
Yang-Mills theory

gauge group

(in & spacetime dimensions
... Specified by G : a compact Lie group

e
.s. ((N) = &NxN unitary matrix unitary group

SU(N) =[NxN unitary , det=1) special unitary group

e
. g . d= 4 , G =Wll) : Maxwell theory.

" infinitesimal version
o = Lie (6) the Lie algebra of G of G

"

e.g. 6 = UIN) : o = &NXN antihermitian matrix

G = WI) : % = iR=RR

6 = SUIN) : Y = [NXN antihermitian
,
traceless Y

field variable Amirs : a rector potential with values in

(or A= Aphid : One form- S

fieldstrength Fu = &Ar-OAp+CAp ,
An

Cor Fa = dA + [ (A , A) = dA
+ A2)

the case of matrix hie algebra

e
. g . da4

,
G=W4) : Foi =doAi-dito electric field

Fij = DiAj-0; Ai magnetic field



Yang-Mills action :

Sla]=J- Fr · For di

Here "o" is a positive definite inner product onl which is

invariant under the adjoint action of G, X+gXg

(the infinitesimal version of Conjugation 9t #g3zg") :

gXg · gYgT = X .
Y
.

99. For G=SUIN) , a standard choice is X . Y =- 2TrXY.

SCA] is invariant under a huge symmetry group :

g(i) : G-valued function on spacetime

~

Ap Ap =gApg +gOn9 .

Under this
,
the field strength transforms covariantly,

Finu Fin=dAS -drA+(Ap , A) =gFrug ,
and thus indeed

S(A3] =) - Gen F*g . 9 Frug di

=J- Fr Fr di=S(A) .



gauge transformation

gauge transformation group

physically equivalent

physically identify

This is a generalization of invariance of Maxwell action

under the gauge transformation AphAp+OX.

Indeed
,
for G=Ull)

, y = iREIR and for gas=eX
- ix

it = e itpe+eie =Art.

As in that case
,
we shall call

At A? =9 A
, S + 909

the of Ap() by glas , and

9 := (g(s) G- valued function
the We'd like to regard

A and A
g
as for

any g +G .

Je
.

we would like to them
.

If we put

A := (Apks) of- valued rector potential

the space of physically inequivalent field configurations

is the quotient space A/G
M



gauge theory

quantize gauge theories



Infinitesimal gauge
transformations

A -valued function Els generates a one parameter group

of gange transformations : 9(n)=etfly

Ap Apt=gA, g +gid St.

The infinitesind transformation is

de An = a An (z
=

= - -Ap + Apt + GE

= dE+ (Ap . E) = : DnE covariant derivative
.

The space of such Elas may be regarded as the

Lie algebra of the garage transformation group,

Secus/of-valued function 7 = Lie (8).



Coupling to matter fields





Quantization of gauge theory





A naive answer :

see below for
z= pe

Sel
the choice ofdg

(f)=Sp !
where volg=J 1g for some measure e.

A possible problem : volG may be infinite

Sydp--- may be infinite.

Suppose we can find a slice SCM ,
i. e. a submanifold

st
. any G-orbit has exactly one point in it.

# Goi
M/G









gauge fixing function

gauge fixing condition

Faddeev-Popov determinant







Faddeev-Popov ghosts



gauge fixed action




