
A bound on Yang-Mills action
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*Wan = WnY for wp-form & Y(P-P)-form

*(x*dx= E
M dxdx+

e .g. * (dknd") = died" , *danda = -dindi, ---

* can be defined on

any oriented Riemannian med of any dimension.



Pontrjagin index
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Selaz = -SpaTr)FanaFa)
=- E)[[Tr() Fa+FA) n*(F *Fa)) TrIFA)]

Fi
?

=> r)Il Fa =* Fall d+ = /mpTr(FA)

-FrTu(F)

-IESRTrIFE) -

IfSppTr(FaY Yo , the bound is saturated by A obeying

F * Fa = 0.

Note : FaFa = o = Elequ [DpFpr = o (YM equ
↑ (* ) ↑

1st order differential equ 2nd order differential equ

Def of A

r(A] : =- (ppTrIF)



the winding number of
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Recall from Lecture 12 :

· SECA) <D A + gidg at 11+ 0

· Tr(FA) = dTr(AdA + =A3)

u(A) =- &Tr(AdA +-A

=-STAA)
= ]g Tr(gdg(3)

=: n/g] g : So+ G.

Fact G Simple a simply connected (eg . G =SUIn)
, USp(n), Spin(u)

is(G) = Xi (9] =+ n(g)

Exercise G = SU(2) ·

For g : S" -> G defined by

g(u) = Lois ina( j (c) = 1
Show that n1g] = 1.



vacua
4

⑦

Consider the Yang-Mills theory with simplea simply connected G.

Formulate it on a box of finite Size VXT with a boundary
condition st . A has a definite Pontojagin index REI.

We eventually take V + 0, T+ 0·

- SE(A]
z(V .

T.h ) =S e Jucaz
,
R
~
- 2π
-So

- ik O
-Fe Sa

Seal

-
z(V ,
T
, O)

We assume that there are canti-instantons , i
.
e.,

localized solutions to

FAIFA = 0 , r(Aj = El

=> SECAS=S
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By the dilute gas approximation, we have

- (+2)So
,gam
is

= (V,T, 0) /d
.g · = e

- So + if
= exp((Te + kV+ e-So -i0]

= exp( - V+ E(t)]

E(0) = - 2ke
- +Ye-

cos(t)

As in the case of periodic potential, we find

a continuum of vacuum states
,
labelled by Pe /2**

These are called the O-vacua.

We shall discuss the meaning of this observation in

the Canonical/Hamitonian formulation of the theory.



Hamiltonian formulation of YM theory

Gauss law
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Minkowski (real time) action

SLA) = J -e Fr · For dis

=Jan([F-F)
integrate out E

SaeiA = (a)EiF-E-)

=>/-- + AIDiEi)

· Ao(X) is a Lagrange multiplier imposing a constraint

ID. E = 0
/

· Ail) & Eilx) are canonically conjugate variables

& Aia( , [b()) = dij Gab ((X-y) .

· Hamiltonian

H) (E,A) = (dx(Ei()+ Fj()
.



first class constraint
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More on the constraint

&( := D . E = (0 :Ei + (Ai , Ei]) = 0 :

For a of-valued function -(*) of X , put

:= (axf(x) - E(x) = - (d
*

x DE() . E
.

It obeys

SEE , A(x) = IDE(x)

[E , E()) = (E , =](x)

: Be generates the gauge transformation by E(X).

As H is gauge invariant, & ,
H7 = 0

·

Also
, 98 Een) = E

,
en] .

The Hamiltonian system of this type is called the system
with a

↑

Methods to quantize such a system have been developed.

See the additional note.



g

One proposal : Physical states are wave functionals

& [A] which satisfy the Gauss law

EP(A] = 0 VE
.

-

Since EIX) =-iA ' this means

EFIAj = 0 , E

i
.
e
. invariance under infinitesimal gauge transformations.

To be precise , we need to impose a boundary condition atC.

As one natural choice
,
we take

* (x) + 0 as (x1 + 0

E(X) + 0 as IX1 + 0

Let Al be the space of such Al's and

of be the Lie algebra of such EX's

&) generates the identity component Do of the group

( = (9 : (R+ G/g(x) - 1a(x1 +0)



large gauge transformations
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An element g) defines a map g : S = M -10) + G.

It belongs toDo if and only if it has no winding # :

ge .
En1s]= 0.

Furthermore,

9/9) . = πs(6) = 2

A AS by ge @D\Do is called a

-

The above proposal : physical states are functionals

& on A which are invariant under Do :

↑ (AS] = FA) EgeDo

In other words
, they are functionals onA/00.

It does not require invariance under large gauge
transformations. Then , how should they transform ?
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H =((+ ) =

The potential is UCA) = Ten)dx Fa

· It is invariant under A4 As for Vge@,

including large gauge transformations.

· UlA] = o

= 0 E A = gidg for some geI

: As a function on A/Do' the potential looks like

mm
A/9o

gidg ,
O Sing

,
gidge gidge

where gj9 ,
n19: ) = je X.

The system is similar to QM with periodic potential.

As in that case
,
we may consider tunnelling between

different minima.



