
Fermionic quantum mechanics
Consider the classical mechanics With

a pair of anticommuting variables 4H), Fit) and

Lagrangian L = i44 - 244

where We IR
.

Symmetries
① time translation 4(t)-4(t+0t)

,
4(t)+ ↑(t+0t)

-> ↳4 = e4 ,
/Y = ei

The Nether charge is E = W44 (energy)

- id

& phase ratation 4(t) + 4Ct)
,
YC) - e"

<

4(t)
.

m 84 =-iE4
,
d = i + Y

The Noether charge is & = 44 (fermion number)

Exercise : Show that the Noether charges are as given
above

.



· L is real (modulo total derivative) under

4
*

4, * 4 :

L
*
=

- j4* 4
Y
-w4"4* = - ;44 - w44

=> iTY-w44 + af/-iYY) .

-

L

antivethe system Path-integral ?

S Operator ?

We shall take the"mixed" way
: Use the path-integral

to find the commutation relation of I a E
and then find the representation of the algebra

Consider the variation

84(t) = f(t)
,
84(t)= 0

n
fermionic -stoI, t



85(4 ,47 = 0(Ydt( :44 -w44)

= jdt (iFit Ect)-wY(t tct)-

-Ult-ti) -EdHt-to)

= iT(t)- - : FHt) -S
**
+WIt

ti

Ward identity :

0 =f50484 eS/4
.I)

4sto)(

= (0584(0814 ,
5344-) + 6)

= (0404) - 41) - 4(tr) + 24()- · 440)

- =(* d+we - 4(t) + -)

This implies an identity among the operators

↑
,

I corresponding to 4 , 4 .



anticommutator

Take the limit toxto
,

to-t :O

Recalling the time ordered product and noting

StatCFE . 4toS - O in the limit
,
we find

0 = - 4 + -4 + E

E
,
4

,
I fermionic

↓
- ( -44 - . 4 + 1)-

.. Yo +Y = t
.

If we use the notation

[A , BY =

= AB + BA( S

this can be written as

S4 , ) = t
.



Similarly ,

0 = S08404 eS(4,
5) Fitos) for the same &

=> F . Y = 0

0 = f818484e5/4 ,)4tx)

for 84(t) = 0 and 84Ct) = the same fit)

=> Yo4 = -

The canonical commutation relation of ↑ and I is

S4, 7 = h
,

↑ = E = 0
.

...
"

Clifford algebra" ·



Representation of the algebra ·

Reality of the variables 4
*
= Y

,
I"= 4

~ hermiticity of the operators &= Y, **= Y .

The commutation relation reads

SY ,

+
= t

[4
,
47 = (π+ , + 3 = 0

.

This is like the algebra of annihilation/creation operators
in harmonic oscillators

.

As in that case
, we may prepare

a state 10) annihilated by ↑ ,

↑ 10) = 0

and build Other states by multiplying powers of Y

* 107
,
4 2107

,
4 * 10)

,
.....

But
, by the relation it = 0

,
↑
+47 = y

+3107 = .... = 0
.

Only 440) among them can be non-zero .



positive
definite

Also
,

↑(4+ 107) = (44
+

+44 y)107 - 4 410) = +10)
.

- -

t 0

Thus 4T1O2 is indeed non-zero
.
We have a

2-dimensional representation 2 ,
with basis 102

,
440

.

With respect to this basis
,
I and It are represented

by matrices

I = 05) ,4 = i8)
.

I 0 I
If 10) is normalized as I/10>1= 9010) = 1

,

144103 / = <01444103 = solto) = t .

3 ⑧

Energy spectrum ?

Recall E = w44 .

0 on 10)
- F = w = (tw

on 107



. There is an operator ordering ambiguity .

Classically , 44 = (1-544-544 for anys , but

they correspond to different operators in the quantum theory :

# = (1 -s)w4 -swYt = wp-stw .

I S
- sta on 10)

Cl-SStW on YT
.

C.g .

the "symmetric" ordering S = I :

#
= = w4

+

Y - w44+ = =(44 ,
47

=

tw on 107

E this on 440b ·

Also & = 44
=Y

or
= (1-s)4

+

Y -s44
+
= 44 - St

-St on 10b
- E

C-5St on ↑T > ·



↑
a eigenstates

As a passage to (go
back to) the path-integral,

- t

we find eigenstates of 4 and 4

just like eigenstates (9) alp) for a PC
.

