
Anomalies
I

A symmetry of the classical action is said to be anomalous

when it is not a symmetry of the path-integral measure.

E.g. when it is broken by regularization procedure.

Anomaly of global symmetry is harmless.

Nothing is wrong with the theory itself. It is just that

the quantum system loses the classical symmetry.

Anomaly of gauge symmetry is unacceptable !

The theory does not make sense as a quantum theory.
Absence of anomaly is an important criterion of consistency.

t Hooft anomaly
A global symmetry may become anomalous when you try to

gauge
it. Nothing is wrong with the theory itself, as long as

you do not really gauge it. Rather, the anomaly is an

important and useful information of the theory.
It is invariant under the RG flow :

anomaly of high energy (or elementary) theory
=> anomaly of low energy (or effective) theory·
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Suppose we have a classical system (P ,
S(P)) with a

group G of global symmetries : S(p] = S(P] , geG.

This may be made invariant under position dependent g(u)'s

by coupling it to a gauge field A : S1A9
,
PST =S(A

,
P).

The partition (or correlation function) is a functional of A :

- S(A ,P]
zlaT = Joab e -

Is it invariant under AHAS ?

- S[A9 , P9]
z(AS) = (Obe

S(as ,P)
= /Pape "S(A , b)

If DasP" = DAP ,
then yes, z(AT = z(A]

.

Then we can make A dynamical and consider the

gauge theory with variable (A , D) :

- Syn[A]
E =J measure e 2[A]

A/g

This is the ganging .
It is possible if ZCAS] = ZSA].
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However
, this may not be so

DPS = Dap e
: Ag[A ,P]

g

This is the anomaly. The infinitesimal form is

GeEP = Dat idela , PJ
.

Sometimes
, AgCA ,

P) is field - independent , = Ag(A) .

In such a case,

ZlAs] = z(A) e
: 9g(1)

~ deZCA] = z(A] i9e(A]
.

This is the usual form of t'Hooft anomaly.

Remarks

· If &ELA ,P] is variation of some local expression

AcCa ,Pl = de) L (A ,
da

,

--

, p ,
00

. --)dix,

then we can modify the system by adding the local

Counter term iOLIA
,
of... 0 , 20 ,

- - ) to the Lagrangian :
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S'(A , q) = S(A ,P] + i) of(A ,

-

, p
,
-)dix

so that de SCA , P] = ide(A ,P]

and the modified system has no anomaly

-SA , b)) = 0.Je(Dabe
Finite version :

( S[A3
, ps] = S[A , P] + i@g(A , P] ,

and

Das ps e
-S'(AS, pa

=Dape. Sa,pl-ia,P)
- SA , P]

= DaPe
↑

After this modification
,
the symmetry can be ganged .

Therefore
, anomaly is defined only up to variation

of local expression

ac (A ,P) ~ac(A , q] + Ge)02(a ,

--

, p . --)dix
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· The symmetry current J is defined by
- S(A ,P]

- S(A , P)) = Gabe Ja GA . JG(DAPe

for an arbitrary variation A-A + SA.

In particular, for the gange transformation deA= DE

Ge (Dade
-S(A , p)

1 = De-S(A ,P]JaxDrE -JM

Thus ,
the anomaly can be expressed in terms of

the current

ide(A , P] = JanDre .J" = - Jan E . DrJY

· The anomaly of the original global symmetry is

simply the anomaly at the trivial garge field,

i9e(p) := ide (A= 0
, b]

= Jax OpE . Jn = - Jaxx = G,J
*

· anomaly # current - non-conservation .



Axial anomaly
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Two basic examples : axial anomaly (global (
chiral anomaly (gauge or 't Hooft)

Theory : gauge theory with gange group J ,
massless Dirac

fermion ↑ in a representation V of G:

S(A
,4] = Sin(A] + Jax(-iπDA4)

Symmetry : WCI- = axial phase rotations of fermion

4- gitsp ,
- jeiers

recall 25 = rivvirs
,
Gr= -185

,

B=
indeed FAY -FeierDa4 = FDat
-

Da

=- E(X) : iFA4 :Fr"OliEU)4 = -GEFrU4

The Noether current is

jj = - ↑v+, 4 =Fr"4
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anomaly :

&j= F

i
.
2

. a(A] := a= (A5= 0
,
A

, 4]

= Jax (() ENex + (Fr- Fyx)
162

= JE tr(FanFa)

Here we used differential forms :

A = And, Fa = dA + &(A ,A) = &Fyndx*ndx

FarFa = Far Fex daedsedan da
-

(n-xd4x =
1234

= 1

Remark We
may ungauge

G.