I/

Tunnelling Put the system in a box

D D
m #Il +gidgi gi19f

Boundary condition :

A + 0 X + dV

A + gidgiz + -E) Ald(vxT) = 5dgA + gidg+ T + E

where g : 0(VXT) + G I·
((VxT) = dVXT + v x(- 23 - Vx()

↓

2 : "st
: n (g) = n (S : ) - n(9+]

Il

USA)
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Ev
. +
(97d9+, gdSi)

- Ch+So Int -n, n(gi) - n(st)= I e
--

Jio(n--sil
+n(

- STYy2+ it
= (0i(n(sf]-nglO exp)kVTe +kTe -10)

= (90 - in 19 :10 exp)- V T 3(0)

should be identified with

- VT &(0)
Folgid]e Folgids:*

in 1970
- Folgag) & e

The eigenstate Fo(A] is not invariant under large gange
transformations (unless Of ZE) Since

Tolos] = einlsto(0] .
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9) (or/ = 2) keeps the Hamiltonian invariant

and hence is a symmetry of the system.

Therefore
,
the energy eigenstate to (PEIR/TE)

is expected to be an eigenstate of this symmetry :

TolA]=) Fo(A].
↑

depends only on the winding number

n(s) of G by the Gauss law.

What we've seen
, Eolo] = einig

10
EOLOS, is enough

to determine the eigenvalue :

in
Cp(n) = e.

Thus
,
we conclude

EolAs] = ein(s)0 . FoCAS Ege@)

YA)



shift symmetry
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Similar to the T of periodic potential
E TE

um (TE)(x) = E(x-a)ini
- a o a 2a

localized state (j) at x= ja with

H(j) = Eoli) - 0 (j-) -D(jt) (tight Binding)

T(j) = (j+1)

=> To = Zeo(j) eigenstate of H &T

HEo = (Eo -20010) To

To = =
: 0

Fo

4
to(x-na) = jin to (k) . ... Similar to (* ) .

- Block ware function Eo (1) =eP
periodic.

& Similar expression for Eo(A] in Yang-Mills theory ?

What is the analog of git

-> Chern-Simons functional
-



Chern-Simons functional
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↑ an Oriented 3-dimensional manifold (IR3 , V
,
S2 etc)

.

A a -valued 1-form on
Y
.

The Chern-Simons functional of A on Y is

:CS(A) -]pTr(AdA +-A3)

Some properties :

· For a variation of A , JCSp(A) = - Tr(AFA)
: EL equ is FA = 0 (flatness (

· For g : Y + G
,
Tr(AdAY+* A33)

= Tr(AdA +FA) - Tr/gagi - dTr(dgg'nAl

Thus, if &Y = or Tw(dg5A) loy =0,

C (AS] = CSp(A)+ S
+

Trigg ?

-
=: n

+
(9)
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· Recall TrFa = dTr(AdA+ A) .

Thus for an oriented 4-dimensional manifold X

possibly with boundary &X and a of-valued I-form A

on X

rx(A) := - STE = CSox(Alox] .

e .g . X = 1 x (Ti ,[+ ] (Enclidean (

& X = &(3x(ti ,Tf) + IR3 x(ti) - IR"xSTf]
-

A = o here

URx(ii+) (A) = CSp> (Al +:7 - CSp(Alet] .

In Minkowski space

So(A)=TFF

= OCSRs (Alti] - @CSir> (Alt + ]
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CS(A) := CSp(A] obeys

CS(AS) = CS(A) + n(g).

So
,
if we write

iOCS(Al)
FolA) = e KolA]

then
, Ho(Al) is invariant underallog.

"Block-type wave functional"

We may consider more general states[A] with the
same transformation property as Fo(A)

,
ie.

FLAS] = ein(sIOE/A] Ege@).

If we write EIA) = eiOCS(AS&(A)
,

then

U(A1] is invariant under all ge &f .

Let E : 0 Ef be such states with a common O.

Then
,
the transition amplitude between them is
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(Ef , eviltisHEi)
-1

iS(A]
= S 2 Ef(Acty]

*

E (Altis]
-

- iOCS(ACtyS + iOCS (Actil]

Ue(AStA)]
*

I : (Al(t:]em

iSp(A]
L 1

- I eiSlA] + iSoLA) Uf(A)(ts)]* U : /Altis]

We may consider the O-sector
in which

D All states transform as &(AS)= ein(S10FLAl)

for ge Of and the action is SIAT,

or equivalently

& All states are invariant under 9)
but the action is SLA) + So(A]
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Note that the state to (orMo) belongs to this sector

as the ground state. That's why call it the O-vacuum.

All states obtained from Fo lov 20) by operating

gauge invariant local operators are in the same sector.

This implies that sectors of different values of O,

eg. O-sector and 82-sector with O. 02 (mod 2T2)

do not mix with each other .

We shall consider different sectors to be different &FTs
·

In other words
,
to specify a theory , we need to

specify the value of Of R/2X .

# the states are as inDor & with a fixed OcI/2TTY /

↑ avoid infinity , the path-integral must be over

A/g where G consists of g which does not have to

Satisfy n(ght) = 0 :
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(Ef
,

eil-tis HE
: )

= ExCACe]
*

FiCAltis] in D

iS[A] + iSo(A)

=e Uf(ACtH]H : /AllI] in


