
Ward identity in general dimensions

Noether current

Consider a classical field theory in d Space-time dimensions,

with a set of variables &(2) (Scalar, Spinor, gange potential .... (

and a Lagrangian 2(P , OP) .

The action on a region

RCR" is Sm(b)=/r <(P, 04) .

R

Equation of motion is the E-L equ
&SR(P) = 0

for variations vanishing at the boundary ~plat= 0
.

Suppose there is a continuous symmetry, with infinitesimal

variation D +p + 5P , &4 = GUIP,
d
,b)

, giving

82 =-> &) ... )" total derrative
.

Allow the variational parameter to depend on position [(x),

sit ,
it vanishes at the bondary flOR = 0

·

Then
,
the variation of the action can be written as

-SR(b] = /dE
This J = JY/P ,&D) is called the



For a solution of EOM
,
it obeys the Conservation equation :

&J= 0
.

⑪ (Just as in the case d=1) : A solu is st
. &SR=0

for &P =t. OPOR = 0
. For Felu) sin clot=O

,

under & + P+e/ JUld , JP) ,

0 = &SR = /pape 5 = -(pdtdn5Y :
0
,
=0 /

The Charge &(t) at time t is the integral

& () = (axjot ,x)

1Rd-1

of the time component Jo of the Current on the time slice
.

Then it is a constant of motion :

** = Re** 00J t
,x)
-> - d :J" ,x)

= 0

as long as J"(t .x) - 0 as 11 - 00
..

This & is the Noether charge .



Let us quantize the system with a path-integral measure & P
.

Suppose &D is also invariant under the above symmetry .

Let 8 be a local observable. Apply Up = e(t)4(p, 0p)

in the integrand of J0peESpIP) Octo ,xo)

for R = (ti . ty] x1"-
E

and f(t) given by
-

to-toxt if to

Ward identity :

0
= (((0peS(9)0(tr ,x))

= (0peS(p)(5Se(43 Ultr ,
x

.>+ 88 Itr ,x))

8SR(P] = Sa de
= (at(p(-f(t-tr) - -d It-t)) 5°t ,x)

= = & (ti) -G & (t) .



Then
, just as in quantum mechanics

,
we find

the operator form of Ward identity :

-

80(x-=  ( ,
x.]

"A continuous symmetry yields a conserved current in classical

field theory ,
and the conserved charge generates the

symmetry transformation after quantization .

"

Still holds
.

Some drawbacks

A choice of "time" or "time slice" has to be made

to define & 0-D.

Convergence of integral[ 59t ,x) not obvious
.

1Rd-1
In fact

,
it is a serious problem when "spontaneous

symmetry breaking" occurs
.

ji(t , x)- o as /) +0 /used in & = 0 from 3=0

also not obvious
.



These can be overcome by a slightly different formulation .

To describe it
,
it is easiest to use the language of differential

forms
.

Current (5") is a "vector" but is more naturally a (et1)-form

J = Jodi ...dis- J'aid's-. dest-- ... + (-x jd-di--d

-
= (i)"J desin ... dan ... nd-

JSR = (2d(tJ" = SdEnJ
5Conservation equation &mJ"= 0 -> &T = 0 (Jisclosed)

·

& (1 =65
Stix R

*-

We shall try to find identities satisfied by
correlation functions on R:

( , (x)021xx) ... 3 = SIR(P)

S
= /0peES(p] O,

/x) U2Ix ...



Consider a local observable O inserted at a print ecoe IR"

Choose a d-dimensional ball B CR* including so .

Apply the variation P +b + f(x)U(4
, db) in the integrand of

SpeS(P70 (10) where

1

E
1 x= B

f(x) =

0 x B
co

0

Ward identity :

0 = (r)0pe=s(4)pu .)

=> 0p eS(aS (WS(P] Ups + 800s)

5S 191 = (p1dt-5 = /(d(65) -ed5)
IRA

-> - (Ed5 = -1 d5=-



: (8Unos) = <So50m] it doe B
.

The same holds also when other local observables are

inserted outside Bi

[0( 0 , 1021 ... 7

= (o5040 ,10 ...&-A

if (ot B
,

<, 12 .... 4 B
.

Considering O = id for which 80=0
,

we found

((05 0
,
(1)0(ns-- ) = 0 if <,

x..... k B .

In other words
,
as an identify inside correlators

,

Sp5 = 0 if nothing is inserted inside B
.

This is the quantum version of conservation law &J = 0
·



In particular, & continus to hold even if the surface

S = &B is deformed as long as slo is inside S

and Ch
, Kn ,

-- are outside S
.

In other words
,

50 ( =S
,

50

for any surface S enclosing so

if nothing else is inserted inside S

holds as an identity inside correlators .

Sometimes this is written as

50 )
= = 5 PKS

where G stands for integration along a <small)

surface enclosing only 10
.

This is the form of Ward identity we were looking for .



Remarks

(1) This holds whether or not there is an issue in

convergence of Ja** 39t ,x) (whether or not

the symmetry is spontaneously broken) .

(2) When &Its =
* 59t ,x) is well-defined

,

1Rd-1

· = (8
,
5] can also be derived

by considering S = & (BE x (to ,+]) and

taking the limits R-O ,
fixtoxt

·

· One can show that I is a Lorentz scalar :

f
>

< f
is contractible

.



(3) There is a generalization :

J closed (d-1)-form

0(k) supported at a points

- 80 In = I %50

Jd-1-p Closed (d-1-p) - form

W O(5) Supported at p-dimensional submanifold IP

- SU(t) = = 8 Jar O(p)
IP

"generdized global symmetries"
· We

may also consider the exponentiated version .

· San J or Sgatbaring or expeversion

are called "topological defects".



(4) (Very technical (

In the above
,
we have secretly assumed that the spacetime

IRY is Oriented s
.
t

. drd'n-ndi
*

is positive .

However
,
it is sometimes or more often assumed that

dx'n .. da
*
dx is positive .

(This is especially so after Wick rotation : dis'n ...d
"
>0

.
)

In that case &S=/Jedt = G
*SdEn5

and the Word identify takes the form

GOm = f
*

85 OK .

or modify J + (-y
*

5 and keep

S ~OM = 28 5 Om .

C