Suppose 143 = a (0) + b4 10) ↑143 = 4/4)
satisfy

14) = ((0) + &4+ 10) *** > = 4/4) .

414) = Ga
+

10) + ( )
"/b44+ 10)As a 4

- - 10)
!I

4143 = 49103 + 464+107

d4
*

1)** (4) = (y|cy
+

10) + (y)|d)
+

4
-

! Il

↑(4) = Yc(0) + *&Y 10)

we find 4a = (P1bt , 4b = 0

↑C = 0 , Id = (i) C

A solution (a ,
b) = (1 ,

- 4/h)

( , d) = (4, - 1)



(4) = (1 - 4
+

(10) = (1 + 44)1 .
315) = (F - 44) 107 .

We have chosen a random normalization
,
but this turns out

to be a useful one .

A more symmetric normalization would be

S 147 = 4= (1 + = 4
+

4)10) , 15) = + (5 -4t )10) .C
This is also good , but we shall use

We also prepare "bra" eigenstates for Ia 4t :

C4IY = S414
,
<FlY= <FIF

.

For these we may take

(4) = 153
+
= <01(4-4)

(4) = 143
+
= (01(1 + 44)

.

" Take the hermitian conjugate of

↑) = FIF) and 4147 = 4147 ·
I



Just like (19193(9) =/dp/p><p)= idge, we have

(d+14)(4) = /dT/F)<4) = ide .

proof (d4143(410) = fd4(1+ 4*4)(0)(014-4)107
- I
10)<01 is even

=> (a4(1 + 4
+

4)410)<010)
= 102

.

So

.
(d414)(414+10) = /a4(1 + 4+4)10) <0114-4)4+ 102
-
-I

= (d4(( - 4 =Y+)10)(017t) (0) = F
+

10)
.

(dF1)(F107 = (aY(4- 44(0)(01(1 + 44(10)-
=> /d4(Y-410)/010) = 10) .
-

SNTIF)(14Y,) = (aY(Y-YY(0)(01(1+ ** /** 10)
~t

= far (4- 4) 10)C014 10)
/103901 is even

!

-

= (dY (Y -44)F10)(010) = 4
+

107
. 8

.

E
.
D

.F

-



Note also even

-

(4 :
142) = 101(4.

-4) (F-410) = <0194,Fn+h)10>

=> t + 4,4 = +(1 + 4
,4) = be4E

,

(4 , 14) = (01(1 + 4,
4)(1+ *

*

4)107

= (01(1 + 4, 4)(0) = 1 + 4
,4 = e*4

I

(4 , 1427 = (0114. - 4)(1 + 44) 10)

=>

Col(4. -42) 10) = (1)
*

14
.

- 4)
,

(4, 1) = (01(1+ 4, 4) (F-4/10)

= Coln-Y. /10) = -Flos /4. -F)
.

the latter two can also be used for derivation of

S &414>C41 = /aT1Y)(F) = idge

G: fa4H)(414. 7 =/0414>(
*

34-4. )

11411S1- &4 (t-4 . ) 14) = 14. 7 et2 .

di
We just use (4-41)= "214-4 . 3" .



For As Endite

TreA = /1* d4)- -1A14)(414)

" It is enough to show this for A = id , Y ,
** ***

as they span Endle .

A = id :

(aYd4(-414)(4143 = /Add4
4
= 2

--

e
- *4

be
Y

= trid W

A = Y : (d4d4(--1414)(414) =/7dYd4/14) =44 = 0-

↑ 147
= try v

A = 4 : /dYd4 <-41Y/4)<414) = /tdEd4/FY)
**4
=
0

-

+<-YI(-4)
= tr4 W

A = 4 : /dyd4)- 4/441434147 = /Add4)-44)
=44

-

- 44
=> t = tr(YY) v

0



We also have

+reA = /dTd4(41A1Y)<51 -4)

= (11*/d4(4/A1 -4) -

--
bar 4

was missing
in the note

= zy/dF <-F1A14> used in Lecture

If we define (1) F by (1)
*
= G

+ 1 on 10>

-1 on 44107
,

-then (-)↑(4) = 1 - 43 143 = (1 + =4
+

4) 10)
,

4
<41(- )

=
= <-4) .

