
Legendre
Lagrangian Hamiltonian

S = (
=

719, 9) at SA , B)= 8-

↓

extremize fixing
9(til

H(P , 9) Hamiltonianq(t)

#(8) aA = (A ,3

I B

Path-integral Operator
-

Transition amplitude (5 , 4] = it59
, pS= it

(ti , 9i) + (t , 977
States 5- vectors in 22

= /09 e)
(19

,
int

time evolution

9(t) = 97 ,
9(ti) = 9 : -

itf-ti /
Unit =e



A reminder : Legendre transform

L - H <19
,
9) given

Solve : (9 , 9) = 4:
for 9 : 9= 9"(p , 9)

H(P , 9) :
= 24 : 9"(P , 9)-((9 ,

9(p , 9))

H + L H(P , 9) given

solve i (4 , 91=9"for P : Pi=4 : (9 , 9)

(19 , 9) :
= 24 : (9 , 9)9"- H(9 ,

P(9
, i))

L- H

Ad -
at i -- g =!

,
pi = -8:

L* H

RHS can also obtained by extremizing

S = (a+ (pg- H(p . (1) fixing 9(ti) a q(tf) ·



Operator         Path-integral->

transition amplitude in Operator formalism :

z(ty , 9 +it :, 9 : ) = (9+)
C++-ti)

/9 :)

time

<T
.....

11 IIt E ti
If - ti = NE

-t-ti= N= F...
e

N

Z (t7 , 97 : ti
, 9 : /

= (97)e
-
it -

1eE
#

.... 19i)

(d9r193(qvl (19 , 19 ,39 , 1

= I de, (911e
**
19)<Ernie

**
19
,-) ....

... le* 197 (91e* * 19 : )



s9le
**

19;3 =/dP5(951/P5)(j)e
**

19;

· (95lPi) = e:

· <Pile19,7 = (p5)(1 - # + 0()19; 7

Suppose F = I+VII) ,
then

(P: /F 19; 7= + V(9; / + H(Ps
,
9; )

= (451957(1 - H(15 , 9, )
+ 0(73)

-

- Hi , 9)
+ OE-

= (9) - H , 9)
+ OC



Z (t , 90 :
ti

, 9:3

=> de , et 94:
19-9; ) -H1p59]
-FOCNE

Err= &
,
90 = 9 :3

N + 0 holding = (4: 9-H(P
, 9,

NE= If-t ; fixed

- J098p e)
(49 - H(p . 9))

91tH) = 97 ,
9(40) = 9 :

Integrate out P : solve 9- (P , 9) = 0 for p

and insert the answer
.

- Legendre transform

= /09 e)
It 19 , 9)

q(tf) = 9f , 9 (tr) = 9 :



More concretely
,

fo H = E + V(9) :

neIit "We are
9t - (99)-V12i)=

-

(lj-m-

=> (e) = ()-V(951)
c == -i

Z It , 9f i ti , 9:1

=> C i as e (=-visil)
EN=97

,
90 = 9 :

Y! -ti
= /09 eat) = 9 - vas)
e

<19
. 9)

q(t) = 97 , 94ti) = 9 :



Oscillatory integral Absolutely convergent 
integral

Wick rotation

t

#
t-- it

In the path-integral , e-id (8>0) .

Ie(m) Smit
I

e
( ( - V(9:)

e()-V(9;)
=

e

- ((9)-V(9))
·



Euclidean Lagrangian/action

IeS[93
=

e tt 92- Vies)

-
d)+ V(91)

= e SE(9)

LE(9, )

In general , LE19, )=-L19 , i)
.

- at 19
,
i)S

191 *** 19 :) = Soa e
91tH)= 97

,
9(ti) = S :

191,9
:)

= /09 / /9)
f

95tf) = 91
,
9(7 : ) = 9 :



well-behaved

V(97

If V (9) - +2 as 191- is W
then SEC9] - is at 00 of 99(t) 3

.

The path-integral/& ge ESE(97

is
-

Partition function

Tree ) = /19 (91e
- *
19)

=(a)89e
- +=)9)

q(T) = 9 = 9(0)

= /dae )- 1
= (E(9,2)

q(I) = g(0)



Partition function

= Euclidean path-integral over
configurations on the circle

of circumference

periodicq(t) = q(0) => q(t) is under - T+T
,

Toje e
Fi

St = 1/+2
I

z(S1) = (09 et)st
d= L= (9,)

Note : This is well-behaved if the energy spectrum

[Endo (i. e . eigenvalues of FIL

is bounded below and Entro as n+ c

fast enough .



