
Examples

Computation of ZCt , 9: t :, 9 :
) & E(SH)

in examples : & free particle in a line

& harmonic oscillator

⑯ free particle in a circle

③ - with a theta term

① Free particle in G line

~2

DL = 29 ,
I =
1 1
2m

it"It
-Spectrum : Ep=1 I (9)=

t2m D

Using operator formalism we have

Elt , 9 : ti
,
9 : ) = (9+1e- * #, 9 : >

i 9:

-
iltf-ti)

-
24stf-ti)

Let us try to reproduce this by path-integral :



A Configuration 9(t) Sie 9(ti) = 9: , 9(t)= If can be written as

q(t) = 9 :
+ 197 - 9: +Ent: ( It-tie)

A motivation of "Et :
"

:

falts=
t, SM(, (t-ti)) are Orthonormal

with respect to the inner product (4, 41 = (+ 41*

9 St) :

(Yn
, 4m) = On

, m

E this

S19) = ()9

Let us "define" the path-integral measure by

&9 = C Ed9n for some constant C
.

Then
,

#S19]
z(t , 9 + iti , 9:) = 09 e

= ente



Zeta function regularization

The product titt-a is divergent (or zero) ,
n=

1

but let us "tune" the constant & so that

C.-e is finite (and non-Eew) .

Several ways
:

⑤ Choose Co so that

N
limCrit-e is finite

.

N i

⑭

# * * (2πx)*



Zeta function regularization

Riemann’s zeta function3(S) := Ens

absolutely convergent if Re(sk(

I analytic continuation & regular at S
= 0 ·

319) = E
,

estoge

3 x = (-lugn)
-S

known : 310) = -I ,

310) = - -log 2

- = exp(logE)) = exp (nE(logx-logn))
= exp(3(0)1yx + 3(0))
= exp( - jlyX - log2x) = (2xx)

-

2



Back to path-integral .

Let as use zethfunction regularization ** RaxT
=

Let us define

&9 = Cd9- for Some constant C .

Then
,

z(t.fiti . 9 : ) = &Emer
-
eie!Jet

-
eie!

"

(tit-ti)
*

If we choose C = :it /em

↓
- 2-25t i /tr-(i)
match with the operator - result

.



More about the definition of &9 = (
,
d9n

For any way to define "cittti"
it is a function of tf-t: (and to a m) .

Let us denote it by F(tf-ti) so that

2

If - ti)z(tx ,
9: ti , 9) = F(t-ti)

-9)

↑

Let us try to fix the function F(T) by the properties

z(t+ , 97
: Ei

,(i) is supposed to have :

& unitarity of time evolution

[(9) - (dS z(T , 9 : 0
, 9) [(9)

⑯ composition law :

(192Z(ts ,
9 : t , 92) ECt2 , 92 ; tr , 9 . ) = z(ts

,
9 : En

,
92)

.



Exercise : Show that

a E IFCTSP =

T

& = Fit-tFstet= E
Flt-tis

.

These regive that

F(T) =e
: AT

2πit T

for some real constant A that may depend on mat
.

This A can be absorbed by redefining Lagrangium

(19
,
9) + (19

,
9) - hA

.

Thus
,
modulo a possible shift of Lagrangian by a constant

,

we may set

FIT) = ET



Partition function .

- *
12)Tr(e-EF) = /escale
-

-s2
= ja - divergent !

Let us "regularize" this by pretending that the particle

is in a segment of large but finite length 2 .

Then

TreEF) = L -- -

2tI

Let us try to reproduce this by path-integral :

-) a+ )
z(si) = /02 e S't

9(2) : periodic in - TtT



A periodic configuration 9 (T) = 9) i+T) can be written as

q() = + (9nw() +92())
Again ,

the motivation for I is so that

%.
1 =E ,

Ye = as .
C= sm

are orthomound wirt
. (3

,
4) : ⑪* Yug's ·

SE(93 = = (E (19: 1955

& 9 = 2 d9. dende? for some constant (

Note
: as g takes values in large but finite interval

30 ,
23

,
0990 LI

"
z(S1) = /91! an?
(

= C . L. Y



z(S1) = 3 . L .E
Use the Zeta-function regularization :

# * = (2xx)
*

or = (2xxT

Define

& 9
= 19.. dind? for some C

u

z(S1) = L.
- I

= LI( S

=sT
match with the earlier result with C = 1

.

ne



& Harmonic Oscillator

L= 29 - gwige ,

# =+ ww
Spectrum En = h(r(n+t) n = 0

, 1
,
2 ...

En 191 = Hermite polynomial .

Transition amplitude

A configuration 9 (t) St : 9 (ti) = 9 :, 9(t)= If can be

written as

q(t) = 9ce(t) + q(t)

where Ice is a solution of E .
0

. M
. g =-w

Sil , 92Stic= 9 :, 9ae(tf)= If

%m : 9acth=Eise! (
and 99ts=E En Sin( It-tie).



S19] = S(9x + 97 = S(9x) + 9/9]
↑

8 : Why ?

S1907-+ti) (195 +9: ) roswitti) -29 , 9 : ]

S(5T =E = (*)- 79:

z1t , 9 : ti . 9 : ) = 02 eS(9)
9(t+l= 97 , 9 (ti) = 9 :

= es(c) pr eS()9S- Cd9[

= eiscalma
C*

witf-timul
h=

1

e

same as in the free particle in IR



Using the definition of CE
,

&9- determined

in the free partic in R
,

e

C )
- Fistfti)-

For the second Co-product
,

use

(1-()) =Game = an (nexx

=
fi
U

witf-timul=



:. Zltf , Eti ti , Ei)

=esice

=inwitf-ti) e*S(al

-we entis(9 wirseftis-2979 :]



Partition function

... Three ways i In Operator formalism

⑪ Direct Path-integral

⑪ Use Tre = (d)(9) /2)

i) In operator formalism .

