
Symplectic view on constrained systems

phase space = symplectic manifold

As discussed briefly in the class
,
some of the constructions (Dirac

bracket for 2nd class ; reduced phase space for 1st class) can be

understood transparently when we view phase spaces as

symplectic manifolds. Here I explai that,

A phase space is a manifold M with a Poisson brackets
.
I

which is a bilinear map from the space of smooth functions on M

to itself
, satisfying

(i) antisymmetry : [f , g) =- 99
,
7) ,

(ii) derivation : [f , gh) = [f , 3)h + 99f . h) ,

(ii) Jacobi identity : (f ,1 , 43] + 39 .
Sh . +)) + 34

,

55 . 37) = 0
,

(iv) non-degeneracy : for any local coordinate system (C)

the matrix with entries &x5, XTY is invertible.

Remark· Often
,
(iv) is dropped in the definition of Poisson bracket.

In that definition
,
a phase space is a manifold with a

non-degenerate Poisson bracket.

· Antisymmetric invertible matrix exists only when the size is even.







w(Xf , Xg) = WeyX]x5 ·tasseS

=- duf d .9(x , x] = daf (1), 27 @
. S = Ef . 37

.

N

From the symplectic side , the rector field Xt is characterized by

uf = w(v , Xf)

for any rector field & on M.

A useful commutation relation

For any pair of functions f and 9 on M,

V2/f , Xg] = X(f
, 9)

proof For another function h
,

Jacob : identity

Ef , <S .
hil + 19.

.
)) + Ch . <f , 93) = o

- -

XfXgh -f. 2) - &f . S3 ,
h)

- XgXjh = Xat
,
sh

reads [XX , XgTh=X(f
.
sh .

As his urbitrary , this means

the climed relation.I



The case of second class constraint



↓of It is enough to prove the statements at /near any point p of N.

Choose local coordinates (on a neighborhood of p in N.

We can find extensions
"

of 25 defined on a neighborhood (

of p in M S . t ,

qc" , Y9) /NU =0 .

construction : Let' be any extension of i" and put

I
" = cr - Si , y") DacY"

Note : 4494b) is invertible at p
,
hence is invertible

in a neighborhood of p in M
. Dbc here is the inverse.

Thus et" are defined on a neighborhood U of P in M and

S
. 49INU= (E, ya) - Sii ,y DacdY :4) /Nr
-

=0
. OK d
-

Narrowing down O if necessary, (e --
M

,
4 : ... 4

*

)

form coordinates on U.

(i) The inverse
Wrs Wrb

of
hi) Si , 43( W ( (as Wab 54% (1)\42 , 43





The case of first class constraint









Symplectic quotients





need to check (i) independent of the choice of lifts.

(ii) closed , d = o

(iii) non-degenerate .

(i) . Choice of F & (same = Tips) :

Another choice of E is +Xg(x) for some BED .

But this does not change Wal , w) by preparation.

Same for o

· Choice of x = T(p) :

Another choice is ag for some g =
G.

As the lifts of J & W ,
we may take Eg, Eg.

Then Wg(S . 9) = 19%W/n (5.
5) = War

.

W
. OK

(ii) do = 0 ?

Take U . U2 . Us -> Tp(MC)c) . Extend them to rector fields on

a neighborhood U of p
with lifts to rector fields F

.
Ur

.

is

on SW) S
.

t . (Fi , Ej] are lifts of [Vi , Uj] .

This is

possible by taking ( St . "(W) -> W is trivializable

as a G-bundle , (U) = UX6 W.





Reduced phase space = symplectic quotient






