Tre = [RER: (a) Wila changes ofV



If there is just a single Ull) factor,

( b)=- (
T = a

· Dirac fermion 4

-> Majorana fermion (4 = 4) :

Of must be a representation/R

i chiral fermion (4 = 410r4R) :
X anomaly must be absent

in the full system

Contribution to Try is halved.

· Complex scalar P

- real scalar (5 = P) :
Vo must be a representation/R.

Contribution to Try is halved.



Examples

· RED Charge Ri electron
↳

G = VII)
, Uf = ((bi)

,
Up = 0

b, = - &
: Infrared free

.

· Pure Yang-Mills theory
G = simple, Vf = V = 0.

b, = - > 0

: Asymptotically free -

· SUIN) RCD with Nf flavors

D = SU(Nc)
, Vf =/NayeNt , Va= o

h = No
,
Te = t : Tuf = xNf .

b = +N - 1. = j((IN)- 2Nf)

: Asymptotically free if NfCENC



Quarks

Higgs

Leptons

· The standard model G = SU(3) x SU(2) x Ull)

-generations

Vs, = ((1 , r , -z)(B , r , 5)]
#3 -I&Vf

.R = ((k , 1 , - 1) b (B
,
1
, 5) (B ,

1
,

-5)73

Va = ii)
LTE R gen R TB 11 gen

SU13) : Try = I (t x 2)x3 + [(X(1 +1)]x3 = 3 , r = 0

-4Su . 3 - 5.3 = ll-4 = 72 A

L Ter I B gen Th 1
50(2) : Tr = [(x (1 +3)] x3 = 3 , Tus = x1 = t

v

bu-3-3
2(1,R) 2

(B
,
R) gen

Wil : Tw = (2)+2 + (5) x 3 .2)x
R (1,1) (B , 1) (B . 1) gen

- [ (Hi=1 + (5)x3 +75) x3]x3 = 5

(1 , R)

Tv = (t)x2 = t

b = -55 - 55 = - 7 = - 6. 833 .. 30 IRfree



· SOINc) &CD with Nf flavors

G = SO(N)
, Vf = (R

> /EN-(Majorna) Ub = 0
S

-
G = Nc-2

, Ty = 1 : Tv = (xNex =

b, = +(N=- 2) -E = IN - 22 - 2Nf)
: Asymptotically free if Ne < N-1

· USp(Nc) &CD with Ne flavors (N= 25 , Nt both even)

G = US (Na) = (gU(d))g() =(5))
n = u+ 1 = ((Nc+ 2) , Ty=

Vf = (q , )bN+2 , Va = 0

Try=

b = = (((Nc + 22 - 2Nt)

: Asymptotically free if Ny < EN=
+ 11



· N= 1 Supersymmetric Yang-Mills theory (SYM)

G = simple , Vy = Arana)
,

Up = 0

Tvy = h + t

b =+ -5 = 340

: Asymptotically free.

· N= / SU(Nc) Supersymmetric &CD (S&CD) with No flavors

G = SU(N1)
, Vy = of (nona) (DNc)

*NE

Up = ((** (NX)ENf

Try = Next + x N+, Tr =(2 + 2)xNf

b = No - ) - Nf = 3N N

: Asymptotically free if Nf > 3 Nc·



· N= 1 SO(N) S& CD with Ne flavors

G =SO(N1)
, V = YoRNeNt(alrana)

Vo= (*)
* Nf

Try = (Nc-2 + (xNf)x) , Tv = 1x Ny

b
.
=(Na-2) --tNf = 3 (Nc- 2) - Ne

: Asymptotically free if N+ <3 (N=-2) .

· N= 1 USp(Nc) S&CD with Nf flavors (Nc, No both even

G = USp(Na), Vf = o (Majorana) (D)
-

Vb = ((+)Ny

Tuf= Tv= N

b
.= N - =

3(N2 -N

2

: Asymptotically free if Nf < 3(Nc+ 2) .



· N= 2 SYM

G Simple , V = Ya , V = Ye

Tuf = Tub = 4"

b,= -- = 240

: Asymptotically free

· N = 2 SUINc) S&CD with No flavors

& = SU(Nc
, Ut = Je EINeNe

V = y + ((
* ((

+ )N+

Try = Nc + + x Nf , Tra = Nc +( + 2) + Ny

b =+N - -(N+) - -(N+ Nf) = 2Nc - Ne

: Asymptotically free if Nf < IN



· N= 2 SO(N) S& CD with Nf flavors

G SOIN1) , Vf = Ic (IRNyeN rana)

V = Sco((*Nf

Tvy = Nc- 2 + (x N+xt , Try = N=2 + 1xN+

b
,
=(N- 2) - 2 (N=2 ++) - +(Ni - 2 + Nf)

= 2(Nc -2) - Nf

: Asymptotically free if Nf < 2(Nc-2) ·

· N= 2 USp(N . ) S& CD with Ny flavors (Nc . Ny both even

G = USp(N.) , Vf = /My

Vy = Yp((*
- )eN+

Try= Tr=

b,= NNNNt2-Y
: Asymptotically free if N+< 2 (Nc+ 2)

·



· W= 4 SYM

G = Simple , Vf = G
& 4
(Majorana) = Go

Vy = yet (real) = G

Tvf = 4 x 2 , Tra = 4x3

b, = +h - 2- Sh = 0.



conformal

“(super) conformal field theories”

Note : b
,
= 0 for

W= 1 SACD
,
SUNd

,
Ny = 3 Nc

I
B > o from higher loop

SO(Nc)
, Nf = 3 (N=-2) CIR free (

USp(Nc) , Nf= 3 (N+ 2)

N= 2 SOCD
,
SU(N)

,

N+
= 2N-

SO (Nc)
,
Nf =2 (Nc-2) Be o exactly

all loopa
USp (No) , Nf = 2 (Nc+2)3 non-perturbatively

N = 4 SYM finite
,
scale invariant.

X

They are belived to be invariant
also under (super transformations.