-we - wTh

Try =I +w(n +1)
- e Ee

n= 0

= e -

-wis
= new- WT

⑪ Direct Path-integral .

A periodic configuration 9 (t+T) = g(t) can be written as

94) = + (Enw() +9 ()
.

For this
,

S19) = 9 + (* (*) m(as!Y



& 9 = d9-d9nd9? a use 3 function regularization .

(We know &9 =19! Cd92dE? With 1 works ! )

z(S1) = /0 e
-S=(9)

=(as ded?
- + (19 9:3

=(as E deine?
It w (s -!

-mingw
e

in l

-tenres · It 11

at nltit



Use )-()Y) = S again
:

(l- )= T

: z(st)=

-his -weY
i Use the result for ZCf+ . 97 : ti , 9i) in

Tr ) = (dq(a)
- *

19)e

-

z It , 9 ; 0 , 9) 1 t
- - iT

z (t , 9 , 0
, 9)

-
-

eat(292wsw+-292)-sinat



Fort--iT
,
sinct--isinh WT

Cost -> coshWT

2cshwT-2 = e +
- 2 = (ew4- =w*)2

: z(t , 9 : 0
, 9)

->inhart entertr
e qu

: (da E(t , 2 : 0 , 93)
t- - iT

=> asnat e
not let ent ar

-

I httwisha
- wit
The results of D

, N,
Di all match . ~



③ Free particle in a circle SCAR=R/25RZ
.

L = 92 where 92 9+ 25R
.

The wave function must be periodic
,
1944AR)=E (9) .

HIEI= (**alEcas12 .

(5
, 43 : it 5 =-it ,

#= ↑ ?
/

p = p on el49/t
& this needs to be 9- 9thaR periodic

2PR/t1 PR/t=> e i
. 2 .

: P = (n-X)
.

Momentum is quantized .

normalized so that
En19)- en/ I (En

,En) = dr
.

m

#En= EnEnEnti (2



transition amplitude

D operator :

z(txExit :. [i) = (Efle-
*** #19 : 2

-
#
(19 : 2
-

in 9ty - in9iyEn19t) =
1 R R

re Ente2πR 2T R

= in e (E) + in

it path-integral :

q(t) St . 9 (t : ) -9:
, q(tg)-If can be written as

9(t) = 9 :

+ 19 -Cis. +2TRNEE Ensin/anE)
where we (winding #)

For this
,

S (97= (tx-ti) +E )"ar



Poisson resummation formula

SOS = Ex) din

Eltaitis) - Exeter?"Edenel
s

ne
same as in free particle in R

.

Use the same definition -> 1)

tf-til
2

-ttil I et**w = X

Exercise Show that the results ofD ai match .

you may use

I
an+ Tibn= at N+bn =x



Partition function

D Operator

Tree = e mt
s

en

Di path-integral
A periodic configuration 9 (T+T)-q(t) can be written as

q(t) = 90 + 2πRwE

+ 19 st+9sin)(

where 90290+ F. 2TR and we X (winding #) .

SE191= T. + E (*) 19n+ 9 : (2)
.

/02 = e) aso dins

where go integration is on [0 , F. 2TR]

& 3-fin reg is used for



z(S1) = (0ge
=(9)

-
Janine
"!

= Ex F. 2TR e

e
same as in free particle in IR

3-fen reg + 11

T
= eRTe
- Rw

Exercise Show that whe results of ⑪ ai match

(Again ,
Poisson resummation formula can be used

. )

i We may also use the result for Est ,
[f1ti , (i) in

Tr(e
-

) = (d9(9)
- *
(9)

since
z(t

,
9 : 0 , 9) 1+

- - iT



Recall

zHt , 9 : 0
, 9) 1t

- - iT

= Sine" op

e
"

p
.

I
.

in SRd9 2 t
, 9 : 0 , 93/te

- it

= eTR . 2 (t , 9 : 0 , 93/t-
- iT

= nothing but the results in DaD.



Remark

In the limit R- is
,
the circle Sctp decompactifies to the line R

.

Let us see what happens to the partition function

ECSt) = en COPS

SRT e (P
.

I
.
S

Of course
,
it diverges in the limit .

But the two different

expressions tell us different reasons (which must be equivalent) :

· In LOP)
,
all ne contributes with weight 1 ,

and

the divergence is because the number of states is 0
.

In fact, even below a finite energy E
= Inl)- Er ,

#

of states is 20 in the limit (the spectrum becomes continuous)
.

· In (P
.

I
.
)
,
as R-w, the W=O term is dominant

.

E(S1) ~ 2TRT ,

and the divergence is because

the volume is 0 . (Recall that T is the

regularized version of Z(St) for the particle in a line
. )



theta term& Particle in S'with a

9-9 + 2πR

L = 292 + 09
ne

Called theta term

Exercises :

1
. Find the Hamitonian HIP , 9)

.

2
.
Find the spectrum .

3
. Find the Euclidean Lagrangian (E19 ,

9)
.

(Warning : it is not real !

4. Compute E(t , 9 , ti , 9i) in Operator & path-integul.

I chack that the result match . (

5
. Compute Tre

- E ) = z(S1)

in Operator & path-integul.

I chack that the result match . (


