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Overview
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Crystal Melting

[Szendroi; Mozgovoy, Reineke; Nagao, Nakajima; Ooguri, MY; Jafferis,
Chuang, Moore; Sulkowski; Aganagic, Vafa; ---]



(D}f crystal melting [Okounkov-Reshetikhin-Vafa; Igbal, Nekrasov,...]
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crystal melting * /\C/ the complement: ideal sheaf
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The story generalizes to
an arbitrary toric CY3
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We have an associated SQM
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We can place the atoms in 3D according to their symmetry charges
(equivariant parameters corresponding to toric isometries)

» 3d crystal
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Infinite-product forms discussed
In [Szendroi, Young, Nagao, Aganagic-Ooguri-Vafa-MY]
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[Nagao-MY] discussed chamber structures in terms of affine Weyl groups]
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Circa 2009-2010

Elliptic !! Quantum toroidal !!

Later important developments on quantum toroidal algebras (Ding-lohara-Miki)
and affine Yangians by [B. Feigin, E. Feigin, Jimbo, Miwa, Mukhin; Tsymbaulik;
Prochazka, ---]

also in higher spin algebras [Gaberdiel, Gopakumar; Li, Peng,---]



Quiver Yangian

. Algebra

[Li-MY "20]



A. equivariant parameters
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B. Chevally-type generators (23 5}’6‘:”‘0’ pera e Ter>
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C. “OPE relations”
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Example

OPE relation

Serre relation

Sym,, ., ..(22 — 23)[e(21), [ e(22) ,e(23)]] = 0;

Sym,, ., ..(22 — 23)[f(21), [f(22), f(23)]] = 0.
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p3(z) = (z = h1)(z — ho)(z — h3)

hi+hy +hs =0,
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[Schiffmann-Vasserot; Tsymbaulik; Prochazka;
Gaberdiel-Gopakumar-Li-Peng,...]
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Some Properties of Quiver Yangians [Li-MY]

a. triangular decomposition
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Some Properties of Quiver Yangians [LI-MY]
d. gauge shift
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Quiver Yangian :

Representation



Representation by crystal melting [Li-MY "20], inspired by [FFJMM] and [Prochazka]
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In fact, we can “bootstrap” the algebra from this Ansatz



Crucial ingredient: poles keep track of the crystal structure

Z—(fff’; centero] elem ent

(/ o—
Wa(z) = o(2) = ZJ;C 1
1
\IJA(Z) — %(ZWDO(Z’) hS/\
_z+C .(z+h1)(z+h2)(z+h3) 1

2 (z — h1)(z — ho)(z — h3)

~




1 1 1 1
/M /M hs\ /I
1 1 — 1 1
) s
\/hl h, h/"”\;_ I\]
1
2h1

Wa(z) = Po(2)¥0,(2)Y0, (2)
2+ C (24 h)(z+ ha)(z + h3) z2(z4+ hy — h1)(z + hz — hy)

( .
2 (z—=h1)(z —ho)(z—h3) (z—2h1)(z—hy —hy)(z— hs — hy)



1 1 1 1
/M /M ha\_ /I
1 1 T) 1 1
2
/hl " | hitha i
1
2h) A3 +3
2 2
o ek > — >
,”’,’ ’ 1, /// e
1 |. A
A /

( I’\) f/')z*hg:o)
Ua(2) = vo(2)¥n,(2)Yo, (2)

_z—I—C.(z—I—hl 2(z+hy — hi)(2 + h3 —

2 (2 — h)(z — )(Z—hg) (z — 2h4 (z—h2 hy Z—h3 D

In general, loop constraint ensures that poles are in correct positions
as dictated by the melting rule of the crystal



Truncations and D4-branes

For non-generic equivariant parameters, we have null states, so that the crystal
truncates at the “pit”

J Nih+ Noh,+ N3 hy + C=7

\/

There is a corresponding truncation
of the algebra
studied by [Gaiotto-Rapcak]
(also [Bershtein, Feigin, Merzon])
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Generalization
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null state happens at Z Mz hI + (=0
1

Answer In terms of perfect matchings [LI-MY]

Physically D4-brane = divisor [Imamura-Kimura-Y]
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Derivation from

Quantum Mechanics

[Galakhov-MY]
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Step 1: SQM and its equivariant cohomology Vet mult of verter

We have the vacuum moduli space from supersymmetric O’\}», Xf Q\/ >
quiver quantum mechanics (e.g. [Denef]) /
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Step 2: Omega-deformation