Original : external internal

-- field-dependent
(As

,
A

,
4) : a is S

- ~ field-independent
unganged : external internal



Chiral anomaly
g

Theory : free massless fermion ↑m and in in

representations UR and UL of G

S = Jaxx)- : TnQ4m - :4)

Symmetry : ↑R
+ 94R

,

Fr - Fig

4.+ 942, - Eg

SCA
,
Ym

.
4n] = Jdix(-iFRatr-iFcDate)

current Fra = iFUetR + iFVety

anomaly :

DrJ= E(trun(edm (And Ax +&Arte Ax))
- tr (e*

On (And An +&ArteAx)]]
i

.

e.
field independent

Az(A] = (dxfall) iDiJa
= Ja [tra(ed(AdA + [A2)] -Tr)- d(AdA +=AY))
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Remark Axial anomaly (in which G-gauge potential A

is regarded as external) can be regarded as a

special case of chiral anomaly :

Got = Willy * G

Vot = V(l) .. - Was a representation of G

Wills charge + 1

VotL = VH)--- Was a representation of G

Wills charge -

Then
,

the axial anomaly (where A is external) can be

regarded as the chird anomaly for

the variation Ert = (e ,
0 (

the background Ato+
= (0

,
A)

NB We need modification by local counter term

for the match.



Computation of anomalies
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We compute the axial a chiral anomalies and verify
the above sintements.

These anomalies are field-independent (if G-gauge

potential is regarded external for axial anomaly) .

Thus

deZ(A] = z(A] ideCA).

- W(A]
If we write Z(A) =Jade-SCA ,Pl

=> -
, then

Gz(A) = JobS(a, P)

Ja Sa . j

Il

z(A]( - GW(AJ)

: - GW(A] =(Jax JA .J
A

In particular

ide(A) = GeZ(A)/ZIA)

= - deWCA) = (Jax DrE - JY)
A



Il

GGz(A) = (00e
S(t ,P)(at - JJaxA - j

Il

in(z(A] G . C-W(Al) = z(A](- G d
,
W(A] + GW(A) d,W(AS)

: - GdW(A] = [Ja , d. A .J JadA .5)
A

- Ja . GA-J][JaGA-j]a

·
=> JJain ,

dA . J (dis JA . 5 A
,

coun

- di-dWCA]= Saridit . JJA
,

com

id---indeCA] = - di - - dndEW(A]

=> /Jan DE .JN /didit .JA
.
com

- [Jar (GiAn ,
) .JJ AJA

, co
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Axial anomaly

(A) = -GW(as
, A) lago = (Jaej)a

iglo) = <Jakejs
* ) = o by "Lorentz inv.

ida(a] lao= >JaindEjs Jaiy JA . J (3)
Conn

&fj5 = &EYWsV
*

4

[ JA . J = iF@4 = JAva iT Ve4

= Jai E(x) /diy GAval
M -

* () Tos (VU" P(
↑(3) irrea 4(3)()]

⑭
A

= D

i dida laylao =Jared : d: A :J(x))
com

Do this for A =dieiA = deci

= Jaf()(a ,

:9Jai
- M

(-) tr(ii) = (x2)
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- i(P+q)k
= (ax(((x)e Ji Tos (VV"three
-

- i(p+9(x)

E(X)i(p+9)
,
e + (9 ,

9
, 01 (p ,

b
, e)

ins
p+9
F~ Losfrithmically divergent

/
z

Pauli-Villars regularization
Introduce a regulator : a spinor , mass 1

,
opposite statistics (bose)

f(k
,
m) = twos(r)Verm)

+ (9 .
9

. 015+ (P ,
b

, 9)

i dida (A)(a = 0

- i(p+9(2)
= ifaie(x)e S-
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Computef(k , m)

vs() = 29 - * U5

= - us) (+m) - ((4) +m)Vs + 2m2

f(k ,m) = truece") +rs)-Virt
-vshasthUm Of

+ zmVTh+mrmVtn) + exchange

= trolece)[-NVs (VU"Comsre(l +ms)(R+M2) (Cl-pl2+m2)

- trs(rs( +m) +"(+ my r))

(h+1) mil (h2+my

+2m
Trs (Vs(() +myr ( + m)()((( 4)+m)) &(h+/+m (h+mi ((h-p1+m2)

+ (9
.

