
More about diagrams

Connected or not

Loops
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&

E = # external lines

P = # propagators

V = # Vertices

E = 0 2 -- E = 4
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-

V = 2
& E C p = 4

V = 2

Then # internal lines I = P-E

and #loops [ = [ -V + 1 = P - E-V+ 1 if connected,
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Overall momentum

conservation

: net # of momentum integrals

= I - ( - 1) = L
.



one particle irreducible (         )

tree diagram

S

· A diagram without loop (L= 0) is called

a ·

X *
.... no momentum integral

· A connected diagram (a propagator) is

1 PI if it is still connected

when any
internal line is cut.
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· Any diagram is uniquely decomposed into

↓PI blocks and separating lines
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Epert & (fXpert is the sum of tree diagrams

with1PI vertices.



1PI effective action
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Consider a theory of variables p = (b , . - ., PN)

measure do and action SE(d) Comit "E"below).

- w(5)
= (dpe

- S(a) + 5 . p
C

Decompose S($)-J .P + also
-

free part interaction part

and evaluate W(J) perturbatively.
X. Everything below is perturbative but we omit "pert".

e
.g. W(J) = Wpert(J) is the sum of connected diagram.

- W(5) = JadSh
Solve (b) Di i=1.-N for J

,
write the solution

Unique in perturbation
as J = J(P) and put theory

↑(p) := W(J(b) + J(p) · ↑

---- Legendre transform of W(J).



S

(5++ 5) =J
-

di i= 1
, ..., N.

Thus,

= (i) co => 5(p* )= 0 :% =0
VEV of bat j= o is a critical point of P(D) .

-Propertiesof T(P)

D It is a generating series of vertices

↑(p) = [logdet(A/2π) + 1 Ap,
-↳ bi
n= 0

where Xi is the IPI Vertex defined by
in

(b --Pin]pz=
For this reason

, P(P) is called IPI effective action
.
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② ↑(P) = [logde(/22) - The sum of 1PI vacuum

diagrams of JP
,

the theory with background p :

variables 3 = (31-- : SN)

E measure dp3 = d(p +3)

action Sp(3) = S(p+3)

Sdp3 Sp13) connected vacuum diagen is
e

- P(P) + non-1PI conn . vac . diagrams
= e

Here we take

Sp(3) = [5 : A 3
;
+ else

um -

free part interaction part

& This holds for any decomposition of Sp(s)
into free + interaction. In particular, for the

expansion in powers of 3 , we can take the 3-quadratic

part t 3 : 50rS(P) as the free part.



g

Sp(3) = S(p) + S(b)3 + 15(p)3" +15(03+...
~ -

~-
free part interaction

· S(o)) is outside the 3 integral .

S · Any diagram involving the Vertex-S(b) ·3

is not 202 : -SpX

Thus
,
we can take only themmmor higher powers

in 3 as the interaction part to produce vertices
.

e

With this understanding ,

- T(a)
= eS(p) - exp(IPE vacuum diagmus)C

That is,

↑(a) = S(P)+logdet() - IP2 vacuum diagrams.

↳trlog(
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Consequence of &:
recovert Jdp3 Sp15)

= -#
P(0

,
h) + others

us propagator a t
,
vertexGt

A 1PI vacuum diagram with #propagator = P

# vertices = V

& +P V = t
- 1

where L = P-V+ 1 is loops

2 .g- P= 3 L = 3 -2+ 1 = 2O V = 2

Thus
, T(0 . t)= (d)

=> - ↑(p) = the sum of IPI vacuum diagrams

with loops = L

Clogdet(A/zite) is included in ( = 1)

:
- expansion = Loop expansion .



Parameter dependence
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The action may depend on parameters g = (9t)

such as coupling constants & external fields
,
and the

dependence can be made explicit as S(P
,
5),

and Similarly for W(5. 9) & ↑(P .9) .

I
.

e.