: tre(s
*
A = /1Td4 <F(A143414>



States as wave functions

We can represent states as functions of I :

IE) - ECT) = STIE)
.

Note : ECT)
*
= <FIET

*

= <E147 .

· The inner product of states is represented as

SE: IEn) = <E. /ASI/AFIE)<FIE2)
even

= <E, 1/14)/4/4)/FIEn
even

= fria44) 4IY)/FIEz--
, (4)
*

↳e4 :14)

= EdEd4 E, (Y)"eE4
Y
EIT)



· Time evolution of States :

Gei)(Y) = /4) ** /5)

- sle"(14144'/d4'/E)
-

= SdFaY'le ***/4
teE4' Fr(Y)

As in the bosonic case
,
let us define the

transition amplitude by

Elty ,4 : ti , 4: ) := e-:
**

14 : 7
.

Then the time evolution of states is given by

(e**E)(Y)

=> EdFidY
:
ZCty ,4, iti , 4:) e*4

:4:
E (4: )

.



path-integral expression for ZIt , i ti
, 4: <

Let us divide If-tr into N pieces , tp-ti
= NE

,

-: -

:= E
....·E

2 I e

e
N

and insert

id = (d4;+ - 14,1)(+,+11/d4, 14,(, )
= (a4, d4; 145) <4,114,<4; /
=> /Addi 14, 17 54

<5, /

into the 5-th slot (5=1 , 2 ,., N-1) and use

Sile
" **

14; 7 = (4; /(1 - : =H14,,4; ) + 0(2) 14; 3

= (1 - H(y;,4; )+0(tY)(, 14,2

= e54 - H,4 + 01EY



Then
,
Elt , 4 i ti , 4:)

= (! And4, e YY - HEY)

I e
initiv

. e
Tintin - Hm ,Tur)

....

- 4, 42
·

eF4 : - HE
,
4: S +OINtY

· e

= (ad, e
Frt-Hr . 4)

· -41-H ,4)
+ONE

-
with Friz r , 4 : = 4: Il

ee(iY-H15 ,
4
,
1

N+ b

NE=t-t : fixed

->

0584 e441 + +) : 4 -H ,4))

↑(t)= 41 , 4(ti) = 4 :



ZSty 4 :
ti
,
4:/

--Cortex tatlitt x
↑(t)= 41 , 4(ti) = 4 :

What is this ?
Lk [CtH

,
4(til fixed

=> E
.
O

,
M

.
comes from E .

L . equ for

- :441 ++ + (d+ (154 - H15 , 43)
.

85(- 1441 ++ + (a+ ( :54 - H14 ,4)))
= - *41 - ir4tx
+ (a+( : d* 4 +i4GY-H1Y ,4))
-

(484) -484

=- 41 ++ - :4/t:
+ (at) : 4 Y- : rY-HY ,4))
-

=> E
.

O
. M I



For other boundary conditions, EOM is obtained by EL equ for

4t
,
F(i) fixed : /Eat (iTY-H14 , 43) +:44Itin

4t
,
4 (ti) fixed :

dt ( :44-HCF ,4)
,

↑its
,

FCt
.) fixed : ja+ (- : 44-H14

, 4))
.

Correspondingly ,
-

:*
14 : Lz1tx4 : ti

,Fi) = <4+1e
-

=> 04 e) Y -Hy ,4) - 44.

4(t) = 41
,
4(Ti) = Fi

-i
z (4 ,4 : ti , 4: ) = <4) 14: )

= /8484 e.
.+ (i - H14, 4)

4(t) = 45 , 4(ti)= 4 :

-:
Elt

·
4 : ti

,
4 : ) = <Fi le IF)

=It. at 1-144 - H (4 ,4))
= /OO e

↑It =4 , (i) = Fi



Park-integral expression for partition functions

Tree - *
147/4/4=> dTd4)-Fle

· (414) = he
- *4

· -Ple - F143

=> ( ad · eFr-H ,YrS

·

- (I-+H;,4:)) +OINE
with FE-4

,
4:= 4

=StdYY
,
had

44+ 4r - Hlr
, Yr)

·

- (I-+H;,4:)) +OINE
with FE-4

,
4:= 4

Write F= Fo =- Fr
,

4 = 4
,
= - Pixi

=> ;dYeY
+H,4)

+ OINE

with Fr== - Fo , Fire ,
=- 4

,



Let us defre 4 (j) , F(j) for jeY by

4 (E(j+1) = 45= 1 , 4(Gj) =Y, fr j=0.
1
, --iN-1

& 4(5j+T) = 4(t)/+N)) = - 4(tj)

↑(tj +T) = F(e(,+r) = -4(tj)

S consistent by F- - Fo & Yrt=- 4, C
.