Symmetry and Ward identity

symmetry

Consider a

"

&FT" with fields &=(P.,
--

: bu) >

measure dP=dD, ... d Pn

a action S=(P)=SElb, -kn)

Focus of interest :

z = (dp
(b)

Partition function

(f) = E/ipeSE(p)/(P) correlation function

A of the theory is a transformation

p = (d), - -i) 1+ g(9) = (9,
(6)

,

- - -

, 9-(4))

that leaves &'P eSE(b) invariant
.

i. e . det((4)) e-E(S101)= - (9)



Ward identity

4
Change of integration variables :

Single variable case : pmp' = g(P) ~
jod FIP)= /84'FIp') = (rad 9'Its F(gID)

.

Likewise

jap
(4)
f(P) = /dgla) e

- (9(4))
f(916))

1) = if g is a symmety .

de S(b)

: If g is a symmetry ,
correlation functions satisfy

(f) = 7fog7
.



(infinitesimal form of)

Ward identity

Infinitesimal form :

59c7aeM : 1- parameter group of transformations
.

91 b + 5 ; up = 19xP)/c
= 0

.

-- infinitesimal transformation .

If 39cSceR is a l-parameter group of symmetries ,

Ward identity
:

(f) = 7 f-9a) *
x

=> a &= 0 :

0 = (0f)

where If (4) := aff(94(4)) (a
= 0



anomaly

anomalous
Ward identity

There are Ward identities even for non-symmetries :

Sap ed)f(P) = /d 9,14) e
SE(914)

f(9(a))

① Suppose diP is invariant but SEID) is not .

->
0 = (axe (d)( - -E(b)f() + df(P))

<Of7 = <OSE . f)

& Suppose SECD) is invariant but de is not
,

and the change is known : digy(P) = dip e
<(4)

(called anomalous symmety with a)

->

0 = (ape=(P)(a(p) . f(q) + df(b))

(if) = - (a . f)



Path-integral         Operator

z(+, 9 : ti
, 9 : ) = /89 e)d+ /9,

9)

q(t+) = 97 , 9(ti) = 9 :

m An operator Exit
:

Or the space I of functions on 9 :

-(9) + (Exx
,
+ :E) (2) = /19 Est ,

9 ; ti ,
9 ') E (9)

.

⑧ Exit :
depends only on Ef-ti ,

so can be written as

Eff
,
ti

: Etf-ti ty > +2 >t ,

d

· (d9nZIts ,
93 : t

. 92) 2 Str , 9; t ..9 . ) = Ests
, 9 its

,
9 . 3

.

: Etith : Etati- Est
,

↳ One can write ET =

- ETH
e

for some operator It on 21
↑

At this moment, we don't know the relation

to Hamiltonian
. (We'll see it later. )



Let O be an expression of 9
,

9 ,9 ....

2
. g .

0 = B
,
92

,
99 ,
9 9

,
---"local observable"

For ti<t<tf , write

z(t7 , 97 : Dit ; ti , 9i) = /09e
** (19.

9)
Ot

q(t) = 97 , 9(t)= 9 :

u an operator on 21 :

(9) 1 (Et
,,t:
(0ct))E) 19) =(as'z(t , 9 : Oct :ti

,
S')E19'

.

· Etftoty
,
ti-st:

(U(t)) = EoTf t,,t : l0(t)) · Zot :

· Etf+8t
,
tit(OCt+8ts) = Ety

,
tilOcts)

Define p =
=
lim

tiet

Et
,

tilOct)) ... indep of t
ofxt

Then
,

EttilO) = Ett oEtt= - -. -



For ti <t
,
tu<t and local observables O , U2

,

2 It ,97 : 0
,
10

.
It : ti , 9 : ) = /09 e(d+ 19. 90, )Ot

.

9(ty) = If ,
9(ti)=3 :

~ Operator Ety
,
t:
(0.
<tO its) on Cl

is defined in the Similar way .

2 (t+ ,9f : 0
,
14) 02St : ti , 9 : )

I

Ga
It al : tia's statist

if tz t , (fou anyt'-> (t,tr))

(d9' Z /t,9 : 0
.
151) it'

,
<) 2 It'

,
9 ; 02 <t; ti , 2 : )

if tixt2 (for anyt'->(ta ,

t
. > (



Correlation function of product of local observables
corresponds to the time ordered product of the
corresponding operators.