We introduce Omega-deformation [Nekrasov,:-]
to "smooth out” the singular geometry
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The equivariant parameters should be consistent with W,
and hence can be identified with h_}; Introduced previously
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Step 4: Hecke modification

S~ N ————, e —————
Raising/lowering operators of the algebra obtained by "Hecke modification”

% shifting the dimension vectors at the quiver nodes:

Uiy~ Ulh+)
@

Define generators \ o U (V)vu)

é(v)(z) — [Tr (Z — (I)v)_17é} ’
f(’U)(Z) = — {TI’ (z — (I)v)_lﬂf.] ‘

/ /
n, =ny, 1, and n,, = n,, forw Fv.

and its action on crystal configurations is

A
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The correct formula:

Eul
é‘I’AZZ -4 Vo -

Eulp A+0
OeA+ El /U*Z X Merﬂ
A B u A
f \IJA = D%\:_ EU_IA_D,A \IJA—D . _L, ), _[?_

Mathematically, this is derived by the Fourier-Mukai transform with the
Incident locus as a kernel [Nakajima,:--]

Physically, we need to bring in particles from infinity. Along the process
Some low-frequency modes get exchanged with high-frequency modes

[BRS bound Stofe

O S
O O

U = Uyicny (Tojates) Yiwsae (Euoj<te Tuj>ag) + O



Highly non-trivial cancellations!
For example, for one of the Serre relations of Y (gls)1)

Sy, [ 0), [ ), 69 (z2), eV ) }

A2 = Res <A’A1‘AQ> =

21 422,W1 , W
=1,2,4,3] 4+ [1,3,4,2] — [2,1,3,4] + [2,1,4,3] — [2,3,1,4] + (2,4, 1, 3]+
+12,4,3,1] — [3,1,2,4] + [3,1,4,2] — [3,2,1,4] 4+ |3,4,1,2] + [3,4,2,1]—
—'Ma1,2ﬁﬂ‘—P%]WSaQ]—'Ma271ﬁﬂ'—[4ﬁ%]»2]::1() /

1 1 1 1
2.4.1,3|= — — 4.2.1,3|=— — 2.1.4, 3= — — 1,2.4,3|=—
I: 9 ) 73] 48 ) [ 9 ) 9 ] 96 ) [ ) ) 9 ] 48 ) [ ) Y ) ] 32 )
1 1 1 1
4.1,2. 3|=— 1.4.2. 3|=— 4.1,3,2|= — — 1,4,3.2|= — —
[ ) ) 73] 647 [ ) ) 73] 647 [ ) 737 :| 647 [ ) ) ) ] 647
2h1 + ho 2h1 + ho
2.4,3,1|= 4.2.3,1|=
[ T ] 24(4h1+h2) ’ [ T ] 48(4h1+h2) ’
2 2 2 )2
[2’ 3’4’ 1]: ( hl + h2) , [3’ 2’47 1]: o ( hl + 2) ,
12 (4h1 + hg) (4h1 + 352) 12 (4h1 + hg) (4h1 + 3h2)
2h1 + ho (2h1 + h2) 2
4735271:_ ’ 3547251:_ )
[ ] 48 (4hy + ho) [ ] 24 (4hy + ho) (4hy + 3h2)
2h1 + hso 2h1 + ho
2.1,3, 4]= — C1,2,3,4]= ,
[ T ] 24 (4hy + 3h2) [ ] 16 (4h1 + 3hs)
2Ry + hy) 2 2Ry + hy)?
[2737174]: ( 1+ 2) ) [3723174]:_ ( 1+ 2) )
12 (4ﬁ1 + hg) (4h1 + 3h2) 12 (4ﬁ1 + hQ) (4h1 + 3ﬁ2)
2h1 + hso (2h1 + h2) 2
1737274:_ ) 3717274: ’
[ ] 16 (4h1 + 3h2) [ ] 8 (4h1 + hg) (4ﬁ1 + 3h2)
2h1 + o (271 + ha)?
4,3,1,2|= ,13,4,1,2]= :
[ ] 32 (4h1 + hg) [ ] 16 (4h1 + hg) (4h1 + 3h2)
2 2 2
[1,3,4,2]=— i+ hz 3,1,4,2]= (2 + ha)

32 (4h1 + 3h2) ’ 16 (4ﬁ1 + hg) (4h1 + 3h2) '
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