- W(5 , 9)
= (dde

S(b
, 3) + J . P

2

(P- (5 , 4 p, j = 5g(b)

↑ (P , 9) : = W(Jg(p) , 9) + Tg(9) . &

Then (P
,
9) = Jg(p) remains to hold

Also (6 ,9) (p( , 5)+ ((4 ,9-·
-

= (S( ,9)
510) , 9



Ward identity for 1PI effective action

Slavnov-Taylor identity

Il

Suppose D + P + 04 is a symmetry , O(ddeS(a)) = 0
.

Then
, wa have Ward identity

o = (G(dpe
S(b)+ j-P)

=> JapS(
+545 . Sp = [W(5)j . (5)

-

Set J = J(d) and use (d) = 5 (4) .

We obtain

& (SP: (4) = 0.

i.e. T(d) is invariant under p -p + (5)<10)

For an at most linear symmetry : O = Mij P; + Ci,

<Pas = Mij< + Ci = Mijj + Ci Si.

So ↑(P) is invariant under the original symmetry.
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A variant : Suppose S(P , 9) is invariant under

P + P + op and g + g + 6g .

- S(P , 3) + 5 .P)o = (5(dbe
& for p only

= JapS(ps) + J
.P) - (p(p , 3) + J - SP)
-

= 59- S
-W(5, 9)(5g .<@Sp.

,
+ 5 . (00

,
s= 2

Set J = Ig(d) a use & (p. 5) = 55(b) ,

9,
5) =(( . 9) 5
1s

2. (dPi)5
,

(P. 5)+(
, 9) =

i

.

e . T(p
,
9) is invariant under

P - p + (5p)
pp, y

/ g + g + 29 .



Ward identities in gauge theory
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Consider a gange theory with variable p,

action SE(P) , gauge symmetry b - P + SEP.

Choose a gauge fixing function X(P)
b/f f + b

~ gauge fixed system : Variable X = (P , C ,
[ , B)

action JE(X) = Sz(p) +=B- iB .X(b) + =GeX(P)

BRST symmetry (fermionic a nilpotent d= 0) :

JBp = JcP , BC = - (c , C]
, UC = iB , JBB = o

f/b b b

Introduce an external field K = ( KP, K? 15, (x)&
f/bbb

coupled to OBX= (GP, C , JBC, O), and consider

S(X ,
k)= Je(X) - K . dbX

Define W(J , K) a TIP , K) as before
.

I

, 2 .

- w(5 , k)
== (dX

5(x) + J . x + x - dX
e

↑
b/f5 f b

J= (JP
,

53
,
j5
,
54)
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↑ (x. k) : = W(Jk(x) , () + Jx(X) - X

where J = Jic(X) Soln of (,) = -X

* I . k)= (k() , k) + X + CJ
~

-X

= EiJx) ; Gid
I Di bosonic

- 1 Xi fermionic

X()
,
k) = [(X ,k)] 5x(x), =

- [OX :

=x(x),&ki

Ward identity for BRST symmetry :

o = (G(dxe -
5(x) + 3 -X + k - dX)

= Jax e
(x) + J .X + k .

Xe : J
:

daX :

=

W(5,k)]E : J
:

(dbXi]e
,
k



Zinn-Justin equation
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Set J = Jk(X) a use above :

X (X ,K = 0

At 1= 0
,

it reduces to BRST-Ward identity :

& <X:jx(x) = 0
.

Ghost number symmetry

The extended system S(X. K) = E(X) - K . JBX

has ghost number symmetry :

↑ c 5 Bk+ KK5

ghost # 01 - 10 - 1 -20

I.e ,
it is invariant under

Xi - eXXi , Ki-pakidyi

- P(X ,KI also has the same symmetry.
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Ba K dependence
ek iB

o = ((x-)e5= (x) + J . X + k -

daX)

= Jaxee() +J
. X + kdBX

X

( - 3B + iX(b) + jb + ik)
Set J = Jk(X) .

Also
,
assume X(P) is at most linear in $

.

Then

- 3B + iX(p) + + ik = 0

· = 3B - iX(p) -ik?

Also, = -(iB)ja,
- iB.

: M(X , k) = [ 3B2 - iB .X(d) - iK? B

+ Bo K independent terms .

Tie
. & quantum correction to B & K"dependence.



17

These Ward identities will be used in the proof of

renormalizability of gauge theory.