Et
,

tilD.
ItisOritus )

-

Eltf-t t,
ti

I if t23t, ,E -t ,

- ti

if tixts
·



Noether charge

Symmetry in classical mechanics (in Lagrangian)

Suppose I a symmetry 919
+ 89(89 = (4(9 ,9)

8( (9,
9) = eat) -.. ) total derivative

Allow variational parameter -> to depend on time
,
est)

,

sit
.

E(tf)=f(ti) = 0 :

5S = 0* +(19 , 9) = (
*

eit & 19
.
9)
me

This & = & 19,
9) is called the

-

Noether's theorem & is conserved
.

I
.

e
.

it is

time-independent for a solution to equation of motion
.

proof A solution is sit . &S =0 for 589 St9lty ,
t :

= 0
.

For Fe(t) St . Eltf)=tSt) = 0
,
under 9-9+ fit > /19

.
9)

,

0 = is = (d+ eit12 =
-(* a+ fit) -

: I = - b
.

E
.
D

.



Example L = = 92 :

a free particle without potential

89 = G : translation in 9

iS = (* at 29e= (*dremg
:

- 2 = mig : momentum
.

Example ( = 2 19 ,

+ 9) - V 19+92)

I8 : (ii) - wis)(i) romete
Infinitesima version :

89 , =-E92
,
192 = = 9 ,

-S =(+n+ (29(= 9-) + 29(= 9 .)
= (YAtem (9 :9-99)

: & = m9 , 9 -m929 : angular momentum .



energy

Hamiltonian

Example (19 ,
9) general (no explicit +- dependence) .

89 = G9 : time translation
.

-S = (at(e98+ eg)
Weg
-L + eg

= (* + =(98-2) It

: & = 3-(9 ,
9) - (19

,
9) =

= E(9
,
9)

of. If we solve of 19 ,
9)= ↑ for I

and plug the solution 9 = q(p , 2) ,
then

E(9
,
9(4 ,91)= q(4 ,91P-L(9

,

9(p ,9)

=> H(P , 9)



Symmetry in quantum mechanics

Suppose I a symmety 89 = =(19 , 9) of the classical

system & it is also a symmety of the path-integal

measure &9 .

Apply &9= fit>U19 .9) in the integrand of

z(t ,
97 : Octo :

t
:, 9 : ) = /09 e Sat (19. 5)

OftoS

q(t)= 97 , 9 (ti)= 9 :

for fit) as follows :

E

- >to
tJ-It If

Note : E(t) = = 5 (t-ti) - >01-to)

war(8(89 et5(9)0(t !)
= (0g et5193(5(9)C4. +80(t)



Ward identity in quantum mechanics
(in operator formalism)

0
= (0getS(93( S(C)UH .) +rO(t))

i
,e

.

+= = e f(t) - = &It)

Z It , 97 :
&Otto) ;

ti
,
E : )

E
= z1t

,9 ;/& (t) - alt)Ot ; Ei , ti)

Ex
,
t :
(804) =Ett/Q4-Q(t))0180)

Take the limit tox to and to to :

-

50 = = .. .
Put f- 1 :

4 = =( ,]



is the operator corresponding to Hamiltonian
(modulo a c-number shift).

The Case of time translation symmetry :

- -

=0 = = (H(p , 9) ,5]
.

On the other hand, using # defined by Etfit=
-til

I

we also know

-
-

+- = Et
,
(af0(t)

=

+ :
(0(t) = ( (t-+-

(-+)
- Est- t/#,] -

t
= 2

-
.. *0 = (F ,
]

.

1 -
Comparison - H = H(P , 9) + C-number .

-

H



The case of 9-translation (not a symmetry in general) .

Apply 89(t) = G(t) =
E

-stoI, t

in the integrand of 2 (t, 9: 9(tr) ;
ti

,
9 : ) :

0 = (d(0ge=S(9)q(tr))
= (02eS(93(8S(27914) + -)
I Conjugate

OS 193=at(ect+ cits fa S momentum P

- jate + ep()-EPIS

= =(0xe5193()x+ + 44) - 41+)9(4) + 1)



The canonical commutation relation

Take the limit tox to
,

to to.

The part Sedto 9ltr) vanishes in this limit .

.. 0 = =(904 - 4 - 9) + 1

: (9 , P] = it

a