Then
,
the exponent is

-I /Fle
-4)

+ H/4C54(55)
N+D

NE =T
-

-

,
(Y() 1 + H14(t) . 4 ()))

Tnee

LE 14 , 4,

: Tree
E

I de (E)4 , 4 , )
= /OFRY e M

↑(e+T) = -4(E)
,
4(i+ T) = - 4(t)

antiperiodic



Try
-

= /dY4le
*
1474143

=StdYY
,
had

44+ 4r - Hlr
, Yr)

·

- (I-+H;,4:)) +OINE
with FEY

,
4. : = 4

Write F= Fo =Fr
,

4 = 4
,
= Yixi

=> ;dYeY
+H,4)

+ OINE

with Fr = = Yo
,
Firm ,

= 4
,

=> /*-Yes, H14151 ,4151)
+ OINEY

↑(ej+T) = Y(j) , 4(t5+T) = 4(j)

I de (E)4 , 4 , )
-> OTRY e

- /

↑(e+T) = 4(E)
,
4(i+ T) = 4(t)

periodic



To summarize
,

z(ty ,4,; t :,4 : )

= 0584 e441 + +) : 4 -H ,4)
,

↑(t)= 41 , 4(ti) = 4 :

Tr
-F

- /OTY e-E/
E

re -

↑(e+T) = -4(E)
,
4(i+ T) = - 4(t)

,

antiperiodic

F

re

- F
= /04 e

- /E
Tr (-12

↑(e+T) = 4(E)
,
4(i+ T) = 4(t)

.

periodic



Once again ,
it is instructive to do path-integral in

explicit examples . Please do it yourself .

For your convenience ,
a note on it is uploaded .



Yang-Mills theory

gauge group

Sin & spacetime dimensions)
... specified by G : a compact Lie group

e
.s . WIN) = S NxN unitary marix] unitary group
SWIN) = SNxN unitary , det=1) special unitary group

e
.g .

d= 4
, G = U(I) : Maxwell theory

G = Lie(G) the Lie algebra of G

e.g . G = UIN) : o = SNXN antihermitian matrix)

6 = SUIN) : = [NxN antihermitian
, traceless)

field variable Amin : a vector potential with values in I

Cor A = Apbld" : One fore S

field strength Fr = &Ar-drAp+ [Am ,
ArS

Cor F = dA + I (A , A) = dA +A S
↑
matrix Lie alebre

e
.g . d= 4

, G= W() : Foi=drAi-d :Ao electric field

Fij
=

diAj-d, As magnetic field



Yang- Mills action :

SIA] = /- e F . Fru d

Here"o" is a positive definite inner product on I

which is invariant under the adjoint action ofC :

SXgt . gYg = X . Y

e
.g .
for G=UINS or SUIN)

,
X . Y =- 2 TrXY

It is invariant under a huge symmetry group :

g(1) : G-valued function on spacetime

~

Ap H An = gAn3 +'On3 .

e
.g . G=UI

, Ap=iAn , g(x) = gid(n)

- an = A+ d4 (the well known transformation)
.

Under this
,
the field strength transform covariantly ,

Find Fi = GA-drA- +(A ,
A? ) = gFrg

.

e
.g . G=W(I)

, Fi = Fur invariant
.



gauge theory

physically equivalent

physically identify

local symmetry group

gauge symmetry group

quantize gauge theories

In particular,

S(AY] = /-HerS'Fg . SFruS di

=
- Her FM . Firdis = SCAS

.

.. SCA] is invariant under a huge group :

& = SG-rahed function 9(a))

We would like to regard Am and Ap for any 9eG
as I

.
e
.

we would like To

them
.

Such a symmetry group is called a

Or And a theory with such an

identification of field variables is called a

-

We would like to find a way to -