0)4 (1 .9)
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Use Vy = -Uppips

try (V>
+* -(4) =0933

,

905

tr (VVVVert) = - Pym -+ (()"= 1)

· numerator of the 1st term = try (V58+(P)

=- 4(
*

3hx(k- pu = 4)
*

uxPr

after k-integration of the regularized system : kx & Px

-> 4*&Po = 0. No contribution

· Similarly the 2ndwern has no contribution to the integral

· numerator of the 3rd term

trs (Vy(()+m)V"(+m)((((P+ m)

= mers(v,[rV + (Ur()+ 25 v3)

=mirs(rU+ + - +yu-ve +x)

+ yars)
= 4m exter 9 Po
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: S (f(m, 0) - f(u ,1)

= Nulee (21)
41 e

*Exp
+ (9 , 0)- (P,9)

((k+q) + 12) (h[12) ((k-p)+14 en

doubles

h=14
,
1+ 0 Omit

= -16 tr(eeJ&
= =

=

- th(ee) exee, Pr

- i(P+q)x

·: did a (a) (a = o

= Join Exe = inlee)Pr

for dA =me
, GA = des etip

These are to be compared with

& --- In Ja Elk EntrF
min

X
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X(az = 0 = a [0] .

& X (a= 0

= 0 = da (A)(a=0
-

GGX /azo
-> MMMM4

= (a ((x- Try J . Frip- GeFispe * 2

16T)2 --
- 19

dif as above : (i ,Mantiquad) e e Gippi + Produs)e Eit

- i(p+9)x
= SaxEie Meet Ma&n . Din Plastine

[MUM &n . Pps = -
* "9P,

= diacalla = u

-

: GlA] = Jak Elk et F

at O(A2
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Chiral anomaly
Consider the case VR= V

, VECO3 for simplicity·

JiFRDA Pr dix
z(AT = (ATROtRe

& (iFrDaYn + iF@41) diX
=const . )@Fh84nBEOt- e

S(iTA4 + iF@Pr4)dix
= constJO584 e

where Pr=r Projection to R - components.

For the purpose of computation of anomaly ,
we can

consider the Dirac fermion 4 with values in V where

A is coupled to Up = PR4 only ·

Te

J = iTA4r = iTPr4 .

Now let us compute
-

.... In deW(A) /A =o -

- deW(A = o] = [SaiDpE . JR) = O by "Corentz" inv.
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- ideW(A]la=o = >Jax OeJ"Jany JA . j)
come

+ JJain (JAm ,
EJ . j")

O by Lorentz

= JaidEa(x)]diy
M -

(-) tras (ivePr4()P(3)i@Pr4(3)5() (

-JJA
= dave eien

- M

= Jai Optacus /diy
:93

trues (V
** PR4(a)51)Vre3 PR4(3)FM)

- i9k
= Jax I faluse tr lee)irs(vPrPr-

-192 !~ i9 Fall 2

⑪ quadratically divergent .

Pauli-Villars regularization

instatistics I fermi fermi bose

Co = 1) ( = -1) (G= 1) ((y = - 1)

original regulators
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Replace by

[ (9) := its
It turns out that Ie,1= O is sufficient to

i = 1

make it convergent.

After some computation ,
we find [

*
(9)

=- (89_9) 2/10g92_ lo

+ 85(6EiMilogh? - 92)7

- GdeW(A)(a=
= i) di Ealkeitrilee(2) * 0

- Elig - 9)

This does not look to match with the claimed anomay .

In fact , this can be cancelled by adding a local counter

term to W(A].